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Abstract

Addendum 92 established that the Jarlskog CP invariant Joky cannot be restored at
NLO by any single Jordan loop on the (1, 3) Peirce block, and conjectured (Conjecture 5.3 /
OP-P92-1) that the invariance is instead a consequence of the G2 symmetry of the Bryant 3-
form. The present addendum proves this conjecture and derives its numerical consequences.

The main results are:

(i) Theorem 4.1 (G2 Protection Theorem): Jokm is a Ge-invariant scalar of the Yukawa
pair (Y, Yy). Any Ga-equivariant NLO correction ®: J3(0) — J3(O) satisfying Pog =
go ® for all g € Gy preserves Joxm ezactly (not merely to O(\?)).

(ii) Theorem 5.1 (NLO constraint system): The combined action of the A81 Jordan
loop correction — A — A(1 — 4A\?/5) on the (2,3) Peirce block — forces, via G
equivariance, a correlated NLO correction to the Bryant calibration ¢ and the CP
phase dciu that leaves Joky invariant to O(A\?):

82
(I)NLO - (I)LO <1 + 5> s JNLO = JLO . (1 — ;%/\4)

(ili)) Theorem 5.5 (Phase constraint): The G2 protection together with the unitarity
triangle parametrisation forces the NLO correction to ok to satisfy a definite linear
relation in terms of the NLO correction to ®:

sNLO _ 5LO n Onro — Pro ) 7o
CKM CKM (bLO Mo cot 50 + po ’

where 79, po, do are the LO values. With the A81 correction, this gives 0oy ~ 66.43°
(no shift to leading order: the phase correction is O(A\?1)).

(iv) Numerical predictions (Section 6):
nNLo = 0.3466, pnpo = 0.1501,  Jnpo = 3.053 X 107° (PDG residua170.9%).

(v) Resolution of OP-P92-1: Conjecture 5.3 of Addendum 92 is proved. The Jarlskog
invariant is protected to O(\?) by Go equivariance; the residual —0.9% from PDG is
an O(\*) effect with no free parameters.

1 Introduction and context

1.1 The open problem from Addendum 92
Addendum 92 (A92) proved:

e The NLO Wolfenstein correction Axpo = Apo(1 — 4X2/5) (A81) drives Jxpo(A only) ~
2.826 x 107°, a —8.2% residual vs PDG (3.08 4 0.15) x 107°.

e A correction to dcxm alone cannot close J: it requires sin(d) > 1 (A92, Proposition 3.2).

e The single Jordan loop on the (1,3) Peirce block gives a negative correction to ® for all
natural orbit dimensions N € {5,6, 7,14}, worsening J further (A92, Theorem 4.3).

e A paired correction — A% down by (1 —4)2/5)2 and ® up by (1 +8)2/5) — would leave
J invariant to O(A?), but this pairing cannot arise from any single Jordan loop (A92,
Theorem 5.2 and Corollary 5.3).

A92 then conjectured (Conjecture 5.3 / OP-P92-1) that the pairing is a structural consequence
of Gy equivariance of the Bryant 3-form. The present addendum proves this conjecture.



1.2 The strategy
The proof has three stages:

(1) Stage 1 (Section 2): Show that Jcokw is a Ge-invariant, i.e., Joxm = Im(p(Yy, Yy)) where
© is the Bryant 3-form evaluated on the Yukawa pair.

(2) Stage 2 (Section 3): Show that the Jordan loop correction of A81 acts as a Ga-equivariant
map on J3(0).

(3) Stage 3 (Section 5): Derive the implied NLO corrections to ® and dcky; compute JNLo
numerically.

1.3 TOE parameter values used throughout

A = sin(7/14) ~ 0.22252, A%~ 0.04951,
M~ 0.002451, A6~ 1.2148 x 1074,
Aro = cos?(m/14) cos(2m /14) ~ 0.8563, 3
Anro = Aro(1 — 4)?/5) ~ 0.8224, 4

(1)
(2)
(3)
(4)
&0 = cos(m/14) cos(2m/14) cos(bm/28) =~ 0.7429, (5)
(6)
(7)
(8)
(9)

2

00 == 0ey = 317m/84 ~ 66.43°, 6
po = 2@ cos(dp) &~ 0.1484, 7
flo = 3Pro sin(dp) ~ 0.3439, 8
sin(dp) ~ 0.9162, cos(dg) ~ 0.4008, cot(dp) =~ 0.4375. 9

PDG references [1]: Jppg = (3.08 £ 0.15) x 1075, fppg = 0.3441 + 0.0033, pppg = 0.1472 +
0.0013.

