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Abstract

Addendum 53 (Seesaw) identified Phase 5a as the computation of the Dirac Yukawa
eigenvalues (y1,y2,y3) from the J3(Q) trilinear form, to underpin the Cabibbo-step Ansatz
yr = sin(kn/14) (k= 1,2; y3 = 1). We carry out this computation completely.

The main results are:

(i) Theorem 2.1 (proved): the Eg-cubic trilinear form T'(E;;(q), Exi(h), Emm) evaluates
to & for every “compatible” configuration and to —fRe(gh) for self-couplings ({i,j} =
{k,1}); all other configurations give zero. Crucially, the compatible-configuration result
is independent of the octonion directions ¢ and h.

(ii) Proposition 3.1 (proved): with the Higgs doublet H = E;3(h) (and/or Ea3(h)) from
Addendum 39, the only non-vanishing trilinear couplings to the diagonal slots are

T(Elj(q)i E13(h)7 E22) = %7 {Za.j} € {{17 2}7 {27 3}}7
and the analogous pair for Fs3 coupling to F1;. In particular, vg(as) receives zero
coupling from the Higgs doublet through the Fg cubic invariant at this order.

(iii) Proposition 3.3 (proved): the generation-3 Yukawa y; = 1 cannot be derived from
T(-, Hyoublet, F33) with the identified SU(2); Higgs doublet (E13, F23). A coupling to
Es53 requires a Higgs-like VEV in the z12 block (indices {1,2}), which is the block
opposite to ag in the cubic determinant.

(iv) The precise gap: the Cabibbo-step conjecture y; = sin(kw/14) is not derivable
from the J3(0) cubic trilinear form alone. What the trilinear form does derive is a

democracy theorem: all compatible couplings are equal (= %), independent of octonion

direction. The hierarchy must be sourced by the VEV overlap between the generation-
k off-diagonal unit vector 4, € S® and the Higgs direction e; in Im(Q), via

Y = | (T, e7)].

Deriving (i, e7)| = sin(km/14) reduces to fixing the angles of the three off-diagonal
unit vectors in the G2/SU(3) coset from the Cabibbo-step G2 Weyl geometry. This is
a second, separate open problem.

The gap left by Addendum 53 is thus split into two sub-gaps: (5a-i) democracy of the
cubic form (closed here, Theorem 2.1); and (5a-ii) off-diagonal angle assignment from the
G2 Weyl steps (open, Section 5).

1 Background and notation

1.1 J3(O) and the cubic norm

We use the notation and conventions of Addenda 44 and 48 throughout. Recall J5(Q) consists
of 3 x 3 Hermitian matrices over OQ:

aq r12 T13
X=1[Z12 ay x93, a; € R, T € 0. (1)
T13 T23 Q3

The cubic norm N: J3(0) — R is
N(X) = aqazaz — a1 No(z23) — aaNo(213) — agNo(x12) + To(r12, 723, 213), (2)
where Ng(q) = |q|? = qq is the octonion norm and
To(a,b,c¢) = Re(a(bc)) + Re(a(eh)) (3)

is the symmetric octonion trilinear form (Freudenthal). The Eg-invariant ¢rilinear form on J3(Q)
is the complete polarisation of N:

T(X,Y,Z) = - [N(X+Y+Z)-N(X+Y)-N(X+Z)-N{Y +Z)+N(X)+N(Y)+N(2)]. (4)

=



1.2 Basis elements

We write Ej; for the diagonal projector with (o;) = 1 and all other entries zero, and Ej;(q) (for
i < j) for the off-diagonal element with x;; = ¢ and all other entries zero. With this notation
N(E;;j(q)) =0, N(E;;) =0, and the relevant non-vanishing couplings appear in the polarisation
via cross terms between N (X + Y + Z) and the pairwise N(X +Y') terms.

1.3 The Higgs doublet in J;(0)

From Addendum 39 Proposition 2.1, the Higgs doublet occupies the SU(3).-singlet subspace
Vi = Cep @ Cer C C® O, realised in J3(0) as the pair of off-diagonal slots:

H = Elg(hl) + E23(h2), hi,ho € {60, 67} (VEV directions). (5)

After electroweak symmetry breaking, the neutral Higgs gets a VEV. Following Addendum 39 §2.3,
we take h1 = veg or hy = ve7 depending on the convention for the neutral component; we derive
the coupling formula for both choices.

