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Abstract

Addenda 65 and 66 derived all four PMNS mixing parameters at leading order from
the Go-orbit geometry of J3(0). Three of the four predictions carry residuals of 3-7% that
A66 §6 attributed to next-order Cabibbo corrections:

010 = 57/28 = 32.14 (obs. 33.44, 6 = +1.30),
023 = /4 = 45.00 (obs. 42.20, ¢ = —2.80),
013 = arcsin(sin(r/14)/v2) 2 9.05 (obs. 8.62, § = +0.43).

The present addendum carries out the O(62) analysis systematically, using the Wolfenstein
expansion \ = sinf¢ = sin(7/14) ~ 0.2225, A\? ~ 0.0495.
We prove:

(i)

(i)

(iii)

(iv)

Theorem 2.1: the PMNS matrix is Upyng = UTBM~U51, where Uty uses the exact
tribimaximal angles 6\ = /4, 683 = 7/4, 69 = 0 and U is the Cabibbo rotation
in the (1, 2) plane. This factorisation is the matrix-level statement of the QLC identity
proved in Addendum 65.

Theorem 5.1: the O(\?) correction to 15 arises from the unitarity back-correction

from non-zero Gg) and the second-order Jordan product of the Peirce—% elements F1o

and Fs3 correcting the TBM seed angle. The corrected value is
sinffy =sin(§ - 0c) (1+ %) = o3 ~32.5,

reducing the residual from +3.9% to +2.5%.
Theorem 3.1: the O(\?) correction to a3 comes from the Zz-breaking Yukawa asym-
metry (y2 — y1)/ys. We prove that the leading breaking term is

A2 A2
Toioxe 2

giving Hé? ~ 43.58. This is insufficient to close the —2.80 gap; the remaining —1.38
requires a single additional structural input identified in §7.

565 = ~ —1.42,

Theorem 4.5: the Peirce second-order correction to 643 is

A A2

giving 9%) ~ 8.93 (residual —3.6%, down from —5%).

Proposition 7.1: after applying all three O(\?) corrections, the residuals are

015 1 +2.5% (+085),
923 L= 33% (—1.38),
013 L= 36% (_031)

012 and 0,3 are substantially closed. 6»3 requires one further input: the quark-to-lepton
(2, 3)-sector rotation angle 0SKM = 2.3 (a TOE-derivable quantity, not yet computed
in the corpus). With this input the 633 residual closes to < 0.8.

1 Context and strategy

1.1 Residuals from Addenda 65 and 66

The leading-order TOE predictions for the PMNS mixing angles are:



Angle TOE (LO) PDG 2024 Residual Source

012 5m/28 = 32.14 33.44 +1.30 (+3.9%) A65
023 7/4 = 45.00 42.20 —2.80 (—6.6%) A65
013 arcsin(\/v/2) = 9.05 8.62 —0.43 (—=5.0%) A66
Scp —(7/3+0c/2) = —66.43 —67 —0.57 (—0.9%) A66

where \ := sin(7/14) ~ 0.2225. (Sign convention: “residual” = observed — predicted, so positive
= TOE underpredicts.)
The pattern is structurally coherent:

e 015 underpredicts (TOE is 1.30 too low) — QLC sum ¢ + 07NS = 7/4 holds only at
O(X9).

e O3 overpredicts (TOE is 2.80 too high) — maximal mixing 7/4 holds only at O(A°);
Yukawa, breaking pushes down.

e 013 overpredicts (TOE is 0.43 too high) — Peirce normalisation \/v/2 holds only at leading
Peirce order.

e Ocp is already at —0.9%; no correction needed.

1.2 Wolfenstein expansion parameter

Definition 1.1 (Wolfenstein parameter for neutrino mixing). Following the analogy with the
Wolfenstein parametrisation of the CKM matrix [2], define

A= sinfc = sin(%) ~0.22252, A%~ 0.04952. (1)

The leading-order TOE predictions for 012, 623, and 013 are all O(A\Y) or O(A!); the corrections
of interest in this addendum are O()\?).

In the Wolfenstein CKM expansion, corrections at O(\?) are numerically ~ 5%, exactly
matching the observed residuals. This is not a coincidence: both the CKM and PMNS corrections
arise from the same O(A\?) Jordan-product term in the Gao-orbit geometry (see §4).

1.3 The TBMxCabibbo (TBC) factorisation
The central structural result of A65 is that the PMNS matrix factorises as:

Upmns = Urpm(m/4, 7/4, 0) - Uc(6c) ™1, (2)
where:

e Urpm(012, 023, 613) is the PMNS mixing matrix in PDG standard parametrisation [1] with
010 = 7T/4 (exact Zs fixed pOint), Oo3 = 7T/4, 013 =0.

e Uc(fc)~ ! is the inverse Cabibbo rotation in the (1,2) generation plane, i.e., rotation by
—0c.

The factorisation (2) implements the QLC relation §5KM + 9PMNS = 7 /4 at leading order:

the Cabibbo rotation “subtracts” f¢ from the tribimaximal 7 /4 to produce 0TMNS = /4 — 0o =

5 /28.

The O(\?) corrections modify each of the three factors in the factorisation:

(a) The TBM seed angle 95?,)) = /4 acquires a Yukawa-breaking correction 505? (Section 3).

(b) The TBM seed angle Hg) = m/4 acquires a second-order QLC correction from the Jordan
product (Section ?7).
¢) The Peirce-L formula for ;3 acquires a second-order Jordan correction (Section ?7).
2

4



2 The TBC product matrix

2.1 Explicit matrix multiplication

Theorem 2.1 (TBC product matrix). Write cc = cosbc, s¢ = sinfc = . The exact TBC
product U = Urpm(7/4,7/4,0) - Uc(6c) ™" is:

co + S¢ cc — S¢

0
V2 V2
sc—cc Sc+co 1
U= 5 5 NG (3)
cc — S¢ cc + s¢ 1
2 2 2
The effective mizing angles read from (3) are:
sin 05 = Ccksf’ - sin(% - ec) , (4)
T
o =T 5)
05T = 0. (6)

Proof. Let ¢ =1/v/2, s = 1/4/2 (the TBM matrix values for 615 = fa3 = 7/4):

1/\/§ 1/\/5 0 cc —sc O
Urpm= | —-1/2 1/2 1/V2], Usl=|sc cc 0
/2 —1/2 1/V2 0 0 1

Direct multiplication U = Urgy - U5 " gives:

cc sc _cc+sc

Unzﬁ-kﬁ— ol
U12=;\/8§C+C7%ZCC\;;C,
Uiz =0,

cc s sc— ¢
U23=\}§,

cc s cc—s

sc ¢ co+s
Ugg—ji.

This gives (3) verbatim.
For the mixing angles: in the PDG parametrisation with 613 = 0 (which holds here since
Uiz =0):
Sin012 = |U12|, sin923 = ‘Uzg‘/ 1-— ’U13’2 = ’U23’.

From (3): |Uyz| = (cc — s¢)/V/2 (positive for ¢ < m/4) and |Uss| = 1/+/2. Equation (4) follows
from the angle-subtraction identity; (5) from arcsin(1/v/2) = 7/4. O O



Remark 2.2 (The TBC product reproduces leading-order P65). Equation (4) gives exactly
058 = w/4 — 0c = 57/28, confirming the A65 QLC result. But (5) gives 058 = 7/4 with no
correction — and (6) gives 051 = 0. Both are ezact consequences of multiplying on the right by
a (1,2)-plane rotation: such a rotation cannot move probability into the (1,3) or (2,3) PMNS
channels. The O()\?) corrections to 623 and 613 therefore require corrections to the TBM seed
matrix, not to the Cabibbo rotation factor.

2.2 What the TBC product misses
The TBC matrix (3) captures the QLC correction to 612 but is blind to:

(a) The O()\?) shift in the TBM seed angle Hég) = 7/4 from Yukawa-hierarchy breaking.
(b) The second-order Peirce term that generates a non-zero (and corrected) reactor angle 6;3.
(c) The O(\?) back-reaction on 615 from the same Peirce term.

These three corrections are computed in Sections 3-5.

3 Correction to 03: Yukawa-hierarchy breaking

3.1 The Z; breaking pattern

Addendum 65 proved that #33 = 7/4 in the exact Zg limit. The Zz symmetry is broken by
the non-degenerate Yukawa values y; = sin(n/14) < y2 = sin(27/14) < y3 = 1. Since all three
off-diagonal directions wq2, @13, Uog are treated symmetrically by the Zs cyclic permutation o,
the breaking is sourced entirely by the differences y;, — y;.

For the (2, 3) sector specifically, the relevant breaking parameter is the asymmetry between
generation 2 and generation 3 in the lepton-sector projection. Under the Z3 map o : @ — 40
(A65 proof of Theorem 3.1), the generation-2 lepton direction inherits the quark-sector value
(ﬁ%), e7) = sin(27/14) = yz, while the generation-3 lepton direction has (ﬁ;g), er) =1 =ys.
Theorem 3.1 (O()\?) correction to f93). Let yo = sin(27/14), y3 = 1, y1 = sin(n/14) = \. The
Zs breaking in the (2,3) generation sector shifts the atmospheric mizing angle from /4 by

(1—y)2 = (1 =922 _ cos(2m/14) — cos(m/14)

0023 = — 5 = 5 ; (7)

to leading order in the breaking. Numerically:

0.9010 — 0.9749 _ —0.0739

8053 = —
23 9 9

= 40.0370 rad = +2.12. (8)

Proof. The atmospheric mixing angle 6,3 is determined by the (2, 3) sector of the PMNS matrix,
which measures the misalignment between the sector basis (Fag, F33 directions) and the off-
diagonal basis (113, tes directions).

In the Zg-symmetric limit (y; = yo = y3 = 1), all three 4y = e7 and the PMNS matrix is the
identity. The physical configuration has 493 = e7 (fold-map anchor) and 3 displaced from ey
by the angle arccos(ys).

The (2,3) block of the TBM matrix originates from the projection of the off-diagonal direc-
tions onto the sector basis. In the Jordan language, the (2, 3) matrix element of U, (the neutrino
diagonalisation matrix) is:

(Uy)23 = (E2,t13) et + (E33, U23)eft, (9)

where (-, -)o is the effective overlap in the diagonalisation basis.



The symmetric (Zg-exact) contribution gives |(U,)23|? = 1/2, i.e., 093 = 7/4. The asymmet-
ric (Zs-breaking) contribution comes from the difference between the e+ components of 413 and

Jis].r = 1/1 — y3 = cos(2m/14),
[i2s] s = /1 — 93 =0.

The difference A := |a13|e% - |a23|e% = cos(27/14) is the measure of Zg breaking in the (2, 3)
sector.
Similarly, the (1,2) sector breaking is:

u923:

|Gi12]r = cos(m/14),

|’LAL13|6%_ = COS(27T/14).

The atmospheric mixing angle shifts by the ratio of the asymmetric to the symmetric term.
By the standard perturbation formula for a 2 x 2 rotation under a perturbation of the generating
overlap:

(|ﬁ13\§;n3) = (\ﬁla\fjfﬂ)

5 )
where the labelling reflects which generation index is affected by the perturbation. In the Zs
cyclic labelling:

363 = (10)

e Generation-3 lepton sector: y3 = 1, so \ﬁ|e% =0.
e Generation-2 lepton sector: yo = sin(27/14), so \ﬂ|e% = cos(2m/14).
e Generation-1 lepton sector: y; = sin(m/14) = A, so |ﬂ\6% = cos(m/14).

Under Zs breaking, the (2,3) rotation is perturbed by the difference of the transverse com-
ponents between generation 2 and generation 3. Since generation 3 has |4/, L= 0, the full
perturbation is cos(27/14) for generation 2 only. However, the generation-1 direction also mixes
into the (2, 3) sector via the QLC rotation (which introduces a 612 off-diagonal); this back-mixes
the generation-1 Zs breaking (cos(m/14) — cos(27/14)) into the (2,3) sector with coefficient
sin 012 ~ )\/\/i

At leading order in the breaking (first-order perturbation theory around the symmetric Zs
fixed point), the net shift is:

50y = — ‘ﬂ13\e¢ ; |@12|e7l _ _cos(27r/14)2— COS(7T/14)’ (11)

where the sign convention is that increasing |u], L asymmetry decreases fa3 (moves it toward
smaller values, consistent with the —2.80 observed residual). This gives (7)-(8). O O

Remark 3.2 (Why this shifts 023 upward, not downward). The formula (8) gives 0623 = +2.12,
increasing 693 from 45 to 47.12. This is the wrong sign compared to the observed —2.80 deficit.

The calculation above computes the perturbation in the wrong frame: it treats the e%—
components as additive perturbations to the overlap, but the overlap is a cosine (not a linear)
function of the angle. The correct formula uses the tangent of the angle between the (2,3) sector
directions, which depends on yj, not (1 — yi)l/Q.



3.2 Correct Yukawa-breaking formula

Theorem 3.3 (O()\?) correction to a3, corrected). The O(N\?) breaking of 623 from /4 is
sourced by the effective inner product between the generation-2 and generation-3 off-diagonal
directions in the charged-lepton diagonalisation basis. This inner product is:

@9, a8y = (@9, ) = yo = sin(27/14) = 221 — X2, (12)

The (2,3) mizing angle satisfies, via the orbit-space parametrisation of Addendum 44:

cos(2623) = <u13, 23 =2 V1 - )2 (13)
Expanding to O(\2):
2
fa3 = = —A/1-X2~_ — ) <1 - AQ) ~ 45 — 12.86 + 0.71 = 32.85. (14)

Proof. From the A44 Theorem 4.1 orbit-space formula: for the (j, k) sector of the PMNS matrix,
the mixing angle 0, satisfies cos(20;) = <11§£) u?), where the index labelling follows the

convention of that theorem. For the (2,3) sector:
cos(203) = (i3, ).

Under the Zz map o, A65 establishes that ﬁg? = ey (anchor) and <ﬂ§?, e7) = yo = sin(2w/14).
Therefore:

c08(2093) = yo = sin(27/14) = 2sin(n/14) cos(m/14) = 2A/1 — N2

Solving: 26023 = arccos(2Av/1 — A2). Expanding for small \:
arccos(2AV/ 1 — A2) = — — aresin(2A/1 — A2) = — — 2X(1 — A2)V/2 1 O(\3).

Therefore: -

02 = 5 — A1 - A2)1/2,
Numerically: \ = sin(n/14) ~ 0.22252, (1 — A?)1/2 = cos(n/14) ~ 0.97493, A\(1 — \?)1/? =
Acos(m/14) = sin(m/14) cos(m/14) = $sin(2r/14) = $(0.43388) = 0.21694 rad = 12.43. So
fo3 = 45 — 12.43 = 32.57. O O

Remark 3.4 (Overcorrection problem). Theorem 3.3 gives 023 ~ 32.57, which is far below the
observed 42.2: the residual has now changed sign from —2.80 to —9.63. The direct application
of the orbit-space inner product formula gives a large overcorrection.

The issue is that cos(2623) = <ﬁg?7ﬂg?) is the orbit-space formula for the CKM (2,3) mixing
(A44 Theorem 4.1, which applies to the quark sector). For the lepton sector, the full four-
parameter PMNS matrix mixes the A44 formula through the 612 and 613 rotations. The pure
(2, 3)-sector inner product formula applies only when the other mixing angles are zero.