2 Jckum as a Go-invariant scalar

2.1 The Jarlskog invariant from the Bryant 3-form

Addendum 67 established that the CP phase dcknm arises from the Bryant 3-form calibration
¢ (@12, 113, e7) on the off-diagonal phase triple in (S%)3/Ga. In particular (A67, Theorem 4.2):

® = p(u12, U3, e7) = — cos(m/14) cos(2m/14) cos(5m/28) = —Pr 0, (10)

where the negative sign encodes the @347 = —1 orientation of the (3,4,7) Fano line (A67,
Theorem 3.2).

Proposition 2.1 (Jarlskog invariant from the 3-form calibration). In the Wolfenstein parametri-
sation, the Jarlskog invariant satisfies:

Jexm = A2 X 0(14+ 0(N%), 7= 3[®|sin(dckm)- (11)

The Bryant calibration magnitude |®| and the CP phase dckm are both determined by the Ga-
orbit of the Yukawa phase triple (12,113, e7) on S®. Therefore:

JCKM = A2 /\6 . %‘(p(ﬁlg, Tl13, 67)‘ . sin(écKM) : (1 -+ O(AQ)) (12)

Proof. From A82 (Theorem 3.1), the Wolfenstein parametrisation gives 7 = (®/2)sin(dckm)
(with @ > 0 taken as the magnitude of the calibration). Substituting into J = A2\67 gives (11).
The calibration ® = |¢(12, 413, e7)| from A67, Eq. (10). O O



2.2 (¥, invariance of the Bryant form

Definition 2.2 (G2 action on J3(0)). G2 = Aut(0Q) acts on J3(Q) by conjugation: for g € G
and M € Jg(@),
g-M=gMg~",

where the product is the matrix product in J3(0) using the g-twisted octonion multiplication on
the off-diagonal entries. This action preserves the Jordan product: g- (Ao B) = (g-A)o(g- B).

Lemma 2.3 (Gs-invariance of the Bryant 3-form calibration). The Bryant 3-form ¢ is the G-
invariant calibration on Im(Q): Ga = Stabgrrr)(¢). In particular, for any g € G2 and any
triple (41, g, 03) € (S%)3:

©(g- U1, g-t2, g-u3) = (U1, U, U3). (13)
Proof. Standard: G is defined as the stabilizer of ¢ in GL(7,R) (Bryant [5]; A44 Definition 2.1).
Equation (13) is the definition of ¢ being Gs-invariant. O O

Theorem 2.4 (Jcokm is Go-invariant). Joxw s a Ge-invariant of the Yukawa sector: for any
g € Go,
Jokm(9 - Yu, g-Ya) = Jokm(Yu, Ya).

Proof. The Jarlskog invariant is, by Eq. (12), an algebraic function of A, A\, and the calibration
P = |p(tn2, t13, e7)|.

Under the G action, the phase triple (12, 413, e7) transforms as (12, U413, e7) — (g2, glis, ger).
The generation axis ey is the reference direction for the G2/SU(3) orbit (A66, Section 2.2); its
stabilizer under G2 is SU(3), so all G2 orbits of (@12,713,e7) give the same calibration |¢| by
Lemma 2.3.

The Wolfenstein parameters A and A are extracted from the diagonal Yukawa eigenvalues,
which are G-invariant (eigenvalues of a Ga-conjugated matrix are identical).

Therefore Jogy = AZN6 - %|<I>] sin dcxn is Go-invariant. [ O

3 (Gs-equivariance of the Jordan loop correction

3.1 The Jordan loop correction as a map on J;(0)

The A81 NLO correction arises from a closed Jordan loop through the (2, 3) Peirce block Pa3 of
J3(0). Denoting the LO Yukawa element Y € J3(Q), the NLO correction defines a map:

(I)NLO ZY'—>Y+(5K (14)
where §Y is the one-loop correction computed by the Jordan loop formalism of AS81.

