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Abstract

We develop a geometric framework connecting the Yang-Mills mass gap to standing wave
alignment on the internal symmetry space. For gauge group G, the group manifold sup-
ports eigenmodes of the Laplacian with fundamental frequency fy. Within the three-layer
decomposition [1], gauge field configurations that deviate from uniform alignment incur
an energy cost proportional to the boundary-layer fraction f, = 72/a~!. For SU(2), we
establish two routes to this identification. The direct route uses the exact topological iso-
morphism SU(2) = S3: since the three-layer decomposition assigns boundary fraction f;,
to S3, the same fraction applies to the SU(2) group manifold exactly. A Casimir formula
(1 — CF)\/CF/(Cs' + 1) = +/3/24 provides an independent representation-theoretic ap-
proximation accurate to 99.8%; numerical analysis confirms the 0.20% gap is structural and
irreducible within SU(2) representation theory. The direct SU(2) = S route is exact and
requires no Casimir data. Within this geometric framework, the mass gap mgap = fo/fo - ca
is strictly positive for all compact simple GG. This is a geometric derivation; it does not con-
stitute a rigorous proof of the Yang-Mills mass gap in the sense of the Millennium Prize
Problem.

Scope. This paper is part of the corpus’s application series. It translates the Yang-Mills
existence and mass gap problem into the framework’s geometry and derives conditional results
inside that translation. It does not claim a solution at the standard of the Clay Mathematical
Institute: the translation dictionary itself is among the registered open items, and the corpus’s
load-bearing results do not depend on this paper. The registry (Paper 40) records the specific
defects.
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1 Introduction

The Yang-Mills mass gap problem asks for rigorous proof that quantum Yang-Mills theory exists
and has a strictly positive mass gap [4]. We approach this by connecting gauge theory to the
geometry of the internal symmetry space within the three-layer framework [1,2].

1.1 The Internal Space

For a gauge theory with compact simple Lie group G, the internal symmetry space is G itself as
a Riemannian manifold with the bi-invariant metric from the Killing form [5].
Key examples:

1

SU(2) = 83 (1)
SU(3) = 8-dimensional manifold (2)

Remark 1.1 (TBS). The isomorphism SU(2) = S3 is invoked without specifying the metric
normalisation constants needed to identify the round metric on S3 with the Killing form on
su(2); these constants affect the Yang—Mills coupling and must be made explicit.

The internal space has:

e Laplace-Beltrami operator Ag

e Discrete spectrum 0 =X < A1 < Ag < -+

e Eigenfunctions (standing wave modes) ®,,
Remark 1.2 (TBS). The derivation is circular: f, = 72/a~! is defined by the three-layer de-
composition of Paper 04 and is then used to derive the mass gap mgap > 0. The shell fraction
is a modelling choice, not a quantity derived from the Yang—Mills Lagrangian. A non-circular
derivation of f;, from gauge-field dynamics is required.

1.2 Three-Layer Structure
From o~ ! =473 + 72 + 7 [1]:

fp=4r%/a™! =0.9053 (bulk) (3)
fo = 7%/a”! =0.0720 (boundary) (4)
fe=m/a"t =0.0229 (edge) (5)

The boundary layer f;, governs mass generation.

2 Spectrum of the Group Manifold
2.1 Peter-Weyl Decomposition

Theorem 2.1 (Peter-Weyl [6]). For compact Lie group G:

Q) =Pvrov; (6)

el
where G is the set of irreducible representations.

The Laplacian acts on each component by the Casimir:

—Aglv,evy = Ca(m) - 1d (7)



2.2 Fundamental Frequency
Definition 2.2 (Fundamental Frequency).

fO = \/> V CQ 7Tm1n (8)

where mpi, is the lowest non-trivial representation.

For SU(N), Tmin is the fundamental representation:

Coftund) = ¥ 9)

Explicit values:
SU@: fB=0ai=1/2)=" (10)
SUG): fF=0a(8) = (11)

3 The Alignment Functional

3.1 Wilson Loop Construction

For a gauge connection A on spacetime M, define the holonomy around a small loop ~ at point
x |7]:
H,(x) =Pexp (ig%A) eqd (12)
gl

Definition 3.1 (Alignment Functional).

Z XFdlmF (13)

where yr is the character in the fundamental representation.

3.2 Properties
Proposition 3.2 (Vacuum Alignment). For A =0 (or pure gauge): ya(x) =1.
Proposition 3.3 (Gauge Invariance). ya(x) is gauge-invariant.

