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Abstract

Addendum 69 closed all purely Fj-internal routes to OP-B-Mass and identified two re-
maining candidates: (a) the Eg embedding of Fy, and (b) the density-normalisation axiom.
The present addendum investigates both.

Central question. The mass ratio target po = Tr(Xgec) = 7 + w2 + 473 is the simple
sum of the three sector energies with equal weight 1 each. Why weight-1, rather than any
other linear combination?

Main result I: Uniqueness of Tr (Theorem 2.1). The Jordan trace Tr : J5(0) — R
is the unique Fj-invariant linear functional on J3(Q), up to overall rescaling. This is a
standard result in the invariant theory of Fy = Aut(J3(0)): the fixed-point space (J3(0)*)F*
is one-dimensional, spanned by Tr. Consequence: any physical quantity that (i) is a linear
function of Xy, and (ii) must be Fy-invariant is necessarily a scalar multiple of Tr(Xgec) =
to- The overall scale is not fixed by Fj-invariance alone; it is fixed by the mass formula
normalisation (Proposition 3.1).

Main result II: Fs embedding-index and equal weights (Theorem 4.4). Under
the maximal embedding Fyx Gy C Eg (with the 248 decomposing as (52,1)®(1, 14)$(26, 7)),
the embedding index of Fy in Eg is ¢(Fy, Fs) = 1. This means the Fg Killing form, when
restricted to the Fj factor, equals the Fy Killing form with no rescaling. On the diagonal
Cartan subalgebra of Fy (which contains Xge.), the Eg inner product assigns each sector
energy E; a weight of exactly 1. Therefore the Eg-natural inner product gives (Xgec, 1) g, =
Tr(Xgec) = po, the simple-sum trace.

Main result III: G; mixed Casimir route closed (Theorem 5.1). The mixed
Casimir between the Fy and G factors of Ejg, evaluated via the (26,7) coupling piece,
does not yield pg for any natural combination. The G factor acts on Im(Q) = R” and is
orthogonal to V7 in the J5(Q) Peirce decomposition; it contributes no information about the
diagonal entries of Xec.

Main result IV: Density-normalisation closes OP-B-Mass as a theorem (Theo-
rem 6.1). The equal weight-1 sum is exactly what is produced by the density-normalisation

procedure: each sector energy E; = fol pi(z)dx = ¢; appears with the same weight be-

cause the sector densities p; are already normalised so that fol pgn) (z)dx = 1. The trace

Tr(Xeec) = ZZ E; is the total density integral folp = o, and this identification is the
physical normalisation that fixes the overall scale.

Synthesis (Theorem 7.1: OP-B-Mass conditional closure). Conjecture B (m;/m. =
o) follows from the following chain, in which every step is established or structurally mo-
tivated:

(i) The mass ratio m;/m. must be Fj-invariant.

(ii) Every Fy-invariant linear function of X is proportional to Tr(Xgec).

(iii) The proportionality constant is 1, fixed by the density-normalisation condition: the
unit of mass ratio is defined so that the full spectral charge py = fol p corresponds to
the ratio m¢/me.

(iv) This is confirmed at the Fg level: embedding index ¢(Fy, Eg) = 1 assigns each sector
energy weight 1 in the Eg Killing form.

Steps (i) and (ii) are proved. Step (iii) is the density-normalisation postulate (Axiom MA
of Addendum 59), here identified as following from the Fj-invariance uniqueness plus the
natural normalisation of p. Step (iv) provides independent Eg-algebraic confirmation.

Status after Addendum 71. OP-B-Mass is conditionally closed: the remaining gap
is whether the density-normalisation unit (step iii) is a theorem derivable from the TOE
structure, or an additional physical postulate. The Fy-invariance uniqueness argument (step
ii) is the single strongest structural result of the corpus for this problem. If the density
normalisation is accepted as the physical definition of the mass-ratio unit, Conjecture B
follows as a theorem.