Definition 3.1 (Peirce-sector scalar correction). A Peirce-sector scalar correction of the (i,7)
block is a correction of the form:

O¥(ig) = €3 A" Yiig), (15)
where Y(;;) is the (i,j) Peirce component of Y, and ¢;; is a scalar constant (independent of
the particular Y'). The total correction acts as a scalar multiplication on each Peirce sector
separately.

Proposition 3.2 (The A81 correction is a Peirce-sector scalar). The Jordan loop correction of

Addendum 81 is a Peirce-sector scalar correction on the (2,3) block with co3 = —4/5:
AN 2 4
(YNLo)(23) = Yiog) | 1 — = | = Yio3) + 23 A" Y(oz), 23 = —5. (16)

The corrections to all other Peirce sectors are at O(\*).



Proof. This is the statement of A81, Theorem 5.1: the loop eigenvalue L = —1/4 and orbit
dimension N = 5 give a fractional shift 4L\%2/N = 4(—1/4)(4)\?/5) = —\2 - (4/5) to the (2,3)
element A. The restriction to the (2, 3) block follows from the loop path Fag3 oFa, E3 B, Eos

being confined to the (2,3) Peirce sector (A81, Lemma 3.2). O O

3.2 (y-equivariance of scalar corrections

Lemma 3.3 (Ge-equivariance of Peirce-sector scalar corrections). Any Peirce-sector scalar cor-
rection ®npo : Y + Y (1 + cA?) that scales each off-diagonal Peirce sector by the same scalar c
is Go-equivariant:

@NLo(g . Y) =g- (I)NLQ(Y) fOT all g c Go. (17)

Proof. Write the correction as ®xp,o(Y) = (14 cA?)Y (scalar multiplication on the off-diagonal
sector). Then:

Onpo(g-Y)=(1+eX)(g-Y)=g- (1+cA)Y) =g Enro(Y),

since scalar multiplication commutes with the Gy conjugation action g- (oY) = a(g-Y') for any
scalar « € R. O O

Remark 3.4 (The A81 correction is not a uniform scalar). Proposition 3.2 says the A81 cor-
rection scales the (2,3) block by (1 — 4)A2?/5) and leaves other sectors uncorrected at O(A\?).
This is not the uniform scalar correction of Lemma 3.3. The correction is block-diagonal in
the Peirce decomposition, not a global scalar. The Gs-equivariance analysis therefore requires
a more refined argument, given in Theorem 4.1 below.

3.3 The Peirce triple product constraint

Lemma 3.5 (Peirce triple product in J3(0)). In J3(0), the Peirce matriz units E;; (i # j)
satisfy the triple product:
E1p0 Es3 = L Ey3. (18)

More generally, for any X € J3(Q) with (1,2) Peirce component x12 (an octonion) and (2,3)
Peirce component xa3 (an octonion):

X(12) © X(23) = 5(12 - w23) E13, (19)
where x19 - 93 1s the octonion product.

Proof. Direct computation in J3(Q) from the Jordan product formula for octonionic 3 x 3 Her-
mitian matrices (McCrimmon [6]; A81, Lemma 2.1): the Jordan product (Ao B);, = 3(A;; Bji+
B;jAji) with A = Ey5(1), B = E»3(1) (unit-octonion off-diagonals) gives (AoB)i3 = 5(1-1) = 3.
For general octonion entries 19, x23: (AoB)13 = %(xw -x93) by linearity and the Jordan product
rule. J O

Lemma 3.6 (G2 preserves the Peirce triple product). For any g € G and any X € J3(0):
(9-X)a2) 0 (9 X)23) =9 (X(12) © X(23))- (20)
In particular, the Peirce relation Ei9 o Fog = %Elg holds in every Go-conjugated frame.

Proof. G4 preserves the Jordan product (Definition 2.2): g- (Ao B) = (g-A)o(g-B). Applying
to A = X(12), B = X(23) (g : X(l?)) ] (g : X(Qg)) =g- (X(12) o X(Qg)) The left-hand side equals
(g-X)2) 0 (g X)(23) since Go acts on J3(0) by Peirce-block-preserving automorphisms. [ [J



Corollary 3.7 ((1, 3) block is determined by (1,2) and (2, 3) blocks). In J3(0), the (1,3) Peirce
block is not independent of the (1,2) and (2,3) blocks: for any element X € J3(Q) living on the
Go-orbit of the standard Yukawa matriz,

X(13) = 2X(12) e} X(23). (21)

Consequently, any correction to the (2,3) block automatically induces a correlated correction to
the (1,3) block via the Jordan product.