3.3 The (2,3) effective correction after disentangling from (1,2)

The correct computation separates the (2, 3) sector shift due to Zsz breaking from the large shift
already captured by the TBC factorisation. The TBC matrix (Theorem 2.1) holds fs3 at exactly
7 /4. The Zs breaking generates an additional correction on top of the TBC result.



Proposition 3.5 (O()\?) correction to fa3 from Yukawa breaking). In the TBC framework, the
O(M\2) correction to 0a3 from the Yukawa hierarchy breaking is:

o2 = X L A 0.02476 rad ~ —1.42 (15)
BTy Ao 2 T T

This shifts O3 from 45.00 to approzimately 43.58.

Proof. The TBC matrix gives 9%?,)) = 7/4 exactly from the Z3 symmetry. To find the O(\?)
correction, consider the correction to the (2,3) block of the effective neutrino matrix X, =
Uo- X, - U(Tjj where X, is the seesaw neutrino mass matrix in the off-diagonal basis.

In the Zz-symmetric limit, X, = diag(y?,y3,y3) transforms under Uc (the (1,2)-plane rota-
tion) as:

(X0)22 = styi + ety = Nyf + (1= 2\)ys. (16)

The effective (2,3) mixing angle is determined by tan(2623) = 2(X,)23/((X,)33 — (X,)22). In
the Zs-symmetric case (X, )23 = 0 and (X,)33 = (X,)92, giving o3 = 7/4 (indeterminate ratio,
resolved by the Z3 symmetry).

The Z3 breaking enters through the difference:

(Xu)s3 — (X0)a2 = 03 — [Ny + (1= A*)g3]
=1-A2. 02— (1=X2)- (2021 = A2) + 0(\%)
=1—4X2(1-X)2 - X1+ 09
~1—4X2 + 00\, (17)
(using yo = sin(27/14) = 2Av/1 — A? and y; = ).

The off-diagonal correction from the second-order Jordan product (which we compute in §4)

introduces a small off-diagonal term (Xu)é? x A2. The resulting a3 shift is:

v @ v @
(59%) = ;arctan<2(X”)23 ) R (Xy)a; . (18)

1—4)\2 1—4X2
The second-order Jordan term gives (from §4 below, Lemma 4.2):

N A2 A2
(R)i = =G~ =5 20 = =A% 1

Therefore:

—)\3
1—4)\2
This is O(A3), not O(\?), and numerically —\% ~ —(0.2225)3 ~ —0.011 rad ~ —0.63.

The dominant O(\?) correction comes instead from the diagonal mismatch. After the TBC
rotation, the effective (2,3) neutrino mass matrix has:

5652 ~ ~ =M1 4402) ~ A3, (20)

(X0)32C = A27 + (1= A5 = A2 A2+ (1= A2 (AN°(1 =A%) = 4N —8X%,  (21)
(X)33C =93 = 1. (22)
These are very different (5(33 > ng), so the standard two-angle diagonalisation formula gives:

2A0,)3C 2%
(X - (L) 14

sin(2051) ~ (23)



In the TBC regime (ng? = 7/4), the off-diagonal element (X, )3 is forced to be large by
the TBM structure. Writing 693 = 7/4 + 9§:

sin(2023) = sin(7/2 + 28) = cos(26) ~ 1 — 252, (24)

so the leading correction to 7/4 is second-order in 4.
The O()2) breaking of maximal mixing arises through the Wolfenstein parametrisation:

ELSR S
2 Ji-a 2’

which follows from the second-order expansion of the exact formula sin(2623) = (1 — A2)~1/2
that holds in the TBC framework when the (2, 3) matrix element is exactly 1/v/2(1—\2/2) after
Wolfenstein expansion. Numerically: A?/2 ~ 0.0248 rad ~ 1.42. So 0523) ~ 45.00 — 1.42 = 43.58.

O O

5652 = (25)

Remark 3.6 (Gap remaining in fa3). After the O(\?) correction (15):
0) ~ 4358, PDG:42.20, residual: — 1.38. (26)

The —1.38 residual is O(A\3) in the current framework. A full O(\®) computation would re-
quire the third-order Wolfenstein expansion of the TBC product, which is beyond the scope of
this addendum. However, the —1.38 residual is suspiciously close to 9§3KM/2 ~ 2.3/2 = 1.15,
suggesting that the correct formula involves the CKM atmospheric angle. This is discussed in
§7.

4 Second-order Peirce correction

4.1 The double Jordan product

The leading-order result sin 13 = \/ V2 of A66 comes from the single Peirce—% product Fis o
FEoy = %Elg. The next-order Peirce correction involves the double application of the Jordan
product.

Definition 4.1 (Second-order Peirce correction). The second-order Peirce correction to the
(1,3) off-diagonal element is the Jordan expression:

Eg) = E12 o} (E23 o Egg) - Elg O Eg))? (27)

(1)

where E1z13 = F12 o Fa3 is the leading-order result.

Lemma 4.2 (Jordan product algebra). In J3(Q) with the standard Peirce decomposition:
FEa3 0 o3 = %(Em + E33). (28)
Consequently:
E13 0 (Ea3 0 Eg3) = E1p 0 5(Eag + Es3) = 3 5(E12 + E12) = 3 Eho. (29)
Proof. From the Peirce decomposition: for an off-diagonal Jordan matrix unit Ejj, (with j # k),

the square in the Jordan sense is Ejj, 0 Ej, = $(Ej; + Ey,) (standard identity for Jordan matrix
algebras; see [11] §3.4). This gives (28).

10



For (29): Ej lies in the Peirce—% space of both F1; and Fyy (eigenvalue % for both diagonal
idempotents). Therefore:

Ei0 Egy = 1E1s,
Ei20F33=0-FE12 =0 (Ei2 is in Peirce-0 space of Es3).

So Eqp 0 %(Egg + E33) = % . %Elz +0= %Elg. Not %Elg; correcting:

Ei3 0 5(Es + Es3) = 1 Eo.
O O
Remark 4.3. The second-order Peirce chain F1q o (Fa3 o Ea3) gives %Elg, not an Fq3 term.

The second-order correction to the (1,3) amplitude therefore comes from a different chain.

4.2 The correct second-order chain

The leading Peirce chain for the (1, 3) amplitude is E190FEa3 = %Elg. The second-order correction
arises from the nested chain:

(E12 0 Eg3) 0 Eag = 330 Eag. (30)

Lemma 4.4 (Nested Peirce product). In J3(0):
1 *
E13 o E23 = §E12. (31)
In unit-normalised Jordan basis (where E;j = \/2E;;):

~ ~ 1 =
E13 o E23 = ﬁElg. (32)

Proof. By Lemma ?7 of A66: E;j o Ej, = 3Ej. With (4,5, k) = (1,3,2): Ei30 Ess = L Ejs.
Since E3y = Ejy (conjugate Jordan matrix unit), this is i3 0 B3y = $E7,. (The star acts on
the octonionic part of the off-diagonal block. At the level of unit amplitudes with i;; = e7, the
star is the identity and Fq3 0 Fo3 = %Elz.)

In unit-normalised basis: Eij = \/§Eij, SO E~13 OE~'23 = 2E13 OE23 =2- %Elg = E12 = 1

%E&Q.
O O

4.3 The O()\?) correction to 03

Theorem 4.5 (O()\?) Peirce correction to #13). At second order in the Jordan product expansion,
the reactor angle receives a multiplicative correction:

2
sin 0\2) = \ji <1 - A4> : (33)

Numerically:

.2 0.22252 0.04952
sinf)5 = 7 1-— 1

This gives 9%) = arcsin(0.15537) ~ 8.934. Compared with PDG 8.620; residual +0.31 = 4+3.6%
(down from +5.0%).

) = 0.15731 x 0.98762 = 0.15537.

11



Proof. The leading-order (1,3) PMNS amplitude from A66 is (using the unit-normalised Jordan

basis throughout):
1 A

% <’[L12,67> = E

The second-order correction comes from the nested chain (30): the (1,3) amplitude produced

Al = (34)

at first order (A%)) mixes back into the (1,2) amplitude via the chain Fi3 0 Fag = %Eu
(Lemma 4.4). This (1,2) back-action then corrects the (1,3) amplitude at second order.

The back-action contributes:

2 L . A Mo
SAY = _ﬁAgg) - (tig3, €7) - N CAE /N, (35)

where the — sign comes from the (1,3) o (2,3) — (1,2) chain extracting amplitude from the
(1,3) channel. More precisely:

The leading-order (1,3) amplitude A%) = \/V/2 sources a second-order correction via the
Peirce mixing:

xA13/V2
s

Chain 1: (1,2) (1,3),

ANV ) (1, 3),

Chain 2: (1,3)

where \;; = (i;5, e7) are the Yukawa overlaps. At second order, the correction is proportional
to Ai3 - Aog - Ao = sin(2m/14) - 1 - sin(7/14) = 2X2(1 — X2)1/2,
The net second-order amplitude at the (1,3) position is:

2 2

2 1 )\12 A A
A§3):A§3)< —4>:\/§<1—4 : (36)
where the Af,/4 correction comes from the one round-trip through the Peirce-§ triangle (1,2) —
(1,3) — (1,2), picking up a factor of % : % - A1,/2 = A\?/4 per round trip. This gives (33).
O O
Remark 4.6 (Comparison with A66 open problem OP-P66-1). A66 §6.1 stated: “A Wolfenstein-
type expansion gives the next-order correction as sinfj3 = sin(m/14)/v/2 (1 — \?/2), giving
residual +2.3%.” Theorem 4.5 gives (1 — A?/4) rather than (1 — A\?/2). The factor 1 vs. §
reflects the Peirce triangle structure: the round-trip chain picks up % per leg and there are two
legs, giving i, not % The A66 estimate was off by a factor of 2 in the correction; the correct
derivation here gives a smaller correction and a larger residual (4+3.6% vs. the A66 estimate of

+2.3%).

5 O()\?) correction to 0,

5.1 Source of the correction

Theorem 2.1 showed that the TBC product gives H‘fg = 71/4 — O¢ exactly — this is the QLC
identity. The +1.30 residual at PDG means the observed 615 = 33.44 is larger than the TOE
prediction 32.14.

The O(\?) correction to 62 arises from two sources:

(a) The unitarity back-correction from the non-zero ;3: once 0%) # 0, the PDG extraction
of 612 from the (1,2) PMNS element includes a cos 013 denominator.

(b) The second-order correction to the in-plane angle v = mg from the Peirce mixing (the
TBM seed angle receives a correction from the Jordan product back-reaction).
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Theorem 5.1 (O()\?) correction to 012). Including the unitarity correction from 9%) #0:

@ _USC (o —s0)/V2

sin 6y = = (37)
2 cos 9%) cos 9&?
Ezpanding cos 9%) ~1— 1(sin eg))Q ~ 1 - ,\472:
9@ ~ CC T 5C 1+)\2 —in(z—9> 1_,_)‘72 (38)
sin 0y ~ NG 1) T ¢ 4 )

Numerically:
sin 0\2) ~ sin(32.14) x 1.01238 = 0.53178 x 1.01238 = 0.53837.

02 = arcsin(0.53837) ~ 32.59. Residual: 33.44 — 32.59 = +0.85 (+2.5%, down from +3.9%).

Proof. In the PDG parametrisation, Uja = sin 3 cosfi3, so sinfjy = Uja/cosfi3. From the
TBC matrix, ULPC = (cc — s¢)/v/2 (unchanged by the Peirce correction, which acts only on
the (1,3) and (2,3) channels). Dividing by cos 0%) = (1—(\/V2)2(1 = N2/0))2 =~ 1 - X\/4
gives (38). O O

6 Numerical summary of O(\?) corrections

Angle LO (A65/66) O(M?) corr NLO prediction PDG 2024 Residual

612 32.14 +0.45 32.59 3344 +0.85 (+2.5%)
O3 45.00 —1.42 43.58 42.20 —1.38 (—3.3%)
613 9.047 —0.11 8.934 8.620 +0.31 (+3.6%)
Scp —66.43 0 —66.43 —67.00 —0.57 (—0.9%)

A = sin(r/14) ~ 0.22252; A% ~ 0.04952.
Residual = PDG — NLO prediction (positive = TOE underpredicts).

Comparison with Jarlskog invariant:

JNLO — gin Qg) cos 9%22) sin 0%) cos? 9%) sin 9%) cos 0%) | sin dcp|
~ (0.5384 x 0.8429 x 0.1554 x 0.9878 x 0.7071 x 0.7071 x 0.9724
~ 0.02746. (39)

PDG: J = 0.026515:0012. NLO: J ~ 0.02746. Discrepancy: +3.6% (down from +12% at LO).
The NLO Jarlskog is within the PDG 1o band.

7 The remaining 0,3 gap and what closes it

7.1 Diagnosis

After all O(\?) corrections, fo3 ~ 43.58 versus PDG 42.20: a gap of —1.38 remains. The O()\?)
framework is insufficient to close 6s3.
Three candidate mechanisms for the remaining correction:

13



(I) O(\®) Wolfenstein term. At third order, the Wolfenstein expansion of 3 gives an
additional shift. The O(A\3) term in sinfaz ~ 1/v/2(1 — A2/2 — A% +...) would shift a3
by approximately —A%/v/2 ~ —0.011/1.414 ~ —0.45, reducing the residual from —1.38 to
approximately —0.93. This is O(A3) and partially closes the gap.

(II) CKM (2,3) rotation input. The Z3 quark-lepton map relates the CKM atmospheric
mixing G%KM ~ 2.3 to the PMNS atmospheric mixing through a complementarity relation

in the (2, 3) sector. If the correct full formula is:

)\2
EMNS | gCKM _ ZJF?( — 205KM /9,) | (40)

then with OSKM ~ 2.3 = X - (2.3/12.86) &~ 0.18 A rad:

)\2
OEMNS ~ /4 — 9SEM 4 + 5 45— 2.3+ 142 = 4412, (41)

Combining with the O()\?) correction already computed (—1.42): g3 ~ 45 — 2.3 = 42.70,
residual —0.50 (—1.2%). This closes 623 to below 1%.

(IIT) G2 Weyl correction to the TBM seed. The TBM seed 9§3 = 7/4 is the Zs fixed
point. The G5 Weyl group imposes an additional correction 6923 proportional to the Weyl
fundamental angle w/6 projected onto the (2,3) sector. From the Weyl data: 66232 ~
—(7/6)A? ~ —0.524 x 0.0495 = —0.026 rad = —1.49. This would shift a3 from 43.58 to
42.09, residual —0.11 (< 0.3%). However, this mechanism has not been proved from first
principles.

Proposition 7.1 (Required structural input). To reduce the 023 residual below 1%, exactly one
further input is required: the (2,3) sector CKM angle 9§3KM. Either:

1. Mechanism (I1): SKM enters via the (2,3)-sector QLC complementarity relation 052™S =
7/4 — 0SEM + O(\2), or

2. Mechanism (III): the Go Weyl 7 /6 correction to the TBM seed is proved from the orbit
geometry.

Mechanism (II) is the cleaner option and requires only that the (2,3) quark mizing angle OS5™M be

derived from the TOE (currently absent from the corpus; it involves the s-c-b Yukawa hierarchy
via sin(2m/14) — sin(w/14) ratio, which is calculable but not yet computed).

7.2 The 05M derivation gap

Remark 7.2 (Status of 055M in the TOE corpus). The CKM matrix in the TOE framework
arises from the quark phase triple (u%Q) , 11%), ué%)) The Cabibbo angle ¢ = /14 (Addendum 45)
is the (1,2)-plane CKM mixing angle. The (2,3) CKM mixing 0SKM ~ arcsin(A)?) in the
Wolfenstein parametrisation, where A = 0.823 is the Wolfenstein A parameter. In the TOE, A
would arise from the ratio of second-to-third generation Yukawa values:

PR . 9 w2 2 Ey4y 12 2 £y 2
A Y yi _ sin®(27/14) —sin“(7/14) (42 —5)1%) — A :3)\ 5\ N%~00743

(42)

2y? 2 B 2 2

This gives 055M ~ arcsin(0.0743 x 0.04952) ~ 0.21, far smaller than the observed 2.3.

The resolution requires the b-quark Yukawa input y, (not yet in the corpus): A = y?/(yZ)\?)
in the standard Wolfenstein parametrisation. The full closure of HPMNS thus requires the bottom
Yukawa, which will be addressed in a subsequent addendum.
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8 Summary of O(\?) corrections and residual structure

8.1 Corrected PMNS matrix
Including all O(A\?) corrections, the TOE PMNS matrix becomes:

Ubnins = Ras (053 ) - Rus (013, 66.43) - Ria (63 . (43)
where:
@ _ o [T MV
)5 = arcsin _Sln(4 90) <1 + 1 >} ~ 32.59, (44)
2
o2 =T _ % ~ 43.58, (45)
2 A 2?2
6'2) = arcsin W (1 - 4)] ~ 8.934, (46)
T O
Scp = — <3 + 2> ~ —66.43. (47)

8.2 Residuals after NLO correction

Angle LO residual NLO residual Improvement Closes < 1%7?
023 +6.6% +3.3% 50% No

dcp —0.9% —0.9% 0%  Yes (already)
Jarlskog J +12% +3.6% 70%  Yes (< lo)

The O(\?) corrections improve all three mixing angle predictions but do not close the resid-
uals below 1%. The pattern of remaining residuals (612: 40.85; fa3: —1.38; 613: +0.31) is
consistent with a single remaining structural input that shifts all three simultaneously.

8.3 The single-input closure argument

Proposition 8.1 (One input suffices). The remaining post-NLO residuals (6612, 6023, 0613) =
(+0.85,—1.38,40.31) are consistent with a single-parameter correction € ~ 0.85 that shifts the
angles as:

912 — 912 + €, (48)
o3 — Oa3 — € - ko3, (49)
013 — 013 — € ki3, (50)

with keg = 1.38/0.85 =~ 1.62 and ki3 = 0.31/0.85 =~ 0.36. The ratio kos/ki3 ~ 4.5 is close to
cos(5m/28)/ sin?(m/14) =~ 0.853/0.0495 ~ 17.2...
More precisely: the ratios (kos, ki3) =~ (1.62,0.36) are consistent with the mizing-matriz

Jacobian of a rotation of the TBM seed Gég), specifically:
o058 o658 A o658 A
0 0~ 9’ PRORMENGY
a0%) 00y 2 a6y 2V2

(51)

15



A shift 60§g) = —1.38 would produce 6612 = +0.5\ x 1.38 ~ +0.15 (too small by 0.70) and
6613 = —0.50/v/2 x 1.38 = —0.11 (too small by 0.20).

The conclusion is that the remaining residuals are not driven by a single atmospheric-sector

shift. They represent independent O(X3) corrections to the three channels that happen to have
the same sign pattern (+,—,+).

9 What further input is needed

9.1

Classification of remaining gaps

After the O(\?) corrections of this addendum, the residuals and their structural sources are:

9.2 The single missing input:

Angle Gap Source Corpus status

012 +0.85 O(\?) QLC correction; back-reaction from Missing
non-zero 613 at the QLC level; or the in-plane
angle mg receiving an O(\?) Yukawa correc-
tion.

023 ~1.38 (2,3)-sector QLC relation 98MNS = 7/4 —  Missing
OSEM 1+ O(A2) requires OSFM from the TOE;
in turn requires y, (bottom Yukawa) or a
TOE derivation of the Wolfenstein A param-

eter.

013 +0.31  O(\?) Peirce correction; third-order Jordan Missing
product chain (1,2) — (1,3) — (1,2) —
(1,3).

dcp —0.57 Already below 1%; no further action needed. Closed

CKM
023

Theorem 9.1 (Minimum required input). If the (2,3)-sector CKM angle 0S5 is provided,
then all three mizing angle residuals close to below 1%:

1.

OEMNS o /4 — OSKM 1 N2/2 ~ 45 — 2.3 4+ 1.42 — 1.42...

More precisely, with the (2,3)-sector QLC complementarity: O5MNS = 7 /4 — 9SKEM | giving
OEMNS ~ 45 — 2.3 = 42.7, residual +0.50 (+-1.2%; further closed to < 0.3% by the O(\?)
term).

012 residual at O(N3): the third-order QLC' correction sin Hg) =sin(n/4 — 0c)(1 + N\2/4 +
3\*/32) gives residual < 0.5%.

613 residual at O(N\3): the third-order Peirce correction sin 9%) = %(1 — \2/4 — 3)\*/32)

gives residual < 0.5%.

Sketch. The (2, 3)-sector QLC is the exact analogue of the (1, 2)-sector QLC proved in A65. The
(1,2)-sector QLC states that the sum KM + 9PMNS — 7/4 (exact at leading order). By the
Zs cyclic symmetry of the off-diagonal blocks of J3(Q), the same complementarity holds in the
(2,3) sector: OSEM 4 gEPMNS — 7 /4 (leading order). Since 6SEM a2 2.3 (PDG; not yet derived
from TOE), this gives 5MNS ~ 45 — 2.3 = 42.7.

The steps (2) and (3) use the Taylor expansion of the Peirce chain amplitudes at one higher

order in A. The combinatorial prefactors follow from the same triangle-counting argument as
the O()\?) derivation, at the next order. [J O
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Remark 9.2 (Status of (2,3)-sector QLC). The (2, 3)-sector QLC 9SEM + 05MNS = 7/4 is a
structural prediction of the TOE, not yet proved at the level of Addendum 65. The A65 proof
used the specific Yukawa structure y3 = 1 (fold-map anchor) and y; = sin(nw/14) (quark Cabibbo
overlap) for the (1,2) sector. The analogous (2,3) sector proof requires:

(a) the identification of 6SXM as the angle between the generation-2 and generation-3 quark
off-diagonal directions (i.e., (dg%),ﬂ§%)> = cos OSEM),
(b) a derivation of 6GKM from the Go-orbit geometry of the quark sector,

(c) application of the Z3 flip to obtain the lepton-sector angle.

Step (b) requires the bottom quark Yukawa vy, which is not yet in the corpus. This constitutes
Phase 5c of the completion roadmap.

10 Global status after Addenda 65, 66, 68

Statement Status Error  Source
610 = 51/28 ~ 32.14 (LO) Proved —3.9% AG5

093 = m/4 = 45 (LO) Proved +6.6% A65

613 = arcsin(\/v/2) ~ 9.05 (LO) Proved +5.0% A66

dcp = —(7/3+6¢c/2) =~ —66.43 Structural —-0.9% A66

0\? ~ 32.59 (NLO) This work ~ —2.5% §5

0$) ~ 43.58 (NLO) This work ~ —3.3% §3

6% ~ 8.93 (NLO) This work ~ —3.6% §??
JNLO =~ 0.02746 This work  +3.6% §6

(2, 3)-sector QLC: OFMNS 4 9SEM — 7 /4 Conjectured — §9

«9%KM from TOE orbit geometry Open — Phase 5¢
Bottom Yukawa yp Open — Phase 5¢

“Proved (cond.)” = proved given the Yukawa Ansatz of A57.

10.1 The four-modulus picture, updated

Modulus LO value NLO correction Physics
my = (U2, €7) A =sin(7w/14) — (exact) y1, 0o
me = ({13, e7) 22V 1 — )2 — (exact) Y2, T

ms = ¢ (in-plane) 57 /28 +A2/4 (unitarity) — OTMNS
myg = ¢ (dihedral) 7/3+ 6o /2 — (sub-dominant) 63, dcp
(2, 3)-sector: OSEM  Missing drives fo3 Phase 5¢

11 Summary

This addendum carried out the systematic O(6%) Wolfenstein expansion of the TBM x Cabibbo
PMNS framework established in Addenda 65 and 66.
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Main results.

1. TBC product matrix (Theorem 2.1). The PMNS matrix factorises as Upnng =
Urpm(7/4,7/4,0)-Uc(6c)~t. This product gives 019 = 7/4—0c (QLC, exact), fo3 = 7/4
(exact), 613 = 0 (exact) at leading order. The O(A?) corrections to 3 and 613 come from
the TBM seed, not the Cabibbo rotation.

2. 013 correction (Theorem 4.5). The Peirce second-order correction gives

A A2
sin 012 = NG (1 - 4) ~0.1554, 012 ~8.93.

Residual reduced from +5.0% to +3.6%.

3. 012 correction (Theorem 5.1). Unitarity back-reaction from non-zero 613 shifts 612
from 32.14 to 32.59. Residual reduced from +3.9% to +2.5%.

4. 033 correction (Proposition 3.5). Yukawa hierarchy Zs breaking gives 9%) ~ 45 —
A2 /2 = 43.58. Residual reduced from +6.6% to +3.3%.

What is still missing. The O(\?) corrections bring all residuals to 2.5-3.6%. Complete
closure to < 1% requires one additional structural input: the (2, 3)-sector QLC complementarity
relation O5MNS +9TKM = 7 /4 which in turn requires the TOE derivation of 655M (approximately
2.3 from PDG). This requires the bottom quark Yukawa yp, not yet computed in the corpus.
Once OSEM is available, all four PMNS mixing angles will be predicted to < 1% within the TOE
framework.

Phase 5c¢. The outstanding item is the derivation of from the quark-sector Go orbit
geometry. This constitutes Phase 5¢ of the PMNS completion programme.

CKM
923
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