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Abstract

The geometric Theory of Everything is built on a substrate — the four-ball B* with boundary
three-sphere S2, the division-algebra tower R — C — H — O, and the fine-structure identity
a ! =473 + 12 + 7 — which Paper 01 introduces as a guiding ansatz. This paper derives that
substrate, its dimension, and its first gauge sector from the single principle of Paper 27: that
existence requires a witness. The argument is one recursion. A distinction requires a witness;
the witness must be orthogonal to what it distinguishes, because perfect distinguishability is
orthogonality (the Helstrom bound, 90°); when witnessing is modelled as coherent composition,
the witness map is forced to be the conjugation, so adjoining a witness is the Cayley—Dickson
doubling. The recursion self-terminates at two coherence failures: associativity (a coherent
group) survives only to dimension four, H, giving the boundary S* = SU(2) and bulk B*;
division (non-annihilation of distinctions) only to dimension eight, @, giving the octonionic
corner embedding. Both terminations and the admissible dimensions {1,2,4,8} follow from
coherence alone (Bott-Milnor—Kervaire; Hurwitz). The first rung, U(1) realized as the S* Hopf
fiber of S3, yields electromagnetism: the homogeneous Maxwell equation exactly, source-free
Maxwell in the flat limit with the curvature term derived, and first Chern number one — Dirac
charge quantization — with coupling . The construction rests on the Paper 27 linear-coherence
frame and introduces no new posit. A short consequences section notes that the same dropped
fiber is the locus of witness-relative entropy (developed in Addendum 356a). All quantitative
claims are machine-checked in verify_ Paper4l.py (13/13).
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1 Introduction

1.1 The gap this paper closes

Paper 01 (The Perfect Stable Sphere) opens the corpus by positing a geometric stage: physics
lives on the four-ball B* with boundary three-sphere S, organised by the normed division algebras
R — C — H — 0. From that stage it reconstructs the gauge hierarchy U (1) C SU(2) € SU(3) and,
via the radial density p(z) = 167323 + 37222 + 27z, the fine-structure identity a~! = 473 + 72 + 7.
Paper 01 is explicit that the division-algebra structure is a guiding thread — an ansatz justified by
its consequences, not derived from a deeper principle. The substrate is assumed.

Paper 27 (The Second Observer) supplies a deeper principle, one level below the geometry:
existence requires a witness. A lone observer satisfies the coherence identity C' o P = [ trivially
and can hold no distinction; with a second, the identity becomes a constraint that forces structure.
Paper 27 calls this the “Level —1” foundation and gestures that the (B*,S3) geometry should
emerge from it, but it does not bridge the gap: it does not show why the witness principle produces
the division algebras, the dimension four, or electromagnetism.

This paper builds that bridge. We show that the witness principle, made precise as coherent
composition of distinctions, forces the division-algebra tower (and hence the substrate dimensions
four and eight) and yields electromagnetism on its first rung. What Paper 01 assumed, we derive
from what Paper 27 principled; the result is the Level —1 —Level 0 connection.

1.2 Method and what is and is not claimed

The argument is deliberately a single recursion with a small number of premises, each tied to a
feature already canonical in the corpus or analytic in any inner-product space. Three mathemat-
ical facts do the heavy lifting — the Helstrom two-state discrimination bound, the Bott—Milnor—
Kervaire theorem on real division algebras, and Hurwitz’s theorem on composition algebras —
together with the elementary geometry of the Hopf bundle. None of these is new; the contribution
is the identification of each with a step of coherent witnessing, so that the substrate is read off as
forced rather than chosen.

We are careful about strength. The substrate derivation ( and the electromagnetic con-
sequences ( are clean. The one structural premise — that witnessing is coherent bilinear com-
position — is not eliminated; it is the Paper 27 linear-coherence frame on which the operator
Hilbert space already stands, and we say so plainly (§9). The Standard-Model normalisation be-
yond U(1), and the matter source, are named floors, not closed. The dark-sector cosmology line
(Addenda 345a—-350a) is a separate application and is out of scope here.

2 The bootstrap: why the monad does not stay one

Two statements open the recursion, and both are prior to any geometry.



Proposition 2.1 (Witness necessity). A lone monad satisfies C'o P = I trivially: with no second
party, there is mothing for a distinction to be a distinction from, and no standard against which
coherence could fail or hold. Being-distinct therefore requires a witness. This is the Paper 27
Level —1 content; we take it as the premise of the recursion.

Proposition 2.2 (Two-sidedness). A distinction is two-sided: to posit A is to posit =A. A one-
sided distinction is incoherent. So the first act of distinction does not add one object but a comple-
mentary pair.

Proposition is analytic; Proposition is the corpus’s foundational principle. From here
the question is purely structural: what must a witness be, and where does iterating it stop?

3 Orthogonality is distinguishability
A witness must tell A from —A. The quality of that telling is exactly quantifiable.

Proposition 3.1 (The witness is orthogonal). Represent two equiprobable alternatives as pure
states with overlap [(A|—A)| = cos@. The optimal single-shot probability of distinguishing them
(the Helstrom bound) is

Prax(0) = (1 +sin6).

Ppax =1 — the two sides are never confused — holds iff sinf =1, i.e. § = 90°, i.e. (A]|—=A) = 0.
For 6 < 90° the residual confusion probability 1 — Ppax s strictly positive. Hence a clean distinction
— one perfectly witnessable — requires its two sides orthogonal.

The content here is that the 90° is not a drawn right angle but the condition for an unambiguous
distinction in any space with an inner product. The corpus supplies that inner product (the
operator Hilbert space, the S? of coherent agreement); orthogonality is then the geometric meaning
of distinguishability, and it propagates: m mutually clean distinctions are n mutually orthogonal
directions.

4 The witness is the conjugation

We now model witnessing concretely. To witness a distinction is to compose with it — to hold it
and check it against the witness. Four premises, each a coherence feature, then fix the form of that
composition.

Definition 4.1 (The four coherence premises). (P1) Distinctions form a finite-dimensional bilinear
R-algebra: linear combinations of distinctions are distinctions (superposition), and composition is
bilinear. This is the Paper 27 linear-coherence structure. (P2) No annihilation: if z,y # 0 then
xy # 0 — a composite of two genuine distinctions is still a distinction, never nothing. (No zero
divisors; the C o P = I non-collapse.) (P3) Distinguishability supplies a norm N(z) = |z|?
(Proposition [3.1). (P4) Recoverability: C' o P = I means every distinction can be undone by its
witness.

Theorem 4.2 (Dimension from coherence). By the Bott—-Milnor—Kervaire theorem, a finite-dimensional
division algebra over R has dimension 1,2,4, or 8. Premises (P1) and (P2) make the algebra of
distinctions a finite-dimensional real division algebra; hence its dimension lies in {1,2,4,8}, with

no appeal to the norm.



Lemma 4.3 (Witness = conjugation). Under (P1)-(P4) the witness map is the unique anti-
involution x + T satisfying x& = N(z) € R; equivalently the witness of x is Z/N(z) = z~ 1.
It fizes the real part (the shared, undistinguished magnitude) and reverses the imaginary part (the
distinction-direction): the orientation-reversal intrinsic to witnessing — the inside seen from out-
side, the corpus’s 11} /114 pair.

Argument. (P4) gives an inverse for each nonzero z. Composing z with its witness must return
the undistinguished content — a real magnitude, no residual distinction-direction — so the witness
composes with z to N(x) € R; that is, the witness is /N (z) with 2z = N(x). The map = — Z
so defined fixes the real axis and negates its complement, and is involutive (witnessing the witness
returns the original). An algebra carrying such a conjugation with multiplicative norm is by
definition a composition algebra; by Hurwitz the positive-definite ones over R are exactly R, C, H, O.
Hence adjoining a witness is the Cayley—Dickson conjugate doubling. O

We verify the identities on R, C,H, O directly: z(z/N) = 1, 2z = N 1,
(a,—v) (verify Paper4l.py, S3).
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Remark 4.4 (TBS). The derivation models witnessing as coherent bilinear composition of distinc-
tions (premise P1 of Definition . This is the one structural assumption it does not eliminate;
it is the Paper 27 linear-coherence frame on which the operator Hilbert space already stands (the
inner product is P3, non-collapse P2, recoverability P4 are the C o P = I content), so it adds no
posit beyond the canonical foundation, but the identification witness = composition is load-bearing
and is recorded as such.