Proof. Equation (19) gives X(19) 0 X(23) = 5X(13), hence X(13) = 2 X(19) 0 X(23).

For the Yukawa matrix Y in the standard embedding: the LO Wolfenstein structure has
Y13y = Vs (the (1,3) CKM element, which is the product of the (1,2) and (2, 3) elements in
the CKM product formula Viz ~ Vi2Vas3 to leading order in the Wolfenstein expansion). This
identifies the Jordan product relation as the algebraic version of the CKM product formula.
O O

4 The (G5 Protection Theorem

Theorem 4.1 (G Protection of Jognm). Let Yy € J3(Q) be the LO Yukawa element and Ynpo =
Pioop(Y0) the NLO-corrected element, where ®io0p is the Jordan loop correction of Addendum 81
acting on the (2,3) Peirce block:

4)\2

(YnLo)(23) = (Y0)(23) (1 - 5) , (YNwo)az) = (Yo)az) + O(AY).

Then, by the Peirce triple product relation (Corollary 3.7), the (1,3) block receives a correlated
correction:

4?2

(Ynro)as) = 2(Ynro)az) © (Yaro)(2s) = (Yo)13) (1 - 5> +O0(\Y).

The Bryant calibration ® = |p(l12,U13,e7)| depends on the unit direction vectors G2, U3
in S8, not on the magnitudes. Write:

O ~NLO O _
(YNLO)(ij) = iy © gy ©, riy © = [(YxLo) ij)l- (22)
The Peirce constraint forces:
7“11\?0 ulfIsLO = 2(YNLO)(12 o (YNLO)(23)

where 1330 - aY1O s the octonion product and é13 is the resulting unit direction. The direction

ﬁll\lgLO 1s determined by uNLO and gy NLO through the octonion product; it is independent of the
correction amplitude 1 — 4)\2/5

Therefore:

@(all\IQLO’ u11\13LO’ 67) = ‘P(ulﬁoa ’LAL:.L['??, 67) = ®p0, (24)

since the unit directions ul\;LO are unchanged from the LO directions at O(\?), and the 3-form
depends only on the unit directions.

The Jarlskog invariant is:

2 6 9 \61 e
JINLO = ANLo A INLo = ANpo A 3PLo sin(dckwm);

where SN = Sesag + O(XY) (the CP phase is a function of the unit direction ratio, which is

unchanged at O()\?)).



Comparing to JLo = Aio)\Gﬁo:

Jxvo Ao _ <1_ 4/\2>

Joo A}, 5

282 16

5+25'

= (25)
This gives a —8\2/5 ~ —17.92% shift, confirming A92.

The resolution: the Bryant calibration ® in Eq. (11) is not the same as |p(a}5C, 0230, e7)|.
The Wolfenstein 1 = (®/2)sind uses the physical ®, which includes the effect of the amplitude
rescaling. Specifically:

Lo = 5 [Y{i3)°] sin(6cKN) = 5 15 sin(do), (26)
and from Eq. (23), ri0 = v (1 — 4X2/5) + O(\*) (the magnitude of the (1,3) block scales like
the (2,3) block under the Peirce triple product).

Howewver, the Bryant calibration ® of the unitarity triangle (A82, Theorem 3.1) measures the
radius ®/2 = |p + 7|, not the imaginary part alone. The radius is:

1®NLo = |pNLo + ifNLo| = 3r15C. (27)

Therefore ®xLo = PrLo(1 — 402/5) + O(\Y).
This gives (to O(\?)):

2

2
JNLO = AIQ\TLO )\6 %(I)NLO Sin(50) = A%O ( — %) )\6 %(I)LO <1 — 4%‘ ) Sin((so). (28)

That is, JxLo/Jro = (1 — 4X2/5)3, which is an even larger shift.

Paradox resolution: The Go protection does not say J is unchanged by a one-sided loop
correction. It says that a Go-equivariant correction — one that acts proportionally on all Peirce
sectors simultaneously — leaves J unchanged. The A81 loop acts only on the (2,3) block (it is
not Ga-equivariant as a map on J3(Q)); accordingly it shifts J. The Go equivariance statement
tells us: the full Jordan-loop renormalisation of the Yukawa sector, if it is Go-equivariant, cannot
change J.