1 Setup and standing notation

We follow the conventions of Addenda 44-69.

po = 47 + 7 + 7 = 137.036 304, (1)
pp = 107 4 370 4 3 108,716 684, 2)
MU = p1/po = 0.793 342. (3)

Sector energies and the canonical sector element:
E.=m, Ey=x° Ep=41% X = diag(r, 72, 473) € Vi C J5(0). (4)

The charm energy (Conjecture A, established structural):

E.=E.+ Ey=n+ 7. (5)

The TOE mass formula: m
= exp(MU(E — E.)). (6)

(&

Conjecture B: my/m. = po = Tr(Xgec), equivalently MU(E; — E.) = In .
The TOE density:

1
p(x) = 2mx + 37°2° + 167°2°, /0 p(x)dz = po. (7)

Sector densities p.(z) = 27z, pp(z) = 37222, pp(x) = 167323, with E; = fol pi(z)dr = ¢
(Addendum 51, Definition 2.1).
The exceptional embedding chain (Addendum 48, §2.1):

GQCF4CE6CE7CE8, (8)

with Lie algebra dimensions 14 C 52 C 78 C 133 C 248.

2 Fj-invariance: uniqueness of the trace as a linear functional

2.1 The invariant theory setup

The exceptional Lie group Fy = Aut(J3(0)) acts on J3(Q) by Jordan-algebra automorphisms.
This action preserves the Jordan product, the identity element 1, and the two fundamental
polynomial invariants: the trace Tr : J3(Q) — R (degree 1) and the cubic norm N : J3(0) —
R (degree 3). The Fj-invariant polynomial ring of J3(Q) is generated by three algebraically
independent invariants of degrees 1,2,3 (Chevalley [10]):

P(X)=Te(X),  pa(X) = J[(TeX)? - Te(X?)],  ps(X) = N(X). (9)

The question for OP-B-Mass is: why does the mass ratio m;/m. equal p;(Xgec) specifically,
rather than some other polynomial in p1, p2, p3?

The key observation is that the mass ratio is linear in X (at the level of the target value,
not of the mass formula itself), and we want a linear functional of X that is Fy-invariant. The
following theorem shows there is essentially only one such functional.



2.2 Main theorem: uniqueness of Tr

Theorem 2.1 (Tr is the unique Fy-invariant linear functional). Let ¢ : J3(Q) — R be any
R-linear functional that is Fy-invariant: ¢(g - X) = ¢(X) for all g € Fy, X € J3(0). Then
¢ = NTr for some A € R. In other words:

(J5(0)*)™ =R Tr. (10)

Proof. We show that the Fj-representation on J3(Q) has exactly one trivial constituent, namely
the span of 1 (the identity element of J3(Q)).
The 27-dimensional real representation of Fy on J3(Q) decomposes as:

J3(0) = R1 @ J3(0)o, (11)

where J3(Q)y = kerTr is the 26-dimensional traceless subspace. The Fj-representation on
J3(0)p is the irreducible 26-dimensional representation (the minimal non-trivial F representa-
tion), while the span R1 is the trivial (scalar) Fj-representation, since Fj-automorphisms fix
the identity element: g(1) =1 for all g € Fy.

An Fj-invariant linear functional ¢ : J3(0Q) — R must vanish on every non-trivial Fj-
representation constituent. Since J3(0)o is irreducible and non-trivial, ¢|z, @), = 0. On the
trivial summand R1, ¢ can take any value: ¢(1) = X for some A € R. For X = Tr(X)1/3+ X
with X € Jg(@)o:

Tr(X)

6(X) = ¢<

Setting X' = \/3 gives ¢ = N'Tr. O O

1) + 6(Xo) = % Tr(X) 40 = 2 Te(X), (12)

Remark 2.2 (Consequence for the mass ratio). Any physical quantity f(Xsec) that satisfies:

(a) f depends linearly on Xg.. (as a function of the sector element),
(b) f must be invariant under Fj-automorphisms of J3(Q) (i.e., the same value in every Jordan
frame),

must equal ATr(Xge) for some scalar .

Condition (b) is physically natural: the mass ratio m;/m. is a physical observable, and hence
must be the same in every basis for the Jordan algebra. Fj acts as the group of Jordan-algebra
automorphisms, which are the symmetries relating different Jordan frames. Therefore the mass
ratio, if expressible as a linear function of Xge., must be proportional to Tr(Xgec) = po-

The remaining question is the value of A.

3 Fixing the overall scale: density normalisation

Theorem 2.1 establishes m;/m, = A Tr(Xsec) for some A. We need to show A = 1.

3.1 The normalisation condition from the density

Proposition 3.1 (Density normalisation fixes A = 1). The sector element Xgec carries a canon-
ical normalisation: its eigenvalues F; = fol pi(z) dz are the integrated sector densities. The full
density integral is:
1 3
/ p(x)dr = E; = Tr(Xee) = po- (13)
0 i=1
If the mass ratio unit is defined by requiring that my/m. = Tr(Xgec) when the top quark is the
unique quark at the bulk position ez and the mass formula is m/m. = exp(MU(E — E.)), then:

my/me = po = 1 Tr(Xgec), e, A=1. (14)



Proof. The density p is normalised so that fol p = pp by construction (Addendum 36, Defi-
nition 2.1): pp = a~! is the fine-structure constant, which sets the natural unit of the TOE
charge.

The sector energies F; = ¢; are extracted from p by reading off the monomial coefficients
divided by (n; + 1) (Addendum 51, Proposition 2.1). The sum ), E; = fol p = po is therefore
fixed by the density normalisation with no free parameter.

If my/me. = Apg for A # 1, the physical mass ratio departs from the natural spectral charge of
the sector element by a factor A. There is no Fy- or p-natural mechanism to introduce such a A:
it would mean the mass formula’s exponential map, applied to the top quark at ez, introduces
an arbitrary factor relative to the total spectral charge. Setting A = 1 is the unique choice
consistent with identifying the mass-ratio unit with the spectral charge unit. O O

Remark 3.2 (Relation to Axiom MA). Proposition 3.1 provides a structural motivation for
Axiom (MA) of Addendum 59. Axiom (MA) states: “the top quark is the unique quark whose
mass ratio to the charm equals Tr(Xge.).” The present argument identifies why: the trace is
the unique Fy-invariant linear functional (Theorem 2.1), and the scale is fixed by the density
normalisation fol P = lo.

3.2 Why equal weight: sector density normalisation

We can make the equal-weight statement more explicit. The trace Tr(Xgee) = 7 + 72 + 473 is
a sum of the three sector energies with coefficients (1,1,1). Why not (aq, ag, a3) with different
weights?

Proposition 3.3 (Equal weight from density normalisation). The sector densities p;(z) = (n; +
1) ¢;z™ are each normalised so that:

1
| e@de =1, @) = i+ 1)a (15)
0

The sector energy E; = ¢; = fol pi(z)dz is the amplitude of the i-th sector density. In the
decomposition Tr(Xeec) = D, wiE;, the weight of sector i is w; =1 because:

 Ra@d e
T e e T

; = 1. (16)
Any alternative weighting w; # 1 would require the i-th sector to be normalised differently from
the others, breaking the p-determined sector decomposition.

Proof. Each sector contributes E; = ¢; fol (n; + 1)z™dz = ¢; - 1 = ¢; to the total integral. The
weight of each sector in Tr(Xgec) is F;/c; = 1. Since ¢; = E; by Definition 2.1 of Addendum 51,
the weight is identically 1 for all three sectors. O O

Remark 3.4 (The equal-weight sum is canonical). Proposition 3.3 shows that the equal-weight
sum is not a choice but a consequence: once the sector energies are defined as integrated sector
densities, their sum automatically carries equal weights. A weighted sum ), w; E; with w; # 1
would correspond to a different definition of F; (e.g., w; fol pidzx), which would require a non-
canonical normalisation of each sector density. The canonical normalisation — each sector
density integrates to F; — forces the equal-weight trace.



4 The Fs embedding and the Killing-form weight argument

4.1 The maximal subgroup decomposition

The exceptional Lie group Eg (dimension 248, rank 8, dual Coxeter number Y = 30) contains
Fy x Go as a maximal subgroup. Under this embedding, the adjoint representation decomposes
as (Adams [9], [13]):

248 = (52, 1) @ (1, 14) & (26, 7). (17)

The three pieces are:

e (52,1): the Fy adjoint, dimension 52.

e (1,14): the G2 adjoint, dimension 14.

e (26,7): the coupling piece, the 26-dim traceless J3(O) rep of Fy tensored with the 7-dim
Im(Q) rep of Ga, dimension 182.

e Total: 52 + 14 + 182 = 248. v

Definition 4.1 (Embedding index). For a simple Lie subalgebra g C b, the Dynkin embedding
index (or embedding index) £(g, ) is defined by:

rn [o= £(g, D) - K, (18)

where ry is the Killing form of h and x4 is the Killing form of g, both normalised so that long
roots have squared length 2.

Proposition 4.2 (Embedding indices for F; and G2 in Eg). For the mazimal embedding Fy x
Gy C Eg:
UFy, Bs) =1,  U(Ga, Es) =2. (19)

Proof. The embedding indices are determined by the branching rule (17) and the index for-
mula: for a subalgebra g acting in a representation r of the ambient algebra, ¢(g,h) = 4, -
Ir(r,g)/I2(adj, b), where Iy denotes the quadratic Dynkin index and /¢, is the embedding index
of r in the adjoint.

For F, C Es: the F, adjoint embeds into 248 as the (52,1) piece. The Dynkin index of
the Fy adjoint is I5(52) = 2hY(Fy) = 18 (where hY(Fy) = 9). The relevant computation gives
((Fy, Eg) =1 (see e.g. [11] and the explicit computation in [12]).

For Gy C FEjg: the G2 adjoint embeds as the (1,14) piece. The Dynkin index of the Gy
adjoint is I(14) = 2h"(G2) = 8 (where hV(G2) = 4). The embedding index is £(Gs, Eg) = 2.

These values are standard in the classification of maximal subalgebras of Fg and are tabulated
in [11, 12]. 0 0

Remark 4.3 (Physical interpretation of the embedding indices). The embedding index ¢ = 1
for Fy C Eg means the Fg Killing form, when restricted to the Fy subalgebra, is exactly the F)
Killing form with no rescaling. In particular, on the F; Cartan subalgebra (which contains Xgec
as a Cartan element), the Eg inner product gives:

"iEg(Xsec; H) = HF4(XSQC7 H) VH e []F4- (20)

By contrast, /(G2, Eg) = 2 means the G Killing form is half the Fg Killing form restricted to Gs.
The asymmetry between the two embedding indices (1 versus 2) is the Eg-level signature of the
Jordan algebra J3(Q) (Fy = Aut(J3(0))) being the “fundamental” factor in this decomposition,
with Ga as the “companion” acting on Im(0).



4.2 Embedding index and equal-weight sector sum

Theorem 4.4 (Eg embedding index forces equal weights). Under the embedding Fy C Eg with
E(F4,E8) =1:

(i) The Eg Killing form on the Fy Cartan assigns each sector energy E; a weight of exactly 1
in the natural Eg-inner-product expansion of Tr(Xsec)-

(11) The Eg-natural pairing kg (Xsec, lg‘;), where lg‘; 1s the Fy-Cartan vector dual to the trace
functional, equals Tr(Xgee) = po-

(143) No rescaling by £ # 1 arises for the Fy factor; this distinguishes the simple-sum trace from
any other linear combination of sector energies that would arise from an embedding with
£>1.

Proof. (i): The F; Cartan subalgebra hg, has rank 4. In the V] slice (the diagonal of J3(Q)),
the Cartan element corresponding to Xsec = diag(E, Ea, E3) is Hxsec = »; FiH;, where H;
are the standard Fy Cartan generators dual to the sector positions. The Eg Killing form on b,
is, by Proposition 4.2:

HES(HXsec; HXsec) =1 HF4(HXSG(37 HXsec)-

In the F; Killing form normalised so that long roots have squared length 2, the Cartan element
Hxgec has norm kg, (Hxsee, Hxsee) = D ; EZ2 (diagonal norm). Each E; enters with coefficient
1 in the expansion of kg, (Hxsec, ) restricted to the V; trace direction. The trace functional
Tr(Xsec) = Y_; E; corresponds to the linear pairing kg, (Xsec, Hir) where Hy = Y, H; is the
“sum” Cartan vector; this pairing is >, E; = uo with coefficient 1 on each E;.

(ii): The trace functional on V; is represented in the Killing-form inner product by the vector
Hi, € b, with all Cartan components equal to 1. The Eg Killing form assigns this vector the
same inner product as kr,, by £ = 1.

(iii): If instead ¢(Fy, Eg) = ¢ # 1, the Eg-natural inner product would give kg, (Xsec, Hir) =
£-Tr(Xgec), and the natural Eg-normalised trace would be - ug # po. The fact that £ = 1 is the
statement that the Fg geometry does not introduce any rescaling of the Fy trace, and therefore
the simple-sum Tr(Xgec) = po (rather than fug for some other ¢) is the Eg-natural quantity
associated with Xgec. O O

Remark 4.5 (Contrast with G3). The Go factor in Fy x Go C FEg has embedding index
0(Ga, Eg) = 2. If one attempted to define an analogue of the trace functional on Gy via the
Ejg inner product, it would come out rescaled by a factor of 2 relative to the natural Gy Killing
form. This asymmetry confirms that Fj (and hence J3(0) and its trace) is the geometrically
privileged factor for the mass ratio computation.

5 The G mixed Casimir route

5.1 The coupling piece (26,7)

The third summand in (17) is the (26,7) piece: the tensor product of the 26-dimensional
traceless-J3(Q) representation of Fy and the 7-dimensional Im(Q) representation of Gg. This
piece couples the two factors and could in principle carry information about the diagonal of
J3(0) via the G2 action on Im(Q).

We show this route does not give pyo.

Theorem 5.1 (G2 mixed Casimir route closed). The mized Eg Casimir arising from the (26,7)
coupling piece does not yield o for any natural choice of element in Vi C J3(0). Specifically:



(i) Go = Aut(Q) acts trivially on Vi C J3(Q): for any g € G2 and X € Vi, g(X) = X.

(11) The (26,7) piece couples the traceless part J3(0)g = ker Tr of J3(O) with Im(0); the trace
direction R 1 (to which Xgee projects non-trivially) is in the (52, 1) piece and is inert under
both Go and the (26,7) coupling.

(153) The Go Casimir of Xsee € V1, defined as the Ga-invariant combination of sector energies
arising from the (1,14) piece, is zero: Gy fizes Vi pointwise, so Xsec has no Gy Casimir
in the usual sense.

Proof. (i): Go acts on J3(Q) by acting entry-wise on each off-diagonal @-block z;; € O (Adden-
dum 44, §3.1). The diagonal entries o; € R are real scalars and are fixed by G (since G acts on
the imaginary octonions Im(Q), not on R). Therefore every element X = diag(ai, a2, a3) € Vi
is fixed by the G2 action.

(ii): The decomposition (11) gives J3(0Q) = R1 @ J3(Q)g. The (26,7) piece acts on J3(0)o
(the traceless 26-dimensional Fy rep) tensored with Im(Q) (the 7-dim Go rep). The trace
direction R1 is the (52,1) singlet under Ga. Any coupling through (26,7) connects the off-
diagonal structure of J3(Q) (carried by J3(Q)g) with Im(Q); it cannot affect the trace component.

(iii): For a Casimir to be non-zero on Xge, some Go generator must act non-trivially on
Xsee- By (i), no such generator exists. Therefore the Gy Casimir of Xg.—as an element of
V1—is zero. O ]

Remark 5.2 (Why the (26,7) coupling does not help). The coupling piece (26,7) is the Eg
content that “knows” about both the Jordan algebra structure (via the 26) and the octonion
automorphism structure (via the 7). However, it only sees the fraceless part of J3(Q) — the
off-diagonal blocks and diagonal fluctuations around the mean. The trace of X is precisely the
part that lies entirely in the (52, 1) piece: the Fy adjoint, not the coupling. The mixed Casimir
route therefore fails for the same structural reason that f4 derivations fail on V; (Addendum 69,
Proposition 6.1): the trace direction is inert under all non-Fy-Cartan action.

6 Density normalisation as the closing argument

6.1 The density normalisation route

The TOE density p(z) = 27z + 3722% + 167322 has a specific structure: the coefficient of
x™ in each sector is (n; + 1)¢; where ¢; = E; is the sector energy. The normalisation of each
sector density to integrate to E; over [0, 1] is the content of Addendum 51, Definition 2.1 and
Proposition 2.1.

Theorem 6.1 (Density normalisation closes OP-B-Mass conditionally). Let ¢ : Vi — R be any
Fy-invariant linear functional on Vi. By Theorem 2.1, ¢ = ATt for some . The condition that
d(Xsec) equals the total spectral charge f01 p = o uniquely fites A = 1. Therefore, if:

(a) the mass ratio my/me is Fy-invariant, and

(b) the mass ratio equals the total spectral charge of the sector element in natural units (i.e.,
the unit of mass ratio is fol P = o),

then my/me = Tr(Xgec) = po, i-€., Conjecture B holds.

Proof. By (a), m¢/m. = ¢(Xsec) where ¢ is Fy-invariant and linear in Xg.. By Theorem 2.1,
¢ = ATr and my/me = ATr(Xgec) = Ao- By (b), my/me. = po, which gives A = 1. d d



Remark 6.2 (What condition (b) says physically). Condition (b) is the statement: “the top/charm
mass ratio in natural units equals the total monad density charge.” This is a normalisa-
tion condition on the unit of mass ratio. In the TOE language: the mass formula m/m. =
exp(MU(E — E.)) defines an exponential map from energies to masses; the inverse image of 1y
under this map gives the energy gap In(uo)/MU; the top quark is the quark at the bulk position
e3 whose energy above the charm is this gap.

Condition (b) is equivalent to Axiom (MA) of Addendum 59. The present argument moti-
vates Axiom (MA) from the density normalisation: the unit pg is the total spectral charge of
Xsec, which is the most canonical normalisation of the sector element in the Jordan algebra.

6.2 The question of derivability

The conditional closure of Theorem 6.1 rests on condition (b): that the mass ratio unit equals
the total spectral charge pg. There are two possible attitudes toward this condition.

Attitude 1 (Postulate). Condition (b) is adopted as a physical postulate: the natural
unit of mass ratio in the TOE is pg, which is the total spectral charge of the sector element.
Under this attitude, Conjecture B becomes a theorem.

Attitude 2 (Derive from first principles). Condition (b) must be derived from the
TOE structure without assuming it. The derivation would require showing that the TOE mass
formula, applied to the top quark at the bulk position ez, necessarily produces a mass ratio of
o by some independent mechanism. No such derivation currently exists in the corpus; this is
the residual gap.

The Fj-invariance uniqueness argument (Theorem 2.1) provides strong structural support
for Attitude 1: the only Fj-natural linear quantity associated with Xgec i8 Tr(Xgec) = o, and
setting the mass ratio equal to this quantity is the unique choice consistent with Fj-invariance.
The density normalisation (Theorem 6.1) further grounds this choice in the monad density p.

7 The closed argument: synthesis

Theorem 7.1 (Conditional closure of OP-B-Mass). Conjecture B (my/m. = po = Tr(Xsec))
follows from the following chain of steps, each of which s established or structurally motivated
within the TOE corpus:

Step 1. Fj-invariance of the mass ratio. The top/charm mass ratio m;/m. is a physical 0b-
servable expressed in terms of the Jordan algebra J3(O) and its canonical element Xgoe. Ob-
servables must be invariant under the symmetries of the algebra, which are Fy = Aut(J3(Q))
at the Jordan level. Therefore my/me, if a linear function of Xsec, must be Fy-invariant.

Step 2. Uniqueness of Tr (Theorem 2.1). Every Fj-invariant linear functional on J3(Q) is
proportional to Tr. Therefore my/m. = ATr(Xgee) for some X € R.

Step 3. Equal-weight sum from density normalisation (Propositions 3.1 and 3.3). The
sector densities p; are normalised so that E; = fo Pi, gving equal-weight contributions to
Tr(Xsee) = Y _; Ei = po. The natural unit of the TOE spectral charge is pg = fol p, fixing
A=1.

Step 4. Es embedding-index confirmation (Theorem 4.4). The embedding index ((Fy, Eg) =
1 confirms that no Eg-level rescaling is introduced for the Fy trace. The Eg-natural assign-
ment of weight 1 to each sector energy is consistent with the equal-weight trace.

Step 5. Conclusion. my/m.=1-Tr(Xgec) = po. This is Conjecture B.



The conditional nature of the closure: Step 3 uses the density normalisation as the unit-firing
condition. This is the content of Aziom (MA) from Addendum 59. Steps 1, 2, and 4 are proved.
The derivation is complete if Aziom (MA) is accepted as a physical postulate; it is conditional
if Aziom (MA) must be derived independently.

Remark 7.2 (Comparison with Addendum 69 gap statement). Addendum 69, Theorem 7.1
stated the residual gap as: derive MU(E; — E.) = In ug from the eg-placement and the TOE
mass formula without using F; as input. The present analysis reshapes this gap. The algebraic
gap is now identified as: why does the mass ratio take value Tr(Xgee) rather than ANTr(Xgee) for
some other A7 The Fj-invariance uniqueness argument narrows the answer to: because Tr is the
unique Fy-invariant linear functional, and the density normalisation fixes A = 1. The remaining
question is whether this unit-fixing step is a derivation or a postulate.

8 Status table and open problems

Proposition 8.1 (Precise remaining gap after Addendum 71). The single remaining obstacle
to a fully unconditional proof of Conjecture B is:

OP-B-Mass (refined after Addendum 71). Derive the unit-fizing condition
A =1 (equivalently, Aziom (MA) of Addendum 59) from the TOE structure without
postulating it. Concretely: show that the mass formula m/m. = exp(MU(E — E.)),
applied to the top quark at the bulk idempotent es, gives a mass ratio to the charm
equal to the total spectral charge pg = fol p, without using m; as input.

All other aspects of Conjecture B are resolved:

The form my/me = ANTr(Xgec) @8 proved (unique Fy-invariant linear functional).

The equal-weight nature of Tr(Xgec) s proved (density normalisation,).

The value Tr(Xgec) = o is proved (Addendum 51, Corollary 4.1).

The Eg embedding index confirms no spurious rescaling from higher exceptional structure.
The only unproved step is the identification A = 1.

9 Summary

1. Tr is the unique Fj-invariant linear functional. On J5(Q), the Fy-fixed subspace of
the dual is one-dimensional, spanned by Tr (Theorem 2.1). Any physical quantity that is
both linear in Xge. and Fy-invariant must equal ATr(Xge.) for some scalar A. This is the
strongest structural result of the corpus for OP-B-Mass.

2. Equal weights are canonical. The sector energies E; = fol p; carry equal unit weights

in the trace because the sector densities p; are normalised to fol pgn) = 1. Any other
weighting would require a non-canonical density normalisation (Proposition 3.3).

3. Es embedding index confirms equal weights. The embedding index ((Fy, Eg) = 1
means the Eg Killing form assigns each sector energy weight 1 with no rescaling (Theo-
rem 4.4). The asymmetric index ¢(Ga, Eg) = 2 confirms the Fj factor (and J3(0)-trace)
is the privileged structure.

4. G mixed Casimir route is closed. The (26, 7) coupling piece of the Eg adjoint acts on
the traceless part of J3(0) and on Im(Q); it does not affect the trace direction. G2 fixes
V1 pointwise; no Ga-Casimir of Xge. arises (Theorem 5.1).

5. OP-B-Mass is conditionally closed. Under the density-normalisation unit condition
(Axiom MA), Conjecture B follows from Fjy-invariance uniqueness plus A = 1 (Theo-
rem 7.1). The remaining gap is whether the unit-fixing step A = 1 can be derived uncon-
ditionally from the TOE structure.
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6. Structural comparison. The Fj-invariance uniqueness argument (Step 1 above) is struc-

turally stronger than any previous result in the OP-B-Mass series: it not only rules out
alternative linear combinations but proves that the trace is the only one. The gap is now
purely at the normalisation level.
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Table 1: Status of OP-B-Mass after Addendum 71.

Route / Result Status

Zs5 charge difference Closed (Addendum 59,
Thm. 3.1)

Jordan power traces Tr(XZE,.) Closed (Addendum 59,
Prop. 3.1)

Moment-ratio p/ Closed (Addendum 59,
Prop. 3.3)

Top mixing angle sin? 6}, Closed (Addendum 59,
Prop. 3.4)

EW sub-trace as route to E} Closed (Addendum 29,
Prop. 4.2)

Fy character x26(Xsec) Closed (Addendum 69,
Thm. 3.1)

Fy heat kernel Zag(3) Closed (Addendum 69,
Prop. 3.2)

F4 polynomial invariants p1, p2, ps Closed (Addendum 69,
Prop. 3.3)

Fy-spectral ratio Ep/E. Closed (Addendum 69,
Prop. 5.1)

f4 derivation action on Vj Closed (Addendum 69,
Prop. 6.1)

Cubic norm as new information Closed (Addendum 69,
Prop. 4.6)

G2 mixed Casimir via (26, 7)

Closed (Theorem 5.1)

Tr is unique Fj-invariant linear functional
Equal-weight sum from density normalisation
Eg embedding index ¢(Fy, Eg) = 1 fixes weights

A =1 from density charge unit

Theorem (Theorem 2.1)
Theorem (Proposition 3.3)
Theorem (Theorem 4.4)
Conditional (Proposition 3.1)

OP-B-Mass: my/me = Tr(Xgec) structural

Conditionally closed (Theo-
rem 7.1)

Full  closure

iom (MA)

Az-

requires
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