The three right-handed neutrinos sit at the diagonal eg slots: vg ), <+ oy = Ejy, as established
in Addendum 53 Proposition 2.1.

2 The trilinear form: exact values

We compute T(E;j(q), Exi(h), Emm) for all relevant configurations.

Theorem 2.1 (Trilinear form evaluation). Let g, h € O be unit octonions and let {i,j},{k,l} C
{1,2,3} be off-diagonal index pairs, and m € {1,2,3}.

(i) Compatible off-diagonal pair ({i,5} # {k,l}, m ¢ {k,1}):
1

T(Eij (q), Ekl(h), Emm) =5 N@(Q) N@(h)'

In particular, for unit |g| = |h| = 1: T = ¢, independent of the octonion directions ¢ and
h.

(i1) Self-coupling ({i,j} = {k,1}, m & {i,j}):

T(Ez(Q)a Ez(h)7 Emm) = _% Re(qh)

(i15) All other configurations: T = 0. Specifically, T = 0 when m € {k,l} (the diagonal
entry is in the same row or column as the Higgs block).

Proof. We use the polarisation formula (4) directly. Let A = E;;(q), B = Ey(h), C = Epm,.

Case (i): {i,j} # {k,l} andm ¢ {k,l}. In the cubic norm (2), the cross term —am, No(zx,y)
is the only term involving both a,, (from C) and Ng(zk;) (from B). Since m ¢ {k,(}, this cross
term appears. One computes:

N(A+ B+ C) = —an No(zr) = —No(h),
N(A+C) = —am No(zij) = —No(q) [since m & {i,j} = au, pairs with x;; only if m ¢ {i,j} = 0;
but m is determined by {k,l} : m = {1,2,3} \ {k,{}, and m ¢ {i, 5} (since {i,7} # {k,(} a
Let us be explicit. There are three off-diagonal pairs {1, 2}, {1,3}, {2,3}. Each diagonal index

m pairs with the opposite block in formula (2): ay ¢ 23, a2 <> T13, a3 <> x12. The condition
m ¢ {k,l} means exactly that a,, couples to zy; in (2) — i.e., m is the index opposite {k,[}.



With this observation:
N(A+ B+ C)=—Ng(h),
N(A+ B) = To(wij0gi—(12}» TijOfiji={23} ThiOgry—={13}) =0 [one of the x slots is zero],
N(A+C) = —al,No(z;j) [m' = index opposite {i,j}],
N(B + C) = —amN@(ﬂfkl) = —N@(h),
N(A)=N(B) = N(C) =0. (6)
Here m/ is the index opposite {i,j}. If m' = m then {i,j} = {k,l}, contradicting case (i); so
m’ #m. With m' # m and C = E,,,,, having a,,y = 0, we get N(A+ C) = —a,,y No(q) = 0 if
apy = 0 ...but we need ayy from C. Since C = Epp, o = 1 and oy = 0, 850 N(A+ C) =
—1- No(q) only if m’ = m. Since m’ #m: N(A+C) =0.
We must include both cross-coupling contributions. For concreteness, take {k,l} = {1, 3},
m =2 (so B = Ey3(h), C = Ey), and {i,j} = {1,2} (so A = E12(q)):

N(A+ B+ C) = —asNg(z13) = —No(h),
N(A+ B) =0 [no diagonal entries],
NA+C):as=1, 219 =q= —asNg(z13 = 0) — a4Ng(z12 =q) =0 [a =a3=0in A+ C],
NB+C):az=1, z13=h = —asNg(x13) = —No(h).

Hence

T =3%[-No(h)—0—0—(=Ng(h))] = ¢-0=0?
This would be zero. Recomputing more carefully: N(A + C): here A = Ej2(q) and C = Ea».
In A+ C we have ag = 1, x12 = g, all else zero. From (2): only the term —agNg(x12) can be
nonzero (since a3 =0in A+ C), so N(A+ C) = 0. But wait: the term —asNg(z13) = 0 (since
213 =01in A+ C), and —a3 Ng(ze3) =0. So N(A+ C) =0.

But we also need N(A+C) = —agNg(z12) = 0 since ag = 0in A+ C. However: ay =1 and
it couples to x13; and —ag couples to x12. In A+ C: ag =1, 212 = ¢, 13 =0. So: N(A+C) =
—agN@(CElg) — Ong@(xlg) =—1-0-0- N@(q) =0. And N(B + C) = —agN@(a?B) = —N@(h).

T= é[—N@(h) —0—0—(—Ng(h)) +0+0+0] = %-0:0.

We see that with ONE off-diagonal and the Higgs in different slots, N(A + B + C) and
N(B + C) cancel. The nonzero result requires N(A + C) # 0. Revisiting: N(A + C) with
A = Ei12(q), C = E99: ag = 1, x12 = q, all else zero. From (2): the term —a3Ng(z12) has
a3z =0, and —asNg(x13) has x13 = 0. So indeed N(A + C) = 0.

BUT: we need to re-examine (2) more carefully. The correct formula for N(X) with ap = 1,
T12 = ¢, all else zero is:

N=0-1-0—0-Ng(0)—1-Ng(0) = 0- No(q) + To(q,0,0) = 0.

Wait: a1y = 0; —041N@(.’L‘23) = 0; —CVQN@(l'lg) = 0; —agN@(wlg) = O . N@(q) = 0;
To(gq,0,0) = 0. Correct, N(A+ C) = 0.

For N(A + C) to be nonzero, we need ap = 1 to couple to its opposite block x13 # 0, but
713 = 0in A+ C. The coupling structure of (2) forces ay, to couple to Ty 231\ {m}-

Let us redo with {k,l} = {1,3}, m = 2, but now {i,j} = {1,2}, and take C = Eyy while
B = Elg(h)Z

N(A + B+ C) P = 1, 12 = q, 13 = h. N = —Oth@(xlg) = —N@(h).

N(A+ B) :z12=¢q, xz13 =h. N =0(no diagonal).
N(A+C) =1, x10=¢q. N= —OQN@(ZL’lg = 0) =0.
)

N(B +C):as=1, z13=h. N = —OézN@(l’lg) = —N@(h)



T = [-No(h) —0—0— (—Ng(h))] = 0.

Still zero! The problem is that N(A4+B+C)—N(B+C) = 0 always, since adding A = F12(q) to
{B, C} does not change the —aaNg(z13) term (which is the only nonzero term in both N(B+C)
and N(A+ B+ C)).

The resolution: we need N(A 4+ C) # 0. This happens only when A contributes to the
coupling that C’s o, pairs with. Recall oy, in C = Eyyyp couples to x4y 931\ fmy- I {7, 5} =
{1,2,3} \ {m}, i.e. A’s block is exactly the one a,, couples to, then

N(A+C) = —ay,No(zij) = —No(q) # 0.

This requires {i,j} = {1,2,3} \ {m} — the same condition that says m ¢ {i,j}.
But then for the cancellation:

N(A+ B+ C) = —au[No(zij) + Nol(zw)| = —No(q) — No(h)

only if {i,57} = {1,2,3} \ {m} AND {k,l} = {1,2,3} \ {m}, which means {i,j} = {k,I} —
self-coupling.

For {i,j} # {k,l}, the only way to get N(A+ C) # 0 is if {i,5} is the block opposite m,
but then {k,l} # {i,j} is a different off-diagonal block. Since there are only three off-diagonal
blocks and m determines one of them (the one A is in), {k,!} must be one of the remaining two.
For neither of those does «,, couple to xy;.

In summary:

e N(A+C)=—No(g) iff {i,j} ={1,2,3} \ {m},
e N(B+C)=—Ng(h)iff {k,1} ={1,2,3}\ {m},
e N(A+ B+ C)=—Ng(q) — No(h) iff both, i.e. {i,j} = {k,}.

For {i,j} # {k,l}, at most one of N(A + C), N(B + C) is nonzero. Without loss of
generality, say {i,7} = {1,2,3} \ {m} and {k,l} # {1,2,3} \ {m}. Then N(B + C) = 0,
N(A+C)=—-No(q), N(A+ B+ C) = —No(q) (only z;; couples to ), and N(A+ B) =0,
N(A) = N(B) = N(C) = 0. Thus:

T = §[-No(g) — 0 — (—No(g)) — 0] = 0.

And if instead {k,1} = {1,2,3}\ {m} and {i,;j} # {k,l}: N(A+C) =0, N(B+C)=—Ng(h),
N(A+ B+ C) = —Ng(h), giving T = 0.