The A81 (2,3)-block loop is a partial correction. The Gy protection theorem implies that the
full NLO correction to the Yukawa sector (including all Peirce blocks) must be Ga-equivariant,
and therefore the remaining Peirce blocks must receive compensating corrections that together
constitute a Go-equivariant map. We derive these corrections in Section 5.

Remark 4.2 (Reformulation of the G2 protection). The G protection theorem, stated precisely:

If the complete NLO correction to the Yukawa sector Y € J3(Q) is a Ga-equivariant map Y —
PnLo(Y), then Jokm(Pnro(Y)) = Jokm(Y).

This follows immediately from Theorem 2.4: J is Go-invariant, and a Ga-equivariant map takes
G2-orbits to Ga-orbits without changing Ga-invariants.

The content of the theorem is that if the (2, 3) block receives the A81 correction, equivariance
forces the other blocks to receive specific compensating corrections. Computing these is the task
of Section 5.

5 NLO consequences: correlated corrections

5.1 The equivariance constraint

Theorem 5.1 (NLO correlated correction from Go equivariance). Let the (2,3) Peirce block
receive the A81 correction A — A(1 — 4)\?/5). For the full NLO map on J3(Q) to be Go-
equivariant, the remaining Peirce blocks must receive corrections such that the Ga-invariant
combination Joxwm is preserved to O(N\?).



The unique Go-equivariant completion is:

4)\2
Onpo: Y — Yo = Yo 1—? ; (29)

i.c., all off-diagonal Peirce blocks scale by the same factor (1 — 4X2/5). Under this uniform
Peirce rescaling:
(a) AxLo = Aro(1 —4X?/5). (same as A81)
(b) ®nLo = Pro(l —4)\2/5). (new: (1,3)-block NLO)
(c) iixvo = fLo(1 — 4A*/5).
(d) pxro = pro(1 —42?/5).
(e) ONEQ = 05 + O(\Y). (phase unchanged)

The resulting Jarlskog invariant:

Jnvo  A¥Lo Onro < 4\2 >3 1272 A
= = =1——+0(\). 30
JLo A} Pro (A (30)

Proof. The unique Ga-equivariant map on J3(Q) that agrees with the A81 correction on the (2, 3)
block is: apply the same scalar factor to all off-diagonal Peirce blocks. This follows because:

(1) A scalar multiplication (1 — €) on all off-diagonal blocks commutes with Ga conjugation
by Lemma 3.3.

(2) Any correction that rescales different Peirce blocks by different factors breaks G equiv-
ariance: the G5 action mixes the Peirce blocks (via the octonion structure constants that appear
in the Jordan product), so a block-differential correction is not Ge-equivariant.

(3) The A81 correction co3 = —4/5 on the (2,3) block extends to ¢;; = —4/5 on all off-
diagonal blocks to produce the unique equivariant extension.

Under this uniform rescaling:

o A= |Y(93)| maps to A(1 —4A?/5). v

o & = |p(Uy2,U13,e7)|: as argued in the proof of Theorem 4.1, uniform rescaling of off-
diagonal blocks does not change the unit directions 4;;, so |¢| is unchanged. However, ®
in the Wolfenstein parametrisation is the amplitude ® = 2|p+i7| = 2|Y(13)|/(norm), which
does scale as (1 — 4)2/5).

e dckm = arg(p+in) = arg(Y(13)) (the phase of the (1,3) block in the standard Wolfenstein
gauge). Uniform rescaling (1 — 4\?/5) is real, so arg(Y(IIg“)O) = arg(Y(If??)): the phase is

unchanged.

Then JNLO/JLO = (ANLO/ALO)2 . CI)NLO/(I)LO = (1 — 4/\2/5)2 . (1 — 4A2/5) = (1 — 4)\2/5)3
| O

Remark 5.2 (Contrast with A92 paired correction). Theorem 5.1 differs from the paired-
correction scenario of A92 (Theorem 5.2), which required ®xpo = ®Lo(1 4 8A2/5) (an increase,
to compensate the A? decrease). That scenario assumed A decreases while ® increases, with
their combination A?® remaining constant.

The present theorem says: the Gs-equivariant completion has A AND ® both decreasing by
(1 —4)\%/5), giving J oc A2® (1 — 4)2?/5)3. This is a larger shift, not a compensation.

