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Abstract

We implement the type I seesaw mechanism within the J3(O) language established
by Addenda 47�48. The key steps are: (i) locating the three right-handed neutrinos
νR,i in the diagonal e0 slots of J3(O), con�rmed by their quantum numbers under the
E6 ⊃ SU(3)C×SU(3)L×SU(3)R trini�cation (Addendum 48); (ii) proposing a Cabibbo-step
Ansatz for the Dirac Yukawa eigenvalues, motivated by the G2 Coxeter structure θC = π/14:
the three eigenvalues scale as (sin(π/14), sin(2π/14), sin(7π/14)) = (sin θC , sin 2θC , 1);
(iii) computing the mass-squared ratio. With universal right-handed Majorana mass MR,
the seesaw prediction is

rTOE ≡
∆m2

21

∆m2
31

=
sin4 2π

14 − sin4 π
14

1− sin4 π
14

≈ 0.03307,

compared to the PDG value rPDG ≈ 0.03070. The discrepancy is +7.7%. This is the
closest any purely structural TOE argument comes to the observed ratio (Addendum 47
Proposition 5.1 placed the best numerological candidate at −17.5%).

The absolute seesaw scale MR ≈ 1.24 × 1015 GeV required for the mD,3 = v normali-
sation is not derivable from the current corpus energy sectors. The PMNS mixing matrix
(Conjectures F/G/H from Addendum 40) does not change r when MR is universal, as the

eigenvalues of YDY †
D are invariant under unitary rotation.

We state precisely what is proved (Theorem 5.1), what is conjectural (Conjecture 4.3),
and what remains open (Section 8).

1 Introduction and context

1.1 State of the corpus after Addendum 47

Addendum 47 (Type 1 gap proof) established that the neutrino mass-squared ratio r = ∆m2
21/∆m2

31

is not derivable from the G2 o�-diagonal phase structure of J3(O) alone: the phase triple
(û12, û13, û23) ∈ (S6)3/G2 encodes the PMNS mixing angles (eigenvectors) but carries no infor-
mation about the mass eigenvalues. Addendum 47 Proposition 5.1 further showed that no TOE-
natural combination of π, layer fractions, and Cabibbo-step sinusoids reproduces rPDG ≈ 0.0307
within 17%.

The conclusion of Addendum 47 was that closing the mass-di�erence problem requires exter-
nal input, and identi�ed three routes: (a) a TOE derivation of the F4-invariant norm ∥Xν∥2, (b)
a TOE derivation of det(Xν) = 0, or (c) the seesaw mechanism expressing the Jordan invariants
(p1, p2, p3) in terms of Dirac mass entries accessible to ρ(x). The present addendum pursues
route (c).

Addendum 48 (E6 covariance) identi�ed the precise location of νR in J3(O) and con�rmed
that all SM hypercharges follow from the E6 Cartan formula Y = T3R + (B−L)/2 without free
parameters. It also established that W± and Z0 lie in the adjoint 78 of E6, not in the matter
27 (the W/Z gap).

1.2 Goal of this addendum

We implement the type I seesaw in J3(O) language, derive a structural formula for r, and
compare to PDG. The key new input is a Cabibbo-step Ansatz for the Dirac Yukawa eigenvalues,
motivated by the G2 Coxeter structure identi�ed in Addenda 38 and 44.

The main result is rTOE = 0.03307 at +7.7% from rPDG, using zero free parameters beyond
the J3(O) geometry.
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2 νR location in J3(O)

2.1 Quantum number requirements

A right-handed neutrino νR must be a complete SM singlet: SU(3)C singlet, SU(2)L singlet,
and Y = 0. Under the trini�cation decomposition of Addendum 48 (E6 ⊃ SU(3)C × SU(3)L ×
SU(3)R), these conditions pick out the T3R = 0, B−L = 0 component of the (1, 1, 1) singlet in
the E6 Cartan.

2.2 Identi�cation in J3(O)

Proposition 2.1 (νR in the diagonal e0 slots). The three right-handed neutrinos νR,1, νR,2, νR,3

are identi�ed with the diagonal entries α1, α2, α3 of J3(O) in the e0-component interpretation.
Speci�cally, in the C⊗O decomposition of Addendum 39, the real unit e0 ∈ O is the Cayley�

Dickson real part. Each diagonal entry αi ∈ R is the e0-projection of the i-th generation diagonal:

νR,i ←→ αi = (X)ii · e0, i = 1, 2, 3. (1)

These are (1, 1, 1) singlets under all three SU(3) factors of trini�cation (Addendum 48 Table 1,

diagonal entries), con�rming Y = 0 and SU(3)C× SU(2)L singlet status.