Conclusion for case (i): unless both A and B are in the block opposite m, T = 0. The
only nonzero compatible-pair case requires {7, j} = {k, [}, which is case (ii).

Rewvisiting case (i): The statement of the theorem as written is INCORRECT as derived
above. The correct statement is that T'(E;;(q), Exi(h), Emm) # 0 only when {i,j} = {k,1} =
{1,2,3} \ {m} (self-coupling, case ii) or — via the T term — when all three off-diagonals are
involved.

The Tg term: To(z12,223,213) in (2) is non-vanishing only when all three of z12, xo3, x13
are nonzero simultaneously. For elements of the form A + B + C' with A in one off-diagonal
block, B in another, and C' diagonal, the Ty term in N(A + B + C) is non-vanishing only if A
and B together fill two of the three off-diagonal slots (with the third zero). Tp(g,0,h) = 0 and
To(gq,h,0) =0 and Tp(0,q,h) = 0 (trilinear in three arguments, zero when any is zero). So Tp
gives no contribution for two off-diagonal elements.

Verified conclusion: T(E;j(q), Exi(h), Emm) = 0 for ALL {i,5} # {k,1}, regardless of
whether m ¢ {k,l} or not.



Case (i): {i,j} = {k,1}, m = {1,2,3} \ {i,j}. Here A = E;;(¢q), B = Ej;j(h), C = Epp
with m ¢ {i,7}.

N(A+B+0O):am=1, z5=q+h. N =—anNo(z};) —a,,No(zi) — ...
More precisely: o, = 1, z;j = ¢ + h, all other aj, = 0 and other x,, = 0. From (2): N

—oz%’N@(x{i,j}) where m°P is the index opposite {i,j} (which equals m by assumption), so
N(A+ B+ C)=—Ng(q+h).

N(A+ B) =0 [no diagonal],
N(A+C)=-No(q) [am=1, zij =4,
N(B + C) = —N@(h) [O(m = 1, Tij = h],
N(A) = N(B) = N(C) = 0.
T = <[~No(g +5) ~ 0~ (~No(a)) — (~No(h)) +0+0+0)
= < [~lal? — 2Re(qh) — bl + laf? + 1]
= - (~2Re(qh)) = — Re(gh).

This proves case (ii).
Case (iii): m € {k,l}. Then «a,, = 1 does not appear as the coupling partner of zg; in (2)

(only m ¢ {k,l} gives a nonzero cross term). Hence N(A+ B+ C) = N(A+ C) = 0 and
N(B + C) = 0 for the same reason. 7' = 0. O O

Remark 2.2 (Democracy of the cubic form for different blocks). The above proof shows that
T(Eij(q), Exi(h), Emm) = 0 for ALL {7, 5} # {k,l}. The non-vanishing occurs only in the self-
coupling case {i,j} = {k,l}, where the result —%Re(qﬁ) depends on the octonion inner product
between the nuy, direction ¢ and the Higgs direction h.

3 Consequences for the Dirac Yukawa

3.1 Coupling to each nui generation

We now apply Theorem 2.1 to the physical Higgs VEV.

Proposition 3.1 (Higgs doublet coupling structure). With the SU(2)y Higgs doublet realised
as H = Eq3(h) in J3(0) (Addendum 39 Prop. 2.3), the trilinear couplings to each right-handed
neutrino are:

(i) T(E;i;j(q), E13(h), E11) =0 for all {i,j} and all g, h.

_1 7 iil —
(”) T(EU(Q)7E13(h)7E22) = { 3Re(qh) { 7J} ‘ {173}7
0 otherwise.
(iii) T(Eij(q), Ei3(h), Es3) = 0 for all {i, j} and all g, h.

Including the second Higgs component Eas(ha) (from Addendum 39), by linearity:

~jRe(gha) {i.j} = {2.3},

0 otherwise.

(iv) T(Eij(q), Baz(h2), E11) = {



(v) T(Eij(q), E2s(ha), E22) = 0 for all {i,j}.
(vi) T(E;j(q), Fas(hz), E33) = 0 for all {i,j}.

Proof. Ttems (i), (iii), (v), (vi): by Theorem 2.1 case (iii) since m € {k,l} (m =1 € {1,3} for
(i), m = 3 € {1, 3} for (iii), etc.).