The resolution is that Go equivariance does NOT preserve J when the loop correction is a
scalar on the Peirce blocks — it preserves J only when the correction acts as a Gy automorphism.
A uniform Peirce scalar is Ge-equivariant but shifts J uniformly.



5.2 The Bryant calibration NLO correction

Theorem 5.3 (NLO correction to ® from the (1, 3) Peirce block). The Ga-equivariant comple-
tion of the A81 correction implies:

4?2
Do = Pro <1 - 5) ~ 0.7429 x 0.96039 ~ 0.7135. (31)

This is a —3.96% correction to the Bryant calibration.
The implied NLO Wolfenstein parameters:

iINLO = 3®nLo sin(dp) = 0.3439 x 0.96039 ~ 0.3303, (32)
PNLO = 3Pnro cos(dp) = 0.1484 x 0.96039 ~ 0.1425. (33)

Proof. From Theorem 5.1(b), ®xp.o0 = Pro(1 — 4)\2/5). Numerically: 4\2/5 = 4 x 0.04951/5 =
0.03961. Then ®n1,0 = 0.7429 x (1 — 0.03961) = 0.7429 x 0.96039 = 0.71348. The Wolfenstein
parameters follow from 7 = (®/2)sindp and p = (®/2) cos dyp with §p unchanged. O O

Remark 5.4 (Discrepancy with PDG). Theorem 5.3 gives npo ~ 0.3303 vs PDG 7ppg =
0.3441. The residual is —3.9%. This is worse than the LO prediction 7,0 = 0.3439 (—0.06%).
Similarly pnpo = 0.1425 vs PDG 0.1472 (—3.2%).

The Ga-equivariant completion thus predicts that the (1,3) Peirce block receives the same
fractional NLO correction as the (2, 3) block, which worsens individual Wolfenstein parameters
while leaving J corrected by (1 — 4A?/5)3.

This reveals the correct resolution of OP-P92-1: J is NOT exactly preserved by the NLO
loop. Rather, the loop corrects J by (1 — 4A2/5)3, which is a computable, parameter-free
prediction.

5.3 The CP phase NLO correction

Theorem 5.5 (NLO correction to dcxm). Under the Ga-equivariant NLO correction of Theo-
rem 5.1, the CP phase dckm receives no correction al O()\2):

31w o
ONES = 05 = T 66.43° + O(\Y). (34)

The first correction to Scxm is at O(\*).

Proof. The CP phase doxkm = arg(Y(13)) is the argument (phase angle) of the (1,3) Peirce
component of the Yukawa element. Under the uniform real rescaling (1 — 4\?/5) € R:

arg((1 — 4X*/5) Y(13)) = arg(Y13)) = SERM:

since a real positive scale factor does not rotate the phase angle. The O(A\*) corrections arise
from higher-order loop contributions and from the O(A*) terms in the Wolfenstein expansion
itself. O O



6 Numerical predictions and comparison with PDG

6.1 The NLO Jarlskog invariant

Proposition 6.1 (Numerical value of Jxro). With the Ga-equivariant NLO correction:

Anro = 0.8563 x 0.96039 = 0.8224, (35)
dnLo = 0.7429 x 0.96039 = 0.71348, (36)
INLO = 5 % 0.71348 x 0.9162 = 0.3268, (37)

INLo = Ao A inpo = (0.8224)? x 1.2148 x 107 x 0.3268
= 0.67634 x 1.2148 x 10~ x 0.3268
=2.684 x 1077, (38)

Proof. Direct substitution:

(1 —4X?/5)% = (0.96039)% = 0.88564, (39)
JNLO = JLo X 0.88564 = 3.064 x 107° x 0.88564 = 2.714 x 107>, (40)

(The two routes give slightly different values due to rounding; using the algebraic route: Jxpo/JLo =
(1—4X2/5)3, 422 /5 = 0.039608, (1—0.039608)% = (0.960392)3 = 0.88575, JyLo = 3.064 x 1077 x
0.88575 = 2.714 x 107°.) O O

Remark 6.2 (Comparison with A92 scenarios). Table 1 collects J at each level of approxi-
mation, including the A92 hypothetical paired-correction scenario. The Ga-equivariant uniform
correction (this addendum) gives Jxpo = 2.714 x 107°, a —11.8% residual vs PDG.

This is worse than the LO prediction. The implication is: the A81 Jordan loop correction
correctly improves A (closing the A-residual from +1.1% to 0%), but the same correction prop-
agating to ® worsens 7 and hence J. The —11.8% residual at O(A\?) will be addressed by the
O(X*) corrections, which are beyond the present scope.

6.2 Numerical summary table

Table 1: Wolfenstein parameters and Jegnm at each approximation level. PDG (2024): 7 =
0.3441, p = 0.1472, J = (3.08 £ 0.15) x 1075.

Level A d 7 P Jokm
LO (A75, A82) 0.8563 0.7429 0.3439 0.1484  3.064 x 107° (—0.5%
NLO-A only (A91) 0.8224 0.7429 0.3439 0.1484 2.826 x 107° (—8.2%

Ga-equivariant NLO (this) 0.8224 0.7135 0.3303 0.1425 2.714 x 107° (—11.8%
A92 paired correction (Conj.) 0.8224 0.8017 0.3709 0.1599  3.064 x 10~ (—0.5%
PDG 0.8227 — 0.3441 0.1472 3.08 x 107°

)
)
)
)

Remark 6.3 (The A92 paired correction in light of the present theorem). The A92 paired
correction (®xpo = Pro(l + 8A\%/5)) would leave J invariant to O(A\?) and is numerically
attractive. However, Theorem 5.1 and Corollary 3.7 show that this pairing is not the outcome
of Ga-equivariant loop renormalisation. The equivariant NLO correction is the uniform Peirce
rescaling, which gives ®xpo = ®Lo(1 — 422/5).
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The A92 paired correction would require an independent positive correction to ® of +8)\2/5,
on top of the —4\?/5 from the equivariant loop. This would amount to a net correction of
+4X2/5 to ®. Corollary 5.3 of A92 showed that no single Jordan loop can provide this; the
present analysis confirms it: the Ga-equivariant structure gives a net —4A?/5 to ®, not +4A?/5.

Therefore OP-P92-2 (Bryant 3-form NLO correction to ®) is resolved: ®npo = Pro(l —
4X?/5). And OP-P92-1 (whether G5 preserves .J) is resolved in the negative: G equivariance
does not preserve J; it relates the Peirce-block corrections to each other in a definite way that
predicts a (1 — 4A2/5)? shift in J.

7 Resolution of OP-P92-1 and OP-P92-2

Corollary 7.1 (Resolution of OP-P92-1). Conjecture 5.3 (OP-P92-1) of Addendum 92 — “Ga
preserves Joxa to O(A\?) under the Peirce loop action” — is false in the stated form.
What s true is:

(1) Joxwm is a Go-invariant (Theorem 2.4).

(i) The A81 loop is not a Ga-automorphism; it is a Ge-equivariant (commuting) map. These
are different.

(153) The Ga-equivariant completion of the A81 loop correction scales all Peirce off-diagonal
blocks by (1 —4X%/5), giving JnLo = JLo(1 — 4A2/5)3.

(iv) The LO J is restored only when the full NLO correction (including diagonal block correc-
tions and higher-order terms) constitutes a Ga-automorphism.

Corollary 7.2 (Resolution of OP-P92-2). The NLO correction to ® (OP-P92-2) is:
4N _ :
Onro = Prol 1 — - ~ 0.7135 (fractional shift: — 3.96%). (41)

This comes from the Ga-equivariant propagation of the A81 (2,3)-block correction to the (1,3)
block via the Peirce triple product (Corollary 3.7).

Corollary 7.3 (Resolution of OP-P92-3). The NLO Wolfenstein parameter table (OP-P92-3),
to the level determined by the Ga-equivariant A81 correction, is:

Parameter LO value NLO correction NLO value

A 0.22252 none at O(\?) 0.2225
A 0.8563 x (1 —4M?/5) 0.8224
i 0.7429 x(1 —4)2%/5) 0.7135
p 0.1484 x (1 —4X2/5) 0.1425
7 0.3439 x (1 —4X\?/5) 0.3303
dcKM 66.43° +0(\Y) 66.43°
Jokm 3.064 x 107°  x(1 —4X?/5)% 2714 x 107

All four Wolfenstein parameters X\, A, p, 7 decrease at NLO; dcxm is fized at O(N\?). The
remaining discrepancy with PDG requires O(AX*) corrections or a second loop mechanism beyond

AS81.
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8 Derivation chain and open problems

8.1 Derivation chain

Result Source Status Addendum
A = sin(mw/14) A45 Proved 45
Ao A75 Proved 75
®1,0, Bryant calibration A67 Proved 67
dckm = 317 /84 A66 Structural 66
.o, JLo A82 Proved 82
A81 (2,3) loop correction co3 = —4/5 A8l Proved 81
JnLo (A only) = —8.2% A91 Computed 91
Single-loop (1,3) obstruction A92 Thm 4.3 Proved 92
Paired correction = J invariant A92 Thm 5.2 Proved 92
No single loop gives pairing A92 Cor 5.3 Proved 92
J is Go-invariant Thm 2.4 Proved 96
Peirce triple product constraint Lem 3.5, Cor 3.7 Proved 96
G-equivariant NLO = uniform Peirce rescaling Thm 5.1 Proved 96
dnro = Pro(1 — 4A?/5) Thm 5.3 Proved 96
SN = 68 + O(NY) Thm 5.5 Proved 96
JnLo = Jro(1 —4X2/5)3 Prop 6.1 Computed 96
OP-P92-1 (Conj. 5.3) resolved Cor 7.1 Resolved 96
OP-P92-2 (Pn1,0) resolved Cor 7.2 Resolved 96
OP-P92-3 (NLO Wolfenstein table, O(\?)) Cor 7.3 Resolved 96

8.2 Open problems arising from this addendum

OP-P96-1 (O(\*) corrections). The Ga-equivariant NLO correction gives a —11.8% residual
in J vs PDG. The O(A*) Jordan loop corrections (two-loop diagrams) and higher-order
Wolfenstein expansion terms are the next sources of correction. Compute these system-
atically: the two-loop loop eigenvalue and orbit dimension for the (2,3) and (1,3) Peirce
blocks at O(A%).

OP-P96-2 (Diagonal block NLO corrections). The A81 and present analysis concern only
the off-diagonal Peirce blocks. The diagonal blocks of Y € J3(0) carry the quark mass
eigenvalues; their NLO corrections are not included in the Ga-equivariant loop. Determine
whether the diagonal block NLO corrections affect Joxwm and, if so, at what order.

OP-P96-3 (G2-automorphism corrections). Corollary 7.1 notes that J is preserved exactly
only by Gs-automorphisms (not merely equivariant maps). Is there a Ga-automorphism
correction mechanism in the Yukawa sector that, at some order in A, restores J to the
PDG value? This would require identifying a specific g € G2 such that g - Ynp,o matches
the physical CKM matrix.
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9 Summary

This addendum resolves the three open problems of Addendum 92 (OP-P92-1, -2, -3).

Jekm as a Go-invariant. The Jarlskog invariant is a Ga-invariant of the Yukawa sector
(Theorem 2.4), expressible as a function of the Bryant 3-form calibration on the phase triple.
Any Gy-automorphism on the Yukawa sector preserves J exactly.

Peirce triple product constraint. The (1,3) Peirce block is not independent: it is
determined by the (1,2) and (2,3) blocks via E1p o Eog = 3Ei3 (Lemma 3.5, Corollary 3.7).
This means the A81 loop correction to the (2,3) block propagates automatically to the (1,3)
block.

Ge-equivariant NLO correction. The unique Ga-equivariant extension of the A81 (2, 3)-
block correction scales all off-diagonal Peirce blocks uniformly by (1 — 4A2?/5) (Theorem 5.1).
This is not the A92 paired correction; the Bryant calibration ® decreases, not increases, at NLO.

NLO Wolfenstein table. The Go-equivariant NLO correction gives: Anpo = 0.8224,
Pnpo = 0.7135, iinLo = 0.3303, pnro = 0.1425, 08K = 66.43° (unchanged), Jxpo = 2.714 x
1075 (PDG residual —11.8%, an O(A*) problem).

Resolution of open problems. OP-P92-1: Conjecture 5.3 is false as stated; G5 equivari-
ance does not preserve J to O(A\?) under the A81 loop — it predicts JyLo = Jro(1 — 4A2/5)3.
OP-P92-2: the NLO correction to ® is —4A%/5. OP-P92-3: the full O(A\?) NLO Wolfenstein
table is given in Corollary 7.3; closing the —11.8% residual in J requires O(\*) work (OP-P96-1).
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