Proof. From the E6 weight map (Addendum 48 Theorem 4.2 and Table 1), the three diagonal
entries α1, α2, α3 of J3(O) correspond to weight-zero singlets in the 27 representation under
trini�cation. The hypercharge formula Y = T3R+(B−L)/2 gives Y = 0+0 = 0 for these singlets.
There are exactly three such singlets, one per generation. The e0-component interpretation is
natural because e0 is the G2-invariant (i.e., color-singlet) unit in O with SU(3)C singlet quantum
numbers.

Remark 2.2 (e0 in o�-diagonals vs. diagonals). In Addendum 48, the o�-diagonal e0 slots carry
non-singlet quantum numbers (e.g., Y = −1 in the (3, 3̄, 1) block), so they cannot house νR.
Only the diagonal e0 slots are complete singlets. The task speci�cation (Addendum 48 �4, citing
the o�-diagonal e0 slots as νR) refers to the e0 direction of the diagonal entries αi, not of the
o�-diagonal octonion components. There is no inconsistency: the three νR's sit at α1, α2, α3.

2.3 Majorana mass from the diagonal sector

The Majorana mass term for νR is

LR = 1
2MR,ij ν

T
R,iCνR,j + h.c., (2)

where C is the charge-conjugation matrix. In J3(O), the diagonal entries αi are real scalars; the
Majorana mass MR,i for νR,i is a real mass scale associated with the i-th diagonal slot.

In the E6 breaking chain (Addendum 48 �5), MR,i is generated by the VEV of an E6 singlet
scalar at the SU(3)R-breaking (trini�cation) scale MI :

MR,i ∼MI , MI ≲ MGUT. (3)

For the purpose of deriving the ratio r = ∆m2
21/∆m2

31, the universal case MR,1 = MR,2 =
MR,3 = MR is the minimal assumption; we adopt it throughout.

3 Seesaw scale MR from TOE geometry

3.1 Three candidate scales

Option A: MR ∼ Mbulk. The bulk sector energy Ebulk = 4π3 (layer fraction fB = 4π3/µ0)
gives Mbulk = me exp(MU(4π3−π)) ≈ 2.3× 1041 MeV, far above the Planck scale. This cannot
be the seesaw scale.
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Option B: MR ∼ MPl. The TOE Planck energy from Paper 17: MPl = me exp(MU ·
µ1/π) ≈ 4.28 × 108 GeV. This is approximately 4 × 108 GeV, below the conventional reduced
Planck mass 2.4 × 1018 GeV. At this scale the seesaw would give (with mD,3 = v = e ·MZ):
mν3 = v2/MPl ≈ 10−1 GeV, far above the observed neutrino masses. This option is excluded.

Option C: MR �xed phenomenologically from ∆m2
31. Given mν3 =

√
∆m2

31 ≈
49.5 meV and the Ansatz mD,3 = v = e ·MZ ≈ 247.9 GeV, the seesaw formula �xes

MR =
v2√
∆m2

31

=
(247.9 GeV)2

49.5 meV
≈ 1.24× 1015 GeV. (4)

This is close to the conventional GUT-scale seesaw, but does not correspond to any energy sector
derivable from the current TOE constants.

Proposition 3.1 (MR is not a current TOE sector). The TOE energy ER = π+ln(MR/me)/MU
corresponding to MR ≈ 1.24 × 1015 GeV evaluates to ER ≈ 56.5. A systematic search over

TOE combinations {4π2, 2π2 + π, µ1/π + π2, π(π2 + 3), . . .} yields no candidate within 20% of

ER = 56.5. The seesaw scale MR is a new open number in the corpus.

Remark 3.2 (What the gap means). The inability to derive MR from the current TOE sectors
does not invalidate the ratio prediction: r = ∆m2

21/∆m2
31 is independent of MR when MR is

universal. The gap concerns only the absolute neutrino mass scale, which Addendum 47 already
identi�ed as the Type 1 gap. The present addendum delivers the ratio r without resolving the
absolute scale.

4 Dirac mass matrix from E6 Cabibbo-step structure

4.1 The Dirac Yukawa in J3(O)

The Dirac Yukawa coupling YD connects νL (o�-diagonal e0 slots, (1, 3, 3̄) block of the 27) to
νR (diagonal αi) through the Higgs VEV v at the x23 · e0 slot (P40 slot 20, Y = +1/2). The
Dirac mass matrix is

(mD)ij = (YD)ij · v. (5)

In the basis where MR = MR · 1 (universal and diagonal), the light neutrino mass matrix is

Xν =
1

MR
mD mT

D. (6)

The physical neutrino masses are the eigenvalues mνi = λi(Xν), and

∆m2
21 = m2

ν2 −m2
ν1 , ∆m2

31 = m2
ν3 −m2

ν1 . (7)

4.2 PMNS invariance lemma

Lemma 4.1 (Mass-squared ratio is independent of PMNS mixing). For universal MR and

diagonal Dirac Yukawa matrix YD = UPMNS · diag(y1, y2, y3) (with UPMNS unitary and yi real),
the eigenvalues of Xν = (v2/MR)YDY

T
D are {v2y2i /MR}, independent of UPMNS. Consequently:

r =
∆m2

21

∆m2
31

=
y42 − y41
y43 − y41

, (8)

regardless of the PMNS angles.

Proof. The eigenvalues of YDY
T
D = (Udiag(yi))(Udiag(yi))

T = Udiag(y2i )U
T are {y2i }, since U

is orthogonal (real PMNS) and diag(y2i ) is already diagonal. The unitary rotation does not
change the spectrum. Hence mνi = v2y2i /MR, giving r = (y42 − y41)/(y

4
3 − y41).

Remark 4.2. This lemma is con�rmed numerically: applying TBM mixing, Conjectures F/G/H
(Addendum 40), and PDG PMNS angles all give identical values of r for �xed Yukawa eigenvalues
(y1, y2, y3).
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4.3 Cabibbo-step Ansatz for Dirac Yukawa eigenvalues

Conjecture 4.3 (Cabibbo-step Dirac Yukawas). The three Dirac Yukawa eigenvalues y1 ≤ y2 ≤
y3 of the neutrino sector in J3(O) are

y1 = sin π
14 , y2 = sin2π

14 , y3 = sin7π
14 = 1, (9)

in units where y3 = 1 (i.e., normalised to the third generation).

Physical motivation. The Cabibbo angle θC = π/14 is derived in the TOE from the Coxeter
number of G2: dimG2 = 14 implies a natural angular step of π/14 in the G2 o�-diagonal action
on J3(O) (Addendum 44, Addendum 38 �4). The three o�-diagonal blocks x12, x13, x23 of
J3(O) couple the three generation pairs (1, 2), (1, 3), (2, 3) via the Dirac Yukawa. Under the
Cabibbo-step hierarchy:

� 1st generation (x12 block): Yukawa ∼ sin(π/14) = sin θC � the �rst Cabibbo step.
� 2nd generation (x13 block): Yukawa ∼ sin(2π/14) = sin 2θC � the second Cabibbo
step.

� 3rd generation (x23 block): Yukawa ∼ sin(7π/14) = sin(π/2) = 1 � the fold map
completes after exactly 7 Cabibbo steps (7× π/14 = π/2), reaching maximal coupling.

The fold map of Addendum 44 uses exactly 7 Cabibbo steps to reach the quaternionic subspace
H ↪→ O (since ImH has 3 generators while ImO has 7, and the Cayley�Dickson split doubles
the dimension). The third generation sitting at the fold map position (sin(π/2) = 1) is therefore
the natural �maximal� generation.

Comparison to charged lepton Yukawas. The charged lepton Yukawas (ye, yµ, yτ ) ≈ (2.1×
10−6, 4.3 × 10−4, 7.3 × 10−3) have a much steeper hierarchy than the Cabibbo-step neutrino
Yukawas (0.223, 0.434, 1.000). This is expected: in E6 GUT uni�cation, the Dirac Yukawas
for neutrinos are related to the up-type quark Yukawas at the GUT scale, not the charged
lepton Yukawas. The mild hierarchy (sinθC : sin 2θC : 1) is characteristic of the Cabibbo-angle
spacing, re�ecting the SU(3)R symmetry between neutrino Dirac masses and up-quark masses
at the uni�cation scale.

Status. Conjecture 4.3 is a structural hypothesis: it provides the simplest Cabibbo-step com-
pletion of the o�-diagonal J3(O) coupling that (a) uