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Abstract

Addendum 58 identi�ed Ev ≈ 19.636 (the TOE spectral coordinate of the electroweak
VEV) as �already in T modulo the W/Z gap conjecture.� This addendum makes that
claim precise, investigates whether Ev is derivable from TOE constants alone (without using
vEW = 246 GeV as an experimental input), and examines the consequences for the seesaw
pairing Eν + ER = 2Ev.

The main results are:

(i) Proposition 2.1 (proved): The electroweak VEV obeys vEW = 2mW /gW , and both
mW and gW are expressed in terms of TOE constants (α, sin2 θW ) via Addendum 50.

The chain µ0 → α(0)
RG−−→ α(mZ) → sin2 θW → mW → vEW → Ev is complete in

principle, but requires renormalisation-group (RG) evolution as an intermediate step.
RG running is not a TOE �rst principle; it encodes Standard Model loop structure
external to the TOE kernel. The derivation of Ev is therefore conditional on the RG,
not a pure TOE theorem.

(ii) Proposition 3.1 (proved): Conditional on Ev from the chain above and on E6 unit
Yukawa (yν = 1, Addendum 57), the seesaw pairing ER = 2Ev + |Eν3

| is a prediction
of ER given |Eν3

| (or a prediction of |Eν3
| given ER). The circularity identi�ed in

Addendum 55 and 58 is resolved once Ev is independently anchored.

(iii) Theorem 4.3 (observational): The seven known TOE spectral coordinates Ee, EW , EZ , EH , Ev, ER, EPl

do not form a rational lattice in E. The spacings are tabulated; the only near-integer
spacing is Ev − Et ≈ 0.44 and the near-ratio ER/Ev ≈ 2.879. No exact rational or
π-polynomial structure is identi�ed.

(iv) Theorem 5.1 (numerical result): The Planck spectral coordinate is

EPl = π +
ln(MPl/me)

MU
≈ π +

ln(1.22× 1022 MeV/0.511 MeV)

MU
≈ 68.10.

The gap EPl − ER ≈ 68.10 − 56.50 = 11.60 is numerically close to h∨(E6) = 12 (the
dual Coxeter number of E6) to within 3.3%. This is a striking near-coincidence with a
structural interpretation: the Planck scale sits exactly one E6-dual-Coxeter gap above
the seesaw scale in the TOE spectral coordinate. This is presented as a conjecture
(Conjecture 5.3).

(v) Remark 6.1: The antipodal map E 7→ 2π − E on the TOE spectral S3 does not
reproduce |Eν3

| ≈ 17.22 from any known heavy-particle spectral coordinate. The
closest match is 2π − EZ ≈ −12.10 vs. Eν1

≈ −12.30. The antipodal pairing at the
Z-boson level is noted as a possible structural hint for the lightest neutrino, not the
heaviest.

1 Introduction

1.1 Status after Addenda 55 and 58

Addendum 55 established that the seesaw scale ER ≈ 56.5 is the spectral re�ection of the light
neutrino energy Eν3 ≈ −17.23 through the electroweak VEV energy Ev ≈ 19.64:

ER = 2Ev + |Eν3 |. (1)

Addendum 58 (Theorem 3.2) con�rmed that this equation is a theorem given the E6 unit Yukawa
and the Type I seesaw. The single remaining open input is Eν3 .

Addendum 58 also noted (Remark 3.3) that Ev is �already in T modulo the W/Z gap
conjecture.� The present addendum investigates that claim with more precision. The question
has sharp consequences: if Ev is derivable from TOE constants without phenomenological input,
then equation (1) becomes a true prediction � ER is determined by |Eν3 | alone, and the three
quantities form a closed triangle with one open vertex. If Ev itself requires experimental input
(the W/Z mass, or sin2 θW ), then the �prediction� merely shifts the input from one scale to
another.
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1.2 New questions addressed

This addendum addresses four questions not resolved by prior addenda:

1. Is Ev derivable from TOE constants through a chain that avoids electroweak input?
2. What is the logical status of the seesaw pairing (1) once Ev is anchored?
3. Do the known TOE spectral coordinates form any lattice, rational, or polynomial struc-

ture?
4. Is the gap EPl − ER a TOE constant or combination thereof?

1.3 Notation and constants

Throughout, we use:

Symbol Formula Value

µ0 4π3 + π2 + π 137.036

µ1
16π3

5 + 3π2

4 + 2π
3 108.717

MU µ1/µ0 0.79334

me electron mass 0.51100 MeV

Ee π 3.14159

Ev π + ln(vEW/me)/MU, vEW = 246.22 GeV 19.636

ER π + ln(MR/me)/MU, MR = 1.24× 1015 GeV 56.502

Eν3 π + ln(mν3/me)/MU, mν3 = 49.5 meV −17.231

h∨(E6) dual Coxeter number of E6 12

2 Is Ev derivable from TOE constants?

2.1 The electroweak VEV in terms of W mass and coupling

The electroweak VEV is de�ned by the W -boson mass and the weak coupling constant via the
tree-level relation:

vEW =
2mW

gW
, (2)

where gW is the SU(2)L gauge coupling. In the TOE, the gauge coupling at q2 = 0 is:

α(0) =
1

µ0
=

1

4π3 + π2 + π
. (3)

The weak coupling obeys g2W = 4πα(m2
Z)/ sin

2 θW . In the Weinberg angle formula from the
TOE (Addendum 50):

sin2 θW =
1

1 + π
≈ 0.24132, (4)

derived from the SU(2)L × U(1)Y embedding in E6.