Proof. Under A — g~'Ag + g~ 'dg, holonomies transform as H — g~ 'Hg. Characters are class
functions: x(ghg™!) = x(h). O

Proposition 3.4 (Field Strength Expansion). The renormalized misalignment:

2
o) p,p (14)

alz) = 12(d1m F)

4 Spectral-Geometric Derivation of (07)min

This section provides the key derivation connecting the boundary-layer fraction f; to represen-
tation theory.



4.1 The Fundamental Identity for SU(2)

Theorem 4.1 (Spectral-Geometric Approximation for SU(2)). For SU(2), the Casimir formula
approzimates the boundary fraction to 99.8%:

e VA SOE O NSRE T T (s 15
Chip1  ar e A= 020k (15)

The left-hand side equals (07)inst - fo/A1- The quantities entering it are:

CL = Oy(fund) = 3/4 is the fundamental Casimir

Cst = Cy(adj) = 2 is the adjoint Casimir

A\ = O3t +1 = 3 is the first Laplacian eigenvalue on S® = SU(2)

(67)inst = 1 — CF¥ = 1/4 is the instanton misalignment

fo= \/C'g = /3/2 is the fundamental frequency

Proof. We evaluate the expression using SU(2) Casimir values.
The fundamental Casimir for SU(2) in the spin-1/2 representation:

1 3
cr=jGji+1)==-2=°5 16
2 =J0U+)=5-5= (16)
The adjoint Casimir (spin-1):
Ci=1-2=2 (17)
The first eigenvalue of the Laplacian on S3 [9]:
M =00+2)],_, =3=Cs+1 (18)

Now compute:

(1—05)\/075 (1—3/4)\/3/4 (19)

ca+1 2+1
_ (1/4)(v3/2)
= (20)
3
3
_ V3 (21)
24
= 0.072169 (22)
Compare to the geometric value [1]:
2
Jo = —— = 0.072022 (23)
The agreement is 99.8%, with residual:
3
\QZ =147 x 1074 ~ 0.6% - f. (24)
The formula is an approximation. Section 4.5 gives the exact route. O



4.2 Physical Interpretation

The identity in Theorem 4.1 has a clear physical meaning:

1. Instanton misalignment: (57)ins =1 — CL" = 1/4
This is the average misalignment of a BPST instanton [8]. The instanton “uses up” exactly
1 — OF of the available alignment, leaving C4" aligned. This is exact from representation
theory.

2. Fundamental frequency: fy = \/C?
The lowest non-trivial mode on the group manifold.

3. Spectral gap: \ = Cf‘ +1
The first eigenvalue of the Laplacian on SU(2) & S3.

4. The identity: fb = <(5’y>inst . f0/>\1
The boundary fraction is the instanton misalignment, scaled by the fundamental frequency
and normalized by the spectral gap.

Remark 4.2 (Saturation Identity). Note that:

1 3
(679 )inst + CL = iti= 1 (25)

The instanton exactly saturates the remaining alignment capacity. This is not a coincidence
but follows from representation theory: the instanton is the minimal topologically non-trivial
configuration.

4.3 Why SU(2) is Special

Proposition 4.3. The Casimir identity reproduces fi, only for SU(2).
Proof. For SU(N), C¥ = (N? —1)/(2N). The factor (1 — CI") becomes:
N?—1 —(N-1)>

1-CcF=1- 2
2 2N 2N (26)

For N >2: C¥' > 1,50 (1-Cf) <o.

N} (1-CHOT/(CE+1) fy

2 0.750 +0.0722 0.0720

3 1333 —0.0962 0.0720

4 1.875 —0.2396 0.0720
Only SU(2) gives a positive value matching fp. O

Remark 4.4 (Universality). This does not invalidate the mass gap formula for SU(N) with
N > 2. Rather, it shows that SU(2) is the fundamental gauge group where the boundary
fraction emerges directly from representation theory. For other groups, f, = 72/a ! is imposed
geomelrically as a universal constant governing all gauge theories [2].

This is a prediction: the same boundary fraction f, controls mass generation for all compact
simple gauge groups.

4.4 The 0.2% Discrepancy and Its Source

The residual between the Casimir formula and the geometric value:

3 2
_ ;Z—»;T121L47><10_4 27)

Numerical investigation (see companion script hopf_mass_gap.py) shows:



e To make the Casimir formula exact one would need an effective spin jeg = 0.500305 # 1/2,
not a half-integer, hence no irreducible representation of SU(2) closes the gap.

e The formula equals f at fractional N & 2.0008, between SU(2) and SU (3), not a physical
gauge group.

e The boundary-layer spectral weight of the £ = 1 eigenfunction on S is pgnq = 0.03654 #
fv; the eigenfunction is not uniformly distributed over the shell.

The gap is structural: the Casimir formula captures a different quantity (spectral weight of

the lowest mode in the boundary shell) from the volume fraction f;, (measure of the shell itself).
Section 4.5 resolves this by using the volume fraction directly.

4.5 Direct Route via SU(2) = S3 (Exact)

The spectral formula of Theorem 4.1 reaches fp indirectly, through Casimir eigenvalues, and
falls 0.20% short. The following route is both shorter and exact.

Theorem 4.5 (Boundary Fraction via SU(2) = S3). The boundary-layer fraction of the SU(2)
group manifold equals fy exactly:

VOlboundary(SU(Q)) _ _ 7T2
Vol(SU(@)) T ot .

Proof. The Lie group SU(2) is diffeomorphic to S* as a Riemannian manifold [5]. Parametrise
SU(2) by the polar angle x € [0, 7]; the invariant (Haar) measure on S® takes the form sin?(y) dx.
The three-layer decomposition of S [2] partitions this measure into three shells by cumulative
volume fraction, yielding angles x. < xp such that:

B Jo<e sin? x dx oo

e — T . - 29
/ fo sin? x dx a1 (29)
P L (30)

b= N sin? ydy a7l

"sin?ydxy 473
o == (31)

- o sin? x dx ol
Since SU(2) = S3, the boundary layer of SU(2) occupies the same fraction f, of the group
volume. This is exact by construction of a™!. O

Remark 4.6 (Spectral Connection). The S? Laplacian eigenvalues A\, = £(¢ + 2) map to SU(2)
Casimirs via Ca(j) = A\¢/4 at j = €/2:

M=3 = Cy(j=1/2)=3/4=CF (32)

The SU(2) = S isomorphism thus identifies the fundamental representation (j = 1/2) with
the £ = 1 eigenmode. This gives a geometric origin for the Casimir values without invoking the
spectral formula of Theorem 4.1.

Corollary 4.7 (Exact Mass Gap for SU(2)). The minimum ezcitation energy is:
2

map = fov/Fo-co fo= = (evac) (33)

Proof. Any excitation from the vacuum in the fundamental representation corresponds to the
¢ = 1 mode on S® = SU(2). Traversing from the bulk into the boundary layer costs energy
proportional to \/f, (the amplitude associated with crossing a shell of volume fraction fy). Since
the amplitude scales as the square root of the probability measure, and the boundary fraction is
fv exactly, the mass gap inherits f, exactly. No Casimir formula is invoked; the result follows
from the topological identification SU(2) = S3 and the three-layer decomposition of S3.



5 Mass Gap Derivation

5.1 Minimum Misalignment

Remark 5.1 (TBS). Theorem 5.2 below is not established by a variational calculation: the asser-
tion that the minimum of the alignment functional over topologically non-trivial configurations
equals f;, is qualitative. Furthermore, the mass term %mz(x)\A\Q added to the action is not
gauge-invariant (since |A|? is gauge-dependent), and the reflection positivity claimed for this
modified action has not been verified beyond the positive-definite prefactor argument. The

mass gap Millennium Problem remains open.

Theorem 5.2 (Minimum Misalignment). The minimum misalignment for topologically non-
trivial configurations is:

(69)min = fo (34)

Proof. By Corollary 4.7 (the direct SU(2) = S3 route), the boundary layer occupies fraction f;,
of the SU(2) group manifold. The BPST instanton [8] is the minimal topologically non-trivial
configuration (topological charge Q = 1); it traverses the group manifold and must enter the
boundary layer. The minimum cost of such a crossing is the boundary fraction f; itself.

Any excitation from the vacuum must cross from the bulk into the boundary layer [2]. The
minimum such crossing costs misalignment f; exactly; no Casimir approximation is needed. [

5.2 The Gap

Theorem 5.3 (Geometric Mass Gap). Within the geometric framework of the three-layer de-
composition [2], assuming the boundary-layer fraction f, = 72/a~" governs the minimum mis-
alignment cost:

Mgap = Jo V fv-ca (35)
where c; = 2+/Ca(adj) /Co(fund) is a group factor. This is a geometric prediction; fo in physical
units requires an independent calibration to experimental data.

Proof. The energy cost of misalignment:
AE=f3 fy- /(m(x) d'z (36)

The vacuum has dv = 0, hence zero mass.
The first excited state (lightest glueball) has minimum misalignment (67)min = f» by Theo-
rem 95.2.
The mass squared:
mgap:f(?'fb'(67)min:fgfl)2 (37)
Taking the square root: mgap = fo fo-
The group factor cg corrects for:
1. The glueball transforms in the adjoint representation
2. The alignment functional uses the fundamental representation
3. The ratio: 1/Ca(adj)/Ca(fund)
The derivation above reaches mga, = fofy. The asserted final form of the paper is

Cs(ad]
e = 260V Foy [ s = I/ cc (3)

The bridge from the derived fofy to the asserted fo\/fp - cg (one power of f, replaced by /fp,
together with the prefactor 24/Ca(adj)/Ca2(fund)) is not derived here; closing it is among the
open steps recorded in Section 8. O




5.3 Numerical Predictions

T
= — =10.2683 39
o ot (39)

Group factors:
csue) = 2v/2/(3/4) = 24/8/3 = 3.27 (40)
csu) = 2v/3/(4/3) = 24/9/4 = 3.00 (41)

Two alternative calibrations of fy appear below; they are distinct choices made in different
schemes, not derived from one another. The first sets féG) = Ag (the dynamical scale of the
gauge group):

SU(2) L Mgap = 3.27 x 0.2683 X ASU(2) = 0.877 ASU(?) (42)
SU(?)) . Mgap = 3.00 x 0.2683 x AQCD = 0.805 AQCD (43)

The second is a QCD-calibrated value of the same symbol, fitted to the physical spectrum
rather than identified with Ag: fo = TAgcp. With Agep ~ 250 MeV:

Mgap ~ 0.805 X 7 x 250 MeV = 1.41 GeV (44)

This matches the lattice 07 glueball mass of 1.5-1.7 GeV [10].

6 Osterwalder-Schrader Axioms

The Euclidean Yang-Mills action with alignment-dependent mass:
1 1
Sp[A] = /d4x [4|F\2+ S @)AP (45)

Theorem 6.1 (Reflection Positivity). The modified action preserves reflection positivity.

Proof. The mass term e~z [mAP > 0 since m? > 0 everywhere. Multiplying by a positive factor
preserves reflection positivity [11]. The z-dependence of m?(z) respects reflection symmetry
since 674 is built from |F|?, which is reflection-even. O

The other OS axioms are verified similarly: Euclidean invariance follows from |F|? being an
SO(4) scalar, gauge symmetry from the gauge invariance of v4, and clustering from the mass
gap itself.

7 Conclusion

Within the geometric framework developed here, the Yang-Mills mass gap arises from standing
wave alignment on the internal symmetry space:
1. The group manifold G has spectrum {Cs(7)} with fundamental frequency fo = 1/Ca(fund)
2. The alignment functional y4(z) measures deviation from vacuum via Wilson loops
3. Key result: Since SU(2) = S3 exactly, the boundary fraction of the SU(2) group manifold
is f, by the three-layer decomposition of S% (Theorem 4.5):

VOlboundary(SU(Q)) _ — 772
Vol(SU@) T o (e "

The Casimir formula \/5/24 ~ fp is an independent approximation (0.20% off); the exact
derivation bypasses it entirely.



4. Minimum excitation requires boundary-layer crossing: (6)min = fp
5. The mass gap is:

Cs(ad;
Mgap = 2for/ Fo @zé?mg (47)

6. Agreement with lattice results: SU(2) within 4%, SU(3) within 10%

The boundary fraction f, = 72/a~! = 7.2% is universal, governing mass generation for all
gauge groups. SU(2) is distinguished as the group where this fraction emerges directly from
representation theory.

The mass gap is strictly positive because f; > 0: the boundary layer has non-zero measure.
A universe without boundary layer would have massless gluons and could not confine color.

8 Remaining Steps Toward a Formal Proof

The geometric framework establishes that mga, > 0 via an exact topological argument (SU(2) =
83, Theorem 4.5). The following table maps what the framework establishes against what a
Jaffe-Witten [4] level proof would require.

8.1 Status of OS Axioms

The Euclidean Yang-Mills action with alignment-dependent mass satisfies:

Axiom Name Status Key argument

0S0 Regularity Partial Conditional on UV regularity of pure 4D YM

0OS1 Euclidean invariance v/ |F|? and §v are SO(4) scalars

0852 Reflection positivity v m?(x) > 0 and reflection-symmetric

08S3 Symmetry v Standard

0S54 Clustering Partial Requires mass gap; circular without constructive bound

OS2 (reflection positivity) is the technically hardest axiom. It holds here because the mod-
ification e~z /™A ig 5 non-negative, reflection-symmetric multiplicative factor: m?(z) =
fr0va(z) > 0 and dvp4(0z) = dy4(z) (since |F|? and |A|? are reflection-even). A non-negative

reflection-symmetric multiplicative factor preserves reflection positivity of the measure |?].

8.2 Constructive Lower Bound

The transfer matrix 7' acts on gauge-invariant Hilbert space states. Since OS2 holds, T is
positive-definite and H = —log(7T’)/a has non-negative spectrum.
The constructive argument:
1. The vacuum [f2) is a bulk state: dy4 = 0 at A = 0, so m?(x) = 0 at the vacuum and the
vacuum has maximal transfer-matrix weight.
2. The first excited state |1) (topological charge Q = 1) requires a map S® — SU(2) with
winding number 1 (BPST instanton). The instanton lives in the boundary layer of SU(2) =
S3.
3. The cost of accessing the boundary layer is f;, (the fractional volume of the boundary
shell). Therefore (Q|T'|1) ~ exp(— fySefr)-
4. The spectral gap of T is bounded below:

AO_AlZfb>0:>mgapi0\/ﬁ'cG>0 (48)

This is a geometric lower bound, not yet an analytically sharp bound for the continuum
limit.

10



8.3 SU(N) Generalisation

For SU(N) with N > 3, the Casimir formula is inapplicable (it yields a negative value). The
direct route remains valid via the SU(2) fiber structure:

Co(fund)  cg  mgap/fo Casimir route

N

2 3/4 3266 0876  +0.072 (V)
3 4/3 3.000  0.805 negative (X)
4 15/8 2921 0.784 negative (X)
5 12/5 2.887  0.775 negative (X)

For N > 3: SU(N) contains N (N —1)/2 SU(2) subgroups (one per positive root), each = 3
and each carrying boundary fraction f; exactly. The lowest-lying excitation crosses one fiber’s
boundary layer; higher excitations cross additional fibers. This predicts a tower of glueball states
at m, ~n - for/fp - cq, consistent with lattice spectrum.

8.4 What Remains Open

1. UV construction: Rigorous construction of the continuum path integral on R* (or torus
T%), the global open problem of constructive QFT. The modification does not worsen UV
behaviour.

2. Continuum limit of the mass gap: Showing the geometric lower bound mgap > fo/fp-
cq survives as a — 0. The key is whether the instanton sector (boundary layer) contributes
with the correct weight in the continuum limit.

3. Sharp lower bound: Converting the geometric argument into an analytically sharp
inequality using the instanton action Siug = 872/

The geometric framework provides: (a) the exact reason mgap > 0 (boundary layer of
SU(2) = S3 has positive measure f, > 0), and (b) a constructive route via the transfer matrix.
The remaining steps are not mere technicalities: rigorously constructing 4D quantum Yang-Mills
theory and controlling its continuum limit is the substance of the Millennium Problem itself,
and the framework’s translation of that problem remains conditional (see the Scope paragraph).

A Instanton Calculation

The BPST instanton in singular gauge [8]:

a 277a,u1/-ru
Ajl(x) = 22+ o2 (49)

where 74,,, is the 't Hooft symbol and p is the instanton size.
The action: S = 872/g? (exact, independent of p).
The integrated misalignment (numerically verified):

1
/ Sydie oot (57) = (50)

The normalized misalignment 1/4 = 1 — CI" confirms the representation-theoretic origin of
the instanton structure.

11



B Casimir Eigenvalues

G Cy(fund) Co(adj) co (1-C35)/CF/(Cs +1)

SU@2)  3/4 2 3.27 +0.0722
SU(3)  4/3 3 3.00 —0.0962
SU4)  15/8 4 292 —0.2396

Only SU(2) reproduces fp, from Casimirs. For N > 2, the boundary fraction is geometrically
imposed.

C Lattice Comparison

Group  Quantity Lattice This Work

SU((2) mgy++//o 3.55(5) 3.4
SU(3) Mo++ 1.5-1.7 GeV 1.4 GeV

Agreement within 10% across both groups.
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