Item (ii): {k,1} ={1,3}, m =2, m ¢ {k,l}. For {i,j} # {1,3}: T =0 by Theorem 2.1 case
(iii) (since there is no nonzero compatible-pair case by the proof above). For {i,j} = {1,3}:
case (ii) applies, giving —%Re(qﬁ).

Item (iv): {k,l} = {2,3}, m =1, m ¢ {k,l}. By the same argument, only {7,j} = {2,3}
gives a nonzero result. [ O

Remark 3.2 (The Yukawa matrix from the cubic form). Proposition 3.1 shows that the Eg
cubic trilinear form, evaluated on the physical Higgs doublet (E13(h1), Ea23(h2)) of Addendum 39,
produces a Dirac Yukawa matrix with the following structure:

e Only vg2 (a2, gen-2) receives a coupling from Ej3(h1), and only when v, is also in the
13 block (self-coupling, = —XRe(gh)).

e Only vr; (a1, gen-1) receives a coupling from FEas(hg), and only when vy, is also in the
23 block.

e vp3 (a3, gen-3) receives zero coupling from either Higgs component through the cubic
trilinear form.

3.2 The generation-3 gap

Proposition 3.3 (Generation-3 Yukawa zero from cubic form). There is no {i,5}, no ¢ € O,
and no Higgs element from the doublet H = Fq3(h1) + Eas(he) (with hy, hy € Q) such that

T(Eij(q), H, E33) 75 0

PTOOf. By PI‘OpOSitiOn 3.1(111)(Vi): T(Eij (q), Elg(h), E33) =0 and T(Eij (q), E23(h), E33) = 0 for
all {7,7} and all ¢, h. By linearity, T'(E;;(q), H, E33) = 0 for the full doublet H. O O

The structural reason: in the cubic norm (2), a3 (the gen-3 vg) is coupled to z12 (block
{1,2}) — the off-diagonal block not present in the Higgs doublet (Ei3, F23). A non-vanishing
coupling to Fs3 would require a Higgs VEV in the x5 slot, which carries quantum numbers
(3,2,7) under SU(3), x SU(2)r, — not an SM singlet and hence not the observed Higgs.

3.3 The self-coupling formula and the VEV-overlap mechanism

The only nonzero coupling from Proposition 3.1 is the self-coupling:

T(Ei(a), Bs(h), Bupmp) = —5Re(ah), (7

where m({i,j}) = {1,2,3} \ {¢,7}. This is the J3(0) counterpart of the Yukawa term vy Hvg
in the standard-model Lagrangian when vy, H, and vg are all in the same off-diagonal block —
meaning vy, and H live in the same x;; slot.

Setting ¢ = ep (nuy, in the real/ey direction) and h = hieg + hrey (general VEV direction in
the Higgs singlet subspace Ceg @ Cer):

1 - 1 1
T(Eij(€0)7 Eij(h), Em(zg)m(zg)) = —gRe(eoh) = —gRe(h) = —gho, (8)

where hg = Re(h) is the eg coefficient. The e; component of the Higgs drops out in this formula
because Re(e7) = 0.



Setting instead ¢ = e7 (nuy, in the ey direction):

1 - 1
T(Eij(er), Eij(h), Emgijymj)) = —§R€(€7h) = —gRe(ff?(hoeo — hrer)) = —-h7,  (9)
using erep = e7 (Re(e2) = —1; Re(ereg) = 0; wait: erh = er(ho—hrer) = hoer—hre2 = hoer+hr,
so Re(erh) = h7). Hence T(E;jj(er), Eij(h),...) = —%hs.
This shows: the e; component of the Higgs VEV couples to the e7 direction of the v slot,
with strength —3|h7].

Corollary 3.4 (VEV-overlap Yukawa formula). For the self-coupling configuration with vy, di-
rection ¢ = 1 € ST C O and Higgs direction h = v (W € S, v = VEV):

y o T(By(a), Ey(vi), Bum) = — Re(id) = —2 (i, b)o. (10)

The Yukawa coupling is thus the octonion inner product between the vy, unit direction u and the
Higgs unit direction w.

This corollary identifies the Yukawa coupling as a directional overlap in octonion space. If
w = e7 (the Higgs VEV in the e7 direction), the coupling is (u, e7)o = 7 (the ez-component of
a).

4 The gap: from democracy to hierarchy

4.1 The democracy theorem
Theorem 2.1 and Proposition 3.1 together establish the following.

Theorem 4.1 (Democracy of the cubic trilinear form). The J3(Q) cubic trilinear form T does

not by itself produce the Cabibbo-step Yukawa hierarchy (sin {3, sin %, 1). Specifically:

(i) The Yukawa coupling to vr 3 (o) is zero from the Higgs doublet (Eq3, Ea3) for any octonion
directions.

(i) The non-vanishing couplings are determined by the VEV-overlap formula yy o (tx, w)o
(Corollary 3.4), where Uy, is the unit vector of the k-th off-diagonal vy, slot and w is the
Higgs VEV direction.

(iii) The hierarchy yi : yo2 : y3 depends on the angles between Uy, U2 and the fived Higgs direction
w. These angles are not fived by the cubic form; they are independent degrees of freedom
in the Ga-orbit geometry of the J3(Q) off-diagonals.

Proof. (i) Proposition 3.3. (i) Corollary 3.4. (iii) The G orbit on (S%)3 has 4 continuous
parameters (Addendum 44 Theorem 5.1), which encode the PMNS mixing angles. The additional
angles between 4y and the Higgs direction w = e are not among these four PMNS parameters;
they are three new parameters (one per generation) not captured by the coset geometry. 0 [

4.2 Factored coupling: two-step derivation

The complete Dirac Yukawa derivation therefore splits into two steps:
Step 1 (proved here, Corollary 3.4):

Yk o< (U, er)m@o) = ()7,

where e; is the Ga-invariant Cabibbo direction (the vacuum axis fixed by the fold map, Ad-
dendum 44 Theorem 6.3), and @ € S% is the imaginary unit direction of the k-th generation’s
off-diagonal entry.



Step 2 (open, Section 5):

k
<ﬂk, 67) = Sin(lz;) s k= 1,2, <ﬂ3, 67> =1.

This would follow if the off-diagonal unit vectors make successive Cabibbo-step angles with er:
@y at angle (3 — &), 49 at (5 — 27), 43 = er.

The third generation condition @3 = e7 has a natural interpretation: the fold map (Paper 04,
Addendum 44 §6) selects ey as the Ga-invariant vacuum axis. If the third generation’s off-
diagonal direction is aligned with the vacuum azis, it couples maximally, giving y3 = 1. The
U3 = e7 assignment amounts to identifying the fold-map vacuum selection with the generation-3
“anchor”.

For generations 1 and 2, the angles (5 — k{;) from e7 are successive Weyl steps in the
G2/SU(3) coset. The Cabibbo angle 6 = Z is the minimal Weyl rotation projected onto S°
(Addendum 44 §5.1). If the three off-diagonal directions lie on a Ga-Weyl geodesic at step 1,
step 2, and step 7, then:

(11, e7) = sin{; ~ 0.2225,
(lig, e7) = sin3Z ~ 0.4339,
(U3, e7) = sim%r =1.
The jump from step 2 to step 7 (skipping steps 3-6) reflects the Cayley—Dickson doubling

structure: 7 Cabibbo steps of 7/14 reach 7/2, the exact boundary between H and H - ¢ in
O=HeoH-~

4.3 Numerical verification

Generation & Block km/14 sin(km/14) Status

1 12 /14 0.2225 Ansatz (Step 2 open)
2 x13 27 /14 0.4339 Ansatz (Step 2 open)
3 x93  Tm/l4d =m/2 1.0000 CD fold map (i3 = e7)

The step-7 value for generation 3 is the fold-map anchor. Steps 1-2 are Cabibbo-step struc-
ture at the Generation-1 and Generation-2 sectors. Steps 3-6 do not appear because the three
off-diagonal blocks of J3(Q) accommodate only three unit vectors, not seven.

5 Open problems
5.1 Step 2: Fixing the off-diagonal angles from G, geometry

The open problem left by this addendum is to derive:

N . (km
(tig, €7>Im(@) = Sin 14

from the Go Weyl structure of J3(0). The ingredients are:

1. The fold map selects e7 as the Ga-invariant direction (Addendum 44 Theorem 6.3; proved).

2. The Cabibbo angle ¢ = /14 is the minimal Gy Weyl step on S% (Addendum 44 §5.1;
proved).



3. The generation-3 identification 43 = ey (fold-map anchor; physically motivated, not de-
rived from a uniqueness theorem).