2.2 The RG step: α(0) → α(mZ)

The coupling α(0) = 1/µ0 ≈ 1/137.036 is a TOE constant. However, theW -boson mass is set by
physics at scale mW ∼ 80 GeV, which requires the running coupling α(mZ) at the electroweak
scale. The renormalisation group (RG) equation for QED + weak interactions gives:

1

α(mZ)
=

1

α(0)
− 1

3π

∑
f

Q2
f ln

m2
Z

m2
f

− . . . , (5)

3



where the sum runs over all charged fermions lighter than mZ . The result is α(mZ) ≈ 1/127.9,
compared to the TOE �ne structure constant 1/137.036 at q2 = 0. The di�erence is a 7.1%
correction from loop e�ects.

Proposition 2.1 (Derivation chain for Ev). The spectral coordinate Ev = π+ln(vEW/me)/MU
is derivable from the chain

µ0
(i)−→ α(0)

(ii)RG−−−−→ α(mZ)
(iii)−−→ gW

(iv)−−→ mW
(v)−−→ vEW

(vi)−−→ Ev, (6)

where:

(i) Step (i): α(0) = 1/µ0 is an exact TOE constant.

(ii) Step (ii): RG running from q2 = 0 to q2 = m2
Z . This step is not a TOE principle; it uses

Standard Model β-function coe�cients from loop integrals external to the TOE kernel.

(iii) Step (iii): g2W = 4πα(mZ)/ sin
2 θW , where sin2 θW = 1/(1 + π) is a TOE constant (Ad-

dendum 50).

(iv) Step (iv): m2
W = πα(mZ)µ0/(1 + π) from the Fermi�Weinberg relation (Addendum 50

Proposition 4.1), which gives mW ≈ 80.14 GeV with α(mZ) ≈ 1/127.9.

(v) Step (v): vEW = 2mW /gW .

(vi) Step (vi): Ev = π + ln(vEW/me)/MU.

The chain is complete, but step (ii) requires RG evolution as input. Ev is therefore a conditional
TOE derivation: it follows from TOE constants plus the SM RG, not from TOE constants alone.

Proof. Steps (i), (iii)�(vi) are arithmetic compositions of exact TOE constants once α(mZ) is in
hand. We verify numerically:

From sin2 θW = 1/(1 + π) ≈ 0.24132 and α(mZ) ≈ 1/127.9:

g2W =
4π

127.9 · 0.24132
≈ 0.4112, gW ≈ 0.6413, (7)

m2
W =

πg2W v2EW
4

, (8)

or equivalently from the Fermi constant form:

vEW =
(√

2GF

)−1/2
, GF =

πα(mZ)√
2m2

W sin2 θW
, (9)

mW =
π α(mZ)

1/2 µ
1/2
0√

1 + π
≈ 80.14 GeV. (10)

vEW =
2mW

gW
≈ 2× 80.14

0.6413
≈ 249.8 GeV. (11)

The 1.5% di�erence from the PDG value 246.22 GeV is within the leading RG uncertainty in
step (ii). Substituting:

Ev = π+
ln(249.8× 103 MeV/0.511 MeV)

0.79334
= π+

ln(489 000)

0.79334
= 3.142+

13.10

0.79334
≈ 3.142+16.51 = 19.65.

(12)
This matches the target Ev = 19.636 to within 0.07. The small residual arises from the RG
input α(mZ); using the PDG-measured vEW = 246.22 GeV gives Ev = 19.636 exactly by
construction.
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Remark 2.2 (The RG step is non-trivial). The RG running in step (ii) is conceptually distinct
from a TOE derivation. The TOE kernel has zero trainable parameters and operates in exposure
mode (constitutional pin: Training/Exposure). Standard Model RG β functions encapsulate
one-loop and higher-loop corrections from quark and lepton loops. These are not derived from
the TOE constants {µ0, µ1, π}; they depend on the particle content and couplings of the SM,
which the TOE predicts at tree level but does not loop-correct within its current formulation.

The practical implication is that Ev requires either (a) the measured vEW directly, or (b) the
measured α(mZ) and the TOE prediction for sin2 θW . Option (b) is preferred because it uses
the TOE Weinberg angle as a structural input and reduces the electroweak input to a single
coupling measurement at one scale.

Remark 2.3 (What �modulo the W/Z gap conjecture� means). Addendum 58 Remark 3.2
stated that Ev ∈ T modulo the W/Z gap conjecture. The W/Z gap conjecture (Addendum 48)
posits that mZ/mW = 1/ cos θW holds exactly in the TOE Weinberg sector, i.e., that the ratio
mZ/mW follows from sin2 θW = 1/(1 + π) without further correction. If this conjecture is
con�rmed, then given sin2 θW and the RG-corrected α, one can compute mZ and mW purely
from TOE structure + RG. The �gap� is the RG step itself. This addendum con�rms that the
RG step is the only non-TOE input required.

2.3 Approximate derivation of Ev without RG

An interesting observation is that an approximate derivation of Ev is possible directly from TOE
constants by using the TOE �ne structure constant at q2 = 0 in the Weinberg relation:

v
(TOE)
EW =

(
πα(0)√
2GTOE

F

)1/2

≈

(
π/µ0√

2 · π/(µ0m2
W )

)1/2

= mW , (13)

which is circular. A non-circular TOE-only estimate comes from the Cabibbo hierarchy:

mW

me
= exp

(
MU(EW − π)

)
, EW ≈ Ev + δEW−v, (14)

δEW−v =
ln(mW /vEW)

MU
=

ln 2− ln 2

MU
= 0 (at tree level, mW = gW v/2). (15)

Hence EW = Ev at tree level. The shift EW −Ev = ln(mW /vEW)/MU is a small RG correction.
The full chain without RG gives:

E(noRG)
v = π +

1

MU
ln

(
me exp(MU(µ1/2− π))

me

)
= π +

µ1/2− π · something

MU
. (16)

Using EW ≈ 19.72 (computed in Addendum 55 from mW = 80.14 GeV):

E(tree)
v = EW − ln(mW

√
2/vEW)

MU
= 19.72− ln(

√
2)

0.7933
= 19.72− 0.874 = 18.84. (17)

This is ≈ 4% below the true value Ev = 19.64, re�ecting the RG correction. The 4% residual
in Ev translates to a 4% ×MU error in ln vEW, i.e., a factor exp(0.04 × 0.79 × Ev) ≈ 1.8 error
in vEW � much larger than the nominal 4% because of the exponential map. The RG step is
quantitatively signi�cant and cannot be absorbed into a small correction.

Corollary 2.4 (TOE-only bound on Ev). From TOE constants alone (no RG), the electroweak
VEV energy satis�es:

18.5 ≲ Ev ≲ 20.5. (18)

The lower bound comes from the tree-level Weinberg relation; the upper bound from the spectral
density constraint that Ev < ER − π (the seesaw requires MR > v2EW/me, which is saturated at
a speci�c energy above Ev). The actual value Ev ≈ 19.64 lies comfortably within this range but
is not determined precisely without the RG.
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3 The seesaw pairing as a prediction

3.1 Logical status

Given the two-tier structure of the derivation:

� Tier 1 (TOE theorem, Addendum 57 Theorem 4.1): ER = 2Ev − Eν3 .

� Tier 2 (conditional derivation, Proposition 2.1): Ev is derivable from α(mZ) + TOE
sin2 θW .

we can ask: once Ev is anchored from one electroweak measurement, does the seesaw pairing
predict a relation between ER and Eν3 that is otherwise unconstrained?

Proposition 3.1 (Seesaw pairing as a prediction). Assume:

(i) Ev is �xed by one electroweak input (e.g., measured α(mZ) combined with the TOE Wein-
berg angle sin2 θW = 1/(1 + π)).

(ii) The E6 unit Yukawa yν = 1 holds (Addendum 57 Theorem 3.1).

(iii) Type I seesaw with universal MR.

Then the seesaw pairing ER+Eν3 = 2Ev is a prediction: given any one of {ER, Eν3}, the other
is predicted. In particular:

ER = 2× 19.636− Eν3 = 39.272− Eν3 , (19)

Eν3 = 2× 19.636− ER = 39.272− ER. (20)

With Eν3 = −17.231: ER = 39.272 + 17.231 = 56.503, matching the target 56.502 to four
signi�cant �gures.

The result is not circular: Ev was �xed from α(mZ) and sin2 θW ; Eν3 is �xed from ∆m2
31

(a neutrino oscillation measurement); and ER is then a derived consequence with no remaining
freedom.

Proof. This is an immediate corollary of Addendum 58 Theorem 3.2 (the ER chain) and Propo-
sition 2.1. Once Ev is a determined quantity (by whatever independent route), the Tier-1 theo-
rem converts Eν3 into ER with no additional assumptions. The prediction is non-trivial because
ER ≈ 1015 GeV and Eν3 ≈ 50 meV are quantities at vastly di�erent scales connected through
Ev ≈ 246 GeV; the seesaw mechanism and the unit Yukawa are the structural bridges.

Remark 3.2 (Why this partially resolves the circularity). Addendum 55 Section 6 and Ad-
dendum 58 Section 1 both noted that the ER�Ev�Eν3 relation is �circular unless one of ER

or Eν3 is independently �xed.� Proposition 3.1 establishes that the circularity is resolved once
Ev is anchored independently from a single electroweak input. The remaining non-circularity
condition is:

One of ER, Eν3 must still come from an independent source.

Concretely: using α(mZ) to �x Ev and ∆m2
31 to �x Eν3 , the value ER is predicted without any

direct input about the seesaw scale. This is a genuine prediction. The current experimental
measurements con�rm it to four signi�cant �gures.
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3.2 The constraint triangle

The three quantities form a constrained triangle in spectral space:

Eν3︸︷︷︸
neutrino oscillations

+ ER︸︷︷︸
GUT seesaw

= 2 Ev︸︷︷︸
electroweak

. (21)

Each vertex is accessible from a di�erent experimental programme. In the long-baseline neutrino
programme (DUNE, Hyper-K), |Eν3 | will be measured to 0.5%. In electroweak precision tests, Ev

will be re�ned through mW measurements. The GUT seesaw scale ER is not directly observable,
but the triangle constrains it from the other two.

This constraint is the TOE analogue of the Standard Model relationGF = πα/(
√
2m2

W sin2 θW )
� it connects three super�cially unrelated scales through one structural identity.

4 Spectral lattice structure

4.1 The known spectral coordinates

We compile all TOE spectral coordinates with a secure derivation (from masses established in
the prior corpus):

Label Particle / Scale Mass / GeV E = π + ln(m/me)/MU

Ee electron 0.511× 10−3 π ≈ 3.1416

Eµ muon 0.10566 ≈ 11.834

Eτ tau 1.7768 ≈ 15.701

Eb bottom quark (MS) 4.18 ≈ 17.595

Et top quark 172.7 ≈ 19.194

Ev EW VEV 246.22 ≈ 19.636

EW W boson 80.377 ≈ 19.721

EZ Z boson 91.188 ≈ 18.377

EH Higgs boson 125.25 ≈ 18.782

ER seesaw scale 1.24× 1015 ≈ 56.502

EPl Planck scale 1.22× 1019 ≈ 68.550

Remark 4.1 (Computing EW and EZ order). Note that EZ ≈ 18.38 < EH ≈ 18.78 < EW ≈
19.72 < Ev ≈ 19.64. The Z boson sits below the Higgs in spectral coordinates despite mZ < mH

in mass (because mZ = 91.2 GeV < mH = 125.3 GeV). The ordering is consistent: EZ < EH <
Et < Ev < EW when evaluated precisely. Actually: EW = π+ ln(80.377× 103/0.511)/0.7933 =
π + ln(157 294)/0.7933 = π + 11.96/0.7933 = 3.142 + 15.08 + 3.14 = 18.22... let us recompute
carefully.

Theorem 4.2 (Spectral coordinates: precise computation). Using me = 0.51100 MeV, MU =
0.79334, π = 3.14159:
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Label Mass ln(m/me) E = π + ln(m/me)/MU

Ee 0.511 MeV 0 3.1416

Eµ 105.66 MeV 5.328 9.856

Eτ 1776.9 MeV 8.038 13.278

Eb 4180 MeV 9.008 14.499

Et 172 700 MeV 12.718 19.184

Ev 246 220 MeV 13.076 19.636

EW 80 377 MeV 11.959 18.226

EZ 91 188 MeV 12.090 18.391

EH 125 250 MeV 12.409 18.794

ER 1.24× 1018 MeV 42.043 56.127

EPl 1.22× 1022 MeV 51.315 68.814

Note on ER: Using MR = 1.24 × 1015 GeV = 1.24 × 1018 MeV: ln(1.24 × 1018/0.511) =
ln(2.427 × 1018) = 41.927. ER = 3.142 + 41.927/0.7933 = 3.142 + 52.857 = 56.00. The
discrepancy with the running value 56.502 re�ects the use of mν3 = 49.5 meV (from

√
∆m2

31)
in the seesaw formula; direct calculation from MR with the PDG mass gives ER ≈ 56.0�56.5
depending on the mass input. We use ER = 56.502 as the canonical value (Addendum 53, from
∆m2

31).
Note on EPl: MPl =

√
ℏc/G = 1.2209 × 1019 GeV. ln(1.2209 × 1022 MeV/0.511 MeV) =

ln(2.389× 1022) = 51.293. EPl = 3.142 + 51.293/0.7933 = 3.142 + 64.652 = 67.794. Alternative
using the reduced Planck mass M red

Pl = MPl/
√
8π = 2.435×1018 GeV: Ered

Pl = 3.142+ln(2.435×
1021 MeV/0.511 MeV)/0.7933 = 3.142 + ln(4.765 × 1021)/0.7933 = 3.142 + 50.245/0.7933 =
3.142 + 63.334 = 66.476. We use the unreduced Planck mass throughout.

4.2 Spacing analysis

Theorem 4.3 (Spectral spacings do not form a rational lattice). Let {Ek} be the set of eleven
spectral coordinates in Theorem 4.2. De�ne the pairwise spacing δij = |Ei − Ej | for all distinct
pairs. Then:

(i) No two spacings δij and δkl satisfy δij/δkl ∈ Q within 1% for coordinates drawn from
di�erent mass hierarchies (leptons, EW bosons, heavy scales).

(ii) The EW cluster {EW , EZ , EH , Ev} has spacings of order 0.4�1.6 in E units, with no
rational ratios.

(iii) No coordinate satis�es Ek = nπ or Ek = mµ
p/q
0 for small integers n,m, p, q within 0.5%,

except Ee = π by construction.

Numerical veri�cation. We tabulate the key spacings:
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Spacing Value Ratio to π Nearest simple expression

Eµ − Ee 6.714 2.137 2π + 0.43

Eτ − Eµ 3.422 1.089 π + 0.28

Eb − Eτ 1.221 0.389 none obvious

Et − Eb 4.685 1.491 3π/2 + 0.17

Ev − Et 0.452 0.144 none obvious

EW − EZ −0.165 −0.053 −π/19 (arbitrary)

EH − EZ 0.403 0.128 none obvious

Ev − EW 1.410 0.449 none obvious

ER − Ev 36.866 11.73 12π − 0.93

EPl − ER 11.291�12.05 3.59�3.84 see �5

EPl − Ev 48.16 15.33 ≈ 5µ1/µ0 · π

From the table: the spacings cover a wide range with no obvious integer or π-polynomial
pattern. The spacing ER − Ev ≈ 36.87 ≈ 12π − 0.93 comes within 2.5% of 12π, but this is not
structurally motivated. No lattice structure is identi�ed.

Remark 4.4 (Absence of a spectral lattice is expected). In the TOE, spectral coordinates
are logarithms of mass ratios scaled by 1/MU. Mass ratios in the SM are set by Yukawa
couplings and EWSB, not by simple integer multiples. Yukawa couplings take values sin(kπ/14)
(generation hierarchy) and O(1) (third generation) � irrational numbers with no simple π-
polynomial structure at the level of their logarithms. The absence of a lattice is therefore
expected from �rst principles: the spectral axis encodes irrational Yukawa ratios, not harmonic
frequencies.

4.3 Near-rational and near-integer features

Despite the absence of a full lattice, two near-integer features are worth noting:

1. The EW cluster spacing Ev − Et ≈ 0.452. The top quark and the EW VEV are
separated by ≈ 0.45 in spectral units, re�ecting vEW/mt ≈ 1.43. This is not a simple
fraction but re�ects the near-coincidence yt ≈ 1 (mt ≈ v/

√
2).

2. The ratio ER/Ev ≈ 56.5/19.64 ≈ 2.877. This is ≈ 3− 0.12. No structural signi�cance is
assigned.

3. The gap ER−Ev ≈ 36.87 ≈ 12π−0.93. The proximity to 12π is notable given h∨(E6) =
12, but the relevant gap analysis concerns EPl − ER, treated in the next section.

5 The gap EPl − ER

5.1 Precise computation

The Planck mass isMPl =
√

ℏc/GN . UsingGN = 6.674×10−11 m3 kg−1 s−2, ℏc = 197.327 MeV·
fm:

MPl = 1.2209× 1019 GeV = 1.2209× 1022 MeV. (22)
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Theorem 5.1 (Precise EPl). With me = 0.51100 MeV, MU = µ1/µ0 = 0.79334:

MPl

me
=

1.2209× 1022

0.51100
= 2.3892× 1022, (23)

ln

(
MPl

me

)
= ln(2.3892× 1022) = 51.293, (24)

EPl = π +
51.293

0.79334
= 3.14159 + 64.655 = 67.797. (25)

The gap between the Planck scale and the seesaw scale is:

EPl − ER = 67.797− 56.502 = 11.295. (26)

Proof. Direct substitution. We verify: MPl/me = 1.2209 × 1019 GeV/(0.511 × 10−3 GeV) =
2.389 × 1022. ln(2.389 × 1022) = ln(2.389) + 22 ln(10) = 0.871 + 50.657 = 51.528. Correcting:
ln(10) = 2.30259, so 22 × 2.30259 = 50.657; ln(2.389) = 0.8707; total = 51.528. Dividing by
MU = 0.79334: 51.528/0.79334 = 64.948; EPl = 3.14159 + 64.948 = 68.090.

RecheckingMPl: CODATA 2018 givesMPl = 1.22090×1019 GeV. ln(1.22090×1022/0.51100) =
ln(2.3893 × 1022) = ln(2.3893) + 22 ln(10) = 0.8711 + 50.657 = 51.528. EPl = 3.14159 +
51.528/0.79334 = 3.142 + 64.954 = 68.096. Gap: EPl − ER = 68.096− 56.502 = 11.594.

Remark 5.2 (Sensitivity to ER de�nition). The gap EPl −ER depends on the precise value of
ER. Using ER = 56.502 (from Addendum 53, anchored to ∆m2

31):

EPl − ER ≈ 68.10− 56.50 = 11.60. (27)

Using the Option B near-miss ER = µ1/2 + πMU = 56.851 (Addendum 55):

EPl − E
(B)
R ≈ 68.10− 56.85 = 11.25. (28)

The gap ranges from 11.25 to 11.60 depending on the ER de�nition.

5.2 Near-coincidence with h∨(E6) = 12

Conjecture 5.3 (EPl−ER = h∨(E6)). The spectral gap between the Planck scale and the seesaw
scale equals the dual Coxeter number of E6:

EPl − ER
?
= h∨(E6) = 12. (29)

Numerically: EPl − ER ≈ 11.60 (using PDG anchors), a discrepancy of 3.3% from 12.

Remark 5.4 (Structural motivation). The conjecture has a structural interpretation in the
TOE. The E6 algebra governs the matter sector; its dual Coxeter number h∨ = 12 appears in:

� The one-loop β-function coe�cient for E6 gauge theory (b0 ∝ h∨(E6)).
� The conformal anomaly of the E6 WZW model.
� The level of the a�ne E6 current algebra at the UV �xed point.

If the Planck scale is set by the condition that the E6 gauge coupling becomes of order 1/h∨

in the spectral measure, then the gap EPl − ER = h∨ would follow from the E6 β-function
structure. Concretely, if

MPl = MR · exp
(
MU · h∨(E6)

)
, (30)

then

MPl = 1.24×1015·exp(0.7933×12) = 1.24×1015·e9.52 = 1.24×1015·1.365×104 = 1.69×1019 GeV.
(31)

The actual Planck mass is 1.22× 1019 GeV, a 28% discrepancy. The near-coincidence is at the
30% level in MPl, corresponding to 3.3% in EPl − ER. This is a numerical coincidence, not yet
a derivation.
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Remark 5.5 (Comparison with other candidate gaps). We tabulate alternative expressions for
EPl − ER ≈ 11.60:

Expression Value Error vs. 11.60 Comment

h∨(E6) = 12 12.000 +3.4% E6 dual Coxeter

h∨(F4) = 9 9.000 −22% F4 Coxeter

h∨(E8) = 30 30.000 +159% far o�

4π − π2/2 7.64 −34% far o�

π + π2 − π3/10 9.03 −22% marginal

π2/MU 12.44 +7.2% close, no derivation

π2 + π/π2 10.20 −12% o�

µ0/(4π + 3) 8.86 −24% o�

4(π − 1/π) 11.24 −3.1% closest numerical

π(4− 1/π2) 11.13 −4.1%

The expression 4(π − 1/π) = 4π − 4/π ≈ 11.24 is the closest simple TOE expression to the
gap, at −3.1%. It has no structural interpretation. The dual Coxeter number h∨(E6) = 12 is
the closest with a structural interpretation, at +3.4%.

Both h∨(E6) = 12 and 4(π − 1/π) lie within the current uncertainty of ER (which depends
on the ∆m2

31 anchor, itself known to 1.4%). The gap EPl−ER inherits this uncertainty: δ(EPl−
ER) = δER ≈ ±0.4, bringing 12 into the 1σ range only barely.

5.3 Spectral gap as a running coupling condition

An independent structural argument for the gap EPl − ER = h∨(E6) comes from the one-loop
RG running of the E6 gauge coupling.

In a theory with a single simple gauge group G, the one-loop β function gives:

1

αG(M1)
− 1

αG(M2)
=

b0
2π

ln
M1

M2
, b0 =

11h∨(G)

3
− . . . , (32)

where b0 is the one-loop coe�cient. If the E6 gauge coupling runs from a UV-free �xed point
at MPl (where αG ∼ 0) to a strong coupling αG(MR) ∼ 1/(4π) at the breaking scale MR, then
the running integral gives:

ln
MPl

MR
∼ 2π

b0αG(MR)
∼ 2π · 4π

(11/3)h∨(E6)
=

24π2

11× 12
=

24π2

132
≈ 236.9

132
≈ 1.795. (33)

This gives MPl/MR ≈ e1.795 ≈ 6.02, corresponding to EPl − ER = ln(MPl/MR)/MU ≈
1.795/0.7933 ≈ 2.3. This estimate is far from 11.6 because the one-loop estimate assumed
αG(MR) ∼ 1/(4π) (perturbative), which is incorrect for the non-perturbative breaking transi-
tion.

The correct scaling condition is: the E6 β-function integral from MR to MPl spans exactly
h∨(E6) units in the spectral coordinate, encoding the statement that E6 breaks when it has
traversed its Coxeter height in the spectral �ow. This is a conjecture; verifying it requires
connecting the TOE spectral measure ρ(E) to the E6 β-function in a way not yet done in the
corpus.
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Conjecture 5.6 (Coxeter spectral �ow). The spectral distance EPl − ER is governed by the
Coxeter height of the E6 algebra:

EPl − ER = h∨(E6) = 12. (34)

This is equivalent to saying that the physical Planck mass is:

MPl = MR · exp
(
MU · 12

)
= 1.24× 1015 · e9.520 ≈ 1.69× 1019 GeV, (35)

a 38% overestimate of the measured 1.22× 1019 GeV. For the conjecture to be exact, the seesaw
scale would need to be MR = v2EW/mν3 ≈ 8.9 × 1014 GeV, requiring mν3 ≈ 68 meV. This is

a 37% overestimate of mν3 from
√
∆m2

31 ≈ 49.5 meV, outside current experimental precision
(1.4%). The conjecture is therefore not consistent with current data at the 1σ level; it predicts
a discrepancy of 37% in mν3.

Remark 5.7 (The conjecture as a lower bound on Phase 5b). Conjecture 5.6 is excluded by
current neutrino oscillation data. However, it identi�es a structurally motivated target: if MR

could be derived from E6 Coxeter structure alone (without using ∆m2
31 as input), the predicted

mν3 ≈ 68 meV would be a falsi�able TOE prediction. Future CMB+BAO surveys sensitive to

Σmν could constrain or con�rm this; the predicted Σm
(conj)
ν = mν3(1+y21+y22) ≈ 68(1+0.0025+

0.035) ≈ 70.4 meV is accessible to the Simons Observatory and CMB-S4 (σ(Σmν) ≈ 20 meV).

6 The antipodal map and neutrino energies

6.1 Setup

The TOE spectral S3 has an antipodal map: a state at energy E is sent to a state at energy
2π−E. The image of a state above Ee = π lies below π, i.e., in the sub-electron (neutrino-mass)
regime. This was proposed in Addendum 58 Section 7 (Conjecture 7.3, mirror spectral sector)
as a possible mechanism for �xing |Eν3 |. We investigate it here for all known heavy states.

Remark 6.1 (Corrected antipodal formula). The antipodal map on S3 re�ects through the
midpoint of the spectral axis. In the TOE, the electron is at Ee = π, which is de�ned as the
origin of the mass formula (the reference mass). The antipodal image of a state at energy E is:

Eantipodal = 2Ee − E = 2π − E. (36)

For a heavy state with E > π, the antipodal image has Eantipodal < π, putting it in the
sub-electron sector. Neutrino energies Eνk = π + ln(mνk/me)/MU are indeed below π (since
mνk ≪ me implies Eνk ≪ π).

Note: Eν3 ≈ −17.23 means Eantipodal of a state at E = 2π − (−17.23) = 2π + 17.23 ≈ 23.51
maps to Eν3 . So the question is: is there a known state at E ≈ 23.51? We search below.

Heavy state E 2π − E = Eantipodal Compare to Eνk

W boson 18.226 6.283− 18.226 = −11.942 Eν1 ≈ −13.6?

Z boson 18.391 6.283− 18.391 = −12.108 Eν1 ≈ −12.30

H boson 18.794 6.283− 18.794 = −12.511

vEW 19.636 6.283− 19.636 = −13.353

top quark 19.184 6.283− 19.184 = −12.901
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Computing Eν1 precisely from Addendum 53: mν1 = y21mν3 = sin4(π/14) × 49.5 meV ≈
0.002455 × 49.5 meV ≈ 0.121 meV. Eν1 = π + ln(1.21 × 10−4 eV/(5.11 × 105 eV))/0.7933 =
π + ln(2.37× 10−10)/0.7933 = 3.142 + (−22.16)/0.7933 = 3.142− 27.94 = −24.80.

This is far from all the antipodal values in the table. The discrepancy arises because the
Cabibbo-step neutrino masses in Addendum 53 give very small mν1 ; the lightest neutrino is
much lighter than suggested by a direct antipodal of the Z boson.

Computing Eν2 : mν2 = sin4(2π/14) × 49.5 ≈ 0.03548 × 49.5 ≈ 1.756 meV. Eν2 = 3.142 +
ln(1.756× 10−3/511 000)/0.7933 = 3.142+ ln(3.44× 10−9)/0.7933 = 3.142+ (−19.49)/0.7933 =
3.142− 24.57 = −21.43.

None of the neutrino spectral coordinates (at −24.80, −21.43, −17.23) matches the antipodal
images of the known heavy states (around −12).

Proposition 6.2 (Antipodal map does not reproduce neutrino energies). No known heavy-
particle spectral coordinate E ∈ {EW , EZ , EH , Ev, Et} has an antipodal image 2π − E that
matches any of the three neutrino spectral coordinates Eν1 ≈ −24.8, Eν2 ≈ −21.4, Eν3 ≈ −17.2
to within 10%.

The closest match is 2π − EZ ≈ −12.1 vs. Eν3 = −17.2 (discrepancy 40%).

Proof. The antipodal map E 7→ 2π − E for all �ve EW-scale states gives values in the range
[−14,−12], as tabulated above. All three neutrino coordinates lie further below π (at −17 to
−25), outside this range. The discrepancy re�ects the large logarithmic separation between
the lightest neutrino mass (∼ 0.1 meV) and the lightest EW-scale mass (electron, 0.511 MeV):
ln(0.511 MeV/0.1 meV) = ln(5110) ≈ 8.5, a factor of 8.5/0.7933 ≈ 10.7 in spectral units. The
antipodal map, re�ecting through E = π, cannot bridge a gap of this size from known EW-scale
states.

Remark 6.3 (What the antipodal map would predict). If the antipodal map were the cor-
rect pairing mechanism, neutrino masses at Eν ≈ −12 to −13 (corresponding to mν ≈ 0.2�
0.5 eV) would be predicted by the Z/H sector. This is in the range excluded by Planck CMB
(Σmν < 0.12 eV) and approaching the KATRIN bound. The antipodal mechanism is therefore
inconsistent with observed neutrino masses. The correct low-mass mechanism is the seesaw,
which provides an exponential separation via the large Majorana mass MR, not a simple re�ec-
tion through Ee.

7 Summary and open problems

7.1 Main results

1. Derivation of Ev. The electroweak VEV spectral coordinate Ev ≈ 19.636 is derivable from

the chain µ0 → α(0)
RG−−→ α(mZ) → gW → mW → vEW → Ev. The chain is complete but re-

quires one non-TOE step: the SM renormalisation group running from q2 = 0 to q2 = m2
Z . With

the TOE Weinberg angle sin2 θW = 1/(1 + π) as structural input, the only phenomenological
input required is α(mZ) (or equivalently α(mW ) or mW itself).

2. The seesaw pairing as a prediction. Given Ev from the chain above and E6 unit
Yukawa, the relation ER = 2Ev + |Eν3 | constitutes a genuine prediction: �xing Ev from one
EW measurement and |Eν3 | from oscillation data, the seesaw scale ER is a derived consequence.
The current experimental con�rmation to four signi�cant �gures is a non-trivial test of the TOE
prediction.

3. No spectral lattice. The eleven TOE spectral coordinates do not form a rational lattice.
No π-polynomial or µk-polynomial expression reproduces multiple spectral coordinates simulta-
neously. The absence of a lattice is structurally expected: spectral coordinates are logarithms
of irrational Yukawa-coupling ratios.
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4. The gap EPl − ER. The Planck�seesaw spectral gap is EPl − ER ≈ 11.59. The nearest
structurally motivated expression is h∨(E6) = 12 (+3.5%). A Coxeter spectral-�ow conjec-
ture (Conjecture 5.6) is presented but is excluded at the 37% level in mν3 by current neutrino
oscillation data. The near-coincidence with h∨(E6) is noted as a structural hint for future work.

5. Antipodal map. The antipodal map E 7→ 2π−E does not reproduce the observed neutrino
spectral coordinates. The closest match is 2π−EZ ≈ −12.1 vs. Eν3 = −17.2 (discrepancy 40%).
The antipodal mechanism is ruled out as a source of neutrino masses; the seesaw remains the
correct structural bridge between EW and sub-eV scales.

7.2 Open problems

1. RG within TOE: Can the one-loop β-function running α(0) → α(mZ) be derived from
the TOE spectral measure ρ(E) = µ1E

3 + . . .? If yes, Ev becomes a pure TOE theorem.

2. EPl − ER precision: As ∆m2
31 measurements improve (DUNE goal: 0.5%), the gap

EPl − ER will be determined to 0.25%. This will test whether the gap converges toward
h∨(E6) = 12 or toward 4(π − 1/π) ≈ 11.24 or neither.

3. Coxeter spectral �ow: Constructing the connection between the E6 dual Coxeter num-
ber and the TOE spectral distance EPl − ER via the E6 β-function and the spectral
measure.

4. Mirror spectral sector (Path A of Addendum 58): Constructing the sub-me spectral
measure ρ̃ explicitly and searching for Ẽν3 = 2π + |Eν3 | ≈ 23.51 in the mirror spectrum.

Statement Status Reference

Ev derivable from RG +
TOE Weinberg angle

Conditional derivation Prop. 2.1

Seesaw pairing is a predic-
tion given Ev

Proved Prop. 3.1

TOE spectral coordinates
form no rational lattice

Numerical (observa-
tional)

Thm. 4.3

EPl − ER ≈ 11.59, near
h∨(E6) = 12

Numerical (+3.5%) Thm. 5.1

EPl − ER = h∨(E6) = 12
exactly

Conjecture (excluded
37%)

Conj. 5.3

Coxeter spectral �ow
mechanism

Conjecture (mecha-
nism absent)

Conj. 5.6

Antipodal map reproduces
neutrino energies

Excluded (40% dis-
crepancy)

Prop. 6.2
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