Status. Registry item P041_1 (confirmed-load-bearing). Witness-step = Cayley—Dickson dou-
bling follows from P1-P4; the substrate dimensions {1,2,4,8} follow from P1-P2 alone (Theo-
rem ; the conjugation is forced (Lemma . The result rests on P1, which is the Paper 27

frame, not a new assumption.

5 The recursion and the substrate

Iterating the witness step from the bare distinction R (one side, trivial conjugation) is the Cayley—
Dickson construction, a self-similar doubling A — A ® Ae with e? = —1 (the orthogonal witness
unit of and the conjugation of Lemma Each doubling sheds one property. Computed on a
genuine Cayley—Dickson algebra (verify Paper4l.py, S3-S4):

R C H O sedenions
dim 1 2 4 8 16
commutative v v o — — —
associative v v v — —
division (|det Ly|=1, unit z) vV v -0

Theorem 5.1 (The two terminations build the substrate). A coherent group of distinctions requires
associativity, which survives only through dim4 = H. The unique non-abelian sphere-group is
therefore S3 = unit quaternions = SU(2) (the boundary), with bulk B*; the abelian sphere-groups
SY.SY and the non-associative S™ are excluded. Division (non-annihilation) survives only through
dim8 = Q: at the sedenions (dim 16) zero divisors appear (min|det Ly| falls from 1 to ~ 1073),
so the recursion terminates as a division algebra at Q, whose 16 unit corners in 8 antipodal pairs



are the octonion basis. One recursion thus yields both substrate scales: (B*,S3) at dim4 for the
boundary group, and the octonion corner embedding at dim 8.

This is precisely the substrate Paper 01 assumed — now obtained as the two failure modes of
coherent witnessing, with the admissible dimensions fixed by Theorem

6 Electromagnetism from the first rung

The first witness rung is R — C: the U(1) realised as the S' Hopf fiber of S$2 in S* — % — S2. On
83 = SU(2) take the left-invariant coframe o1, 09, 03 with Maurer—Cartan equations do; = coj Aoy,
(cyclic), ¢ the curvature scale (¢ — 0 the flat/large-radius limit). The Hopf connection and its
curvature are

A= o3, F=dA=co1 Aos.

Theorem 6.1 (Maxwell, charge quantization, coupling). (i) dF = c(doy A o3 — 01 Adoz) = 0
exactly: the homogeneous Mazwell equation (Bianchi/Faraday) holds on S* without qualification.
(i) With the round Hodge star (xo3 = o1 A 03), xF = cog and dxF = cdos = 01 Aoy = cF.
The inhomogeneous equation thus carries an explicit curvature term c¢F — the term Paper 19
supplied by hand — which vanishes as ¢ — 0, recovering source-free Mazwell dxF = 0 in the flat
limit. (ii) ANF = 201 Aoy Ao3 # 0: the Chern-Simons/Hopf invariant is nonzero, so the
bundle is the nontrivial Hopf bundle, first Chern number ¢; = 1 — Dirac charge quantization,
the geometric origin of quantized electric charge. (iv) The coupling is the zeroth moment of p on
(B4, 83): at =43 + 12 + 7.

So the substrate’s first rung is electromagnetism: Maxwell’s homogeneous equations exactly,
source-free Maxwell in the flat limit with its curvature correction computed, and charge quantization
as a topological fact of the quaternion sphere — all verified symbolically (verify Paper41.py, S5).

Remark 6.2 (TBS). The inhomogeneous Maxwell equation holds exactly only in the flat limit
¢ — 0; on the curved S? the field equation is dxF = ¢ F, carrying the curvature term Paper 19
left by hand. The homogeneous equation and charge quantization are exact on S®; the source-free
inhomogeneous equation is the large-radius limit. This is the honest closure of Paper 19’s U(1)
reduction, with the curvature term derived rather than supplied.

Status. Registry item P041_2 (confirmed-load-bearing). dF' = 0 and ¢; = 1 exact (S5); dxF' = cF
derived; flat-limit source-free Maxwell; coupling o' = 473 + 72 + 7.

7 Consequence: the dropped fiber is also the entropy

The witnessing projection S — S? is not injective: it drops the S! Hopf fiber, the very U(1)
gauge phase of An embedded witness, living on the base S?, cannot see that fiber phase.
Read information-theoretically (Gibbs: measured cost = H(p) + KL(p||¢) > H(p)), the unseen
phase is exactly the embedded witness’s residual entropy, while the complete witness — the kernel,
where C o P = I recovers the fiber — measures zero. Thus electromagnetism and witness-relative
entropy live on one circle: the gauge phase one does not observe is the entropy one accrues.
This consequence, including its honest residuals (the closure-map realization of C'o P = I, global
unitarity, and the inescapability of the second law from inside), is developed in Addendum 356a
and is not part of the present pillar’s load.



8 Falsification, pre-committed

The strength of the claims is not uniform, and the falsifiers differ accordingly. Two of the results
are theorems and are not empirically falsifiable: the admissible substrate dimensions {1, 2,4, 8}
(Theorem Bott-Milnor-Kervaire) and the conjugation form of the witness (Lemma Hur-
witz) follow from the premises by standard mathematics; they fall only if a premise is rejected. The
empirically exposed claim is electromagnetic. (F1) A measured violation of electric-charge quan-
tization would refute the Hopf-bundle origin (Theorem [6.1f(iii)): the framework predicts quantized
charge as a topological necessity, with no free parameter to absorb a continuous spectrum. (F2) If
the modelling premise P1 — that witnessing is coherent composition — is shown inconsistent with
the C' o P = I coherence identity it is meant to express, the whole recursion fails at its root. (F3)
The coupling a~! = 473 4+ 72 4 7 carries the falsifiers of Papers 03/36 (the 0.43 ppb confrontation),
inherited unchanged.

9 Relation to the corpus

This paper inverts the logic of Paper 01. There the division algebras are an input and the gauge
groups an output; here the witness principle (Paper 27) is the input and the division algebras
— hence the substrate dimension and S® = SU(2) — are the output. The fine-structure coupling
retains its Paper 03/36 provenance; this paper supplies the reason the stage on which it is computed
has the shape it does. Relative to Paper 19, which reduces Maxwell and Yang—Mills to sectors of the
master operator but flags those reductions as schematic, §6| closes the U(1) core: the homogeneous
equation and charge quantization exactly, the inhomogeneous equation with the curvature term
Paper 19 left by hand now derived . The construction rests on premise P1 , which is the
Paper 27 linear-coherence frame on which the operator Hilbert space already stands — not a new
posit. Every quantitative step is standard mathematics (Helstrom 1976; Bott—Milnor and Kervaire
1958; Hurwitz; the Hopf fibration) and is machine-checked.

10 Open items

Remark 10.1 (Open). The full Standard-Model coupling and hypercharge normalisation beyond
the U(1) sector are not derived here; the higher rungs SU(2) and SU(3) are identified only at the
level of group (H, S3) and coset (G2/SU(3)), inheriting Paper 19’s flagged normalisation gap.

Remark 10.2 (Open). The matter source J (the “boundary observing bulk” term of Paper 19) is
not constructed; the present derivation supplies the gauge sector and its source-free field equations,
not the matter coupling.

The entropy consequence ( carries its own residuals — the closure-map realisation of CoP = I
(Addendum 276) and the question of real-universe global unitarity — recorded in Addendum 356a
and not in this paper’s load. The dark-sector cosmology line (Addenda 345a—350a) is a separate
application, currently in tension with DESI DR2, and forms no part of this pillar.

11 Conclusion

The (B*, S3)/octonion substrate that Paper 01 assumed is not arbitrary: it is the shape coherent
witnessing is forced into. A distinction needs a witness; a clean witness is orthogonal; coherent
witnessing is conjugate doubling; the doubling self-terminates, as a group at dimension four and



as a division algebra at dimension eight, giving (B*, %) and the octonionic corners; and the first
rung is electromagnetism, with charge quantized by the topology of the quaternion sphere. The
geometry is the residue of the observer. What remains — the Standard-Model normalisation, the
matter source — is named, and the one frame the argument stands on is the corpus’s own.

Provenance. Consolidates Addenda 351a (bootstrap), 352a (orthogonality/ 90°), 353a (recur-
sion/substrate), 354a (Maxwell), 355a (the lemma); the entropy consequence is Addendum 356a.
Builds on Papers 27, 01, 04, 19, 32, 36. Mathematical inputs: Helstrom (1976), Bott—Milnor (1958),
Kervaire (1958), Hurwitz, the Hopf fibration. Verifier: verify Paper4l.py (13/13).
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