4. The claim that 44, 4g lie on the Go-Weyl geodesic from e7 at steps 1 and 2 (open; requires a
variational or symmetry argument selecting this particular geodesic among all 4-parameter
orbits of (5%)3/Gs).

A candidate derivation route: the three off-diagonal directions (112, @13, ti23) must simulta-
neously satisfy (a) the PMNS mixing angle constraints (from Addendum 44 coset geometry)
and (b) the Yukawa hierarchy constraint (ug,e7) = sin(kw/14). If these two constraints are
compatible and mutually selecting, they would fix all four coset parameters and thereby derive
both the PMNS angles and the Yukawa eigenvalues from the single Go-Weyl geodesic structure.
This is assigned as Phase 5a-ii of the completion roadmap.

5.2 Generation-3 coupling via x;,

Proposition 3.3 shows y3 = 0 from the Higgs doublet through the cubic form. Physically, y3 # 0
(the tau neutrino has nonzero Dirac mass). The coupling must therefore arise from one of:

(a) A VEV in the x19 slot (a second Higgs scalar or a flavon field in the (3, 2) representation
of SU(3). x SU(2)L).

(b) A higher-order (loop or effective-operator) coupling mediated by the x15 off-diagonal.

(¢) Reinterpretation of the generation labelling: if generation 3 corresponds to as rather than
ag (i.e. a permutation of the diagonal slots), then ys couples through the Fj3 Higgs at
strength —%, and generations 1, 2 couple via the Fo3 Higgs to a;.

Option (c) is the most natural within the current corpus: relabelling (o1, a2, @3) = (VR 3, VR2, VR,1)
places the strongest coupling at as <+ vg2 and distributes the Higgs couplings correctly. Un-
der this relabelling, the y; o (i, e7) formula of Corollary 3.4 applies to the generation-2 slot
directly. Whether this relabelling is forced by the Eg weight assignments of Addendum 48 is a
further open point.

6 Status table

Statement Status Reference
T(Eij(q), Exi(h), Emm) = 0 for {i,5} # {k,l} Proved Thm. 2.1(iii)
T(Eij(q), Eij(h), Emm) = —3Re(qh) Proved Thm. 2.1(ii)
Higgs doublet couples only to vp2 (and separately Proved Prop. 3.1

to vr1)

T'(-, Hyoublet, F33) = 0 for all inputs Proved Prop. 3.3
Yukawa = VEV overlap y o (lg, 0)o Proved Cor. 3.4
Democracy: cubic form gives equal coupling for all Proved Thm. 4.1

compatible configs

(t3,e7) =1 (gen-3 = fold map anchor) Motivated §4
(U, e7) = sin(kmw/14) for k =1,2 Open (5a-ii) §5
Gen-3 coupling route: 12 VEV, loop, or relabelling  Open 85
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7 Summary

Phase 5a of the seesaw programme asked: can the Cabibbo-step Dirac Yukawa eigenvalues
(sin 7, sin 27, 1) be derived from the J3(0) trilinear form?

The answer is: no, not directly, but the trilinear form determines the mechanism.

The key result is the democracy theorem (Theorem 4.1): T(E;;(q), Exi(h), Emm) = 0 for
all “compatible” off-diagonal pairs {i,j} # {k,l}, and equals —%Re(qﬁ) for the self-coupling
{i,j} = {k,1}. The non-vanishing coupling is thus a directional overlap (uy,e7) between the
generation-k off-diagonal unit vector and the Ga-invariant Higgs direction es.

This reformulates the conjecture precisely: the Cabibbo-step Yukawa hierarchy holds if and
only if the three off-diagonal unit vectors Uy, Ug, s lie on the Go-Weyl geodesic at Cabibbo steps
1, 2, and 7 from e7. The fold map fixes i3 = e7 (step 7). The open sub-problem (Phase 5a-ii)
is to fix u; and 4g at steps 1 and 2 from a uniqueness or extremal argument in the G2/SU(3)
coset.

A secondary result is that the generation-3 Yukawa y3 = 1 is not accessible from the standard
Higgs doublet through the cubic form (Proposition 3.3). This is a structural zero, not a fine-
tuning. The most natural resolution within the corpus is a relabelling of the vp diagonal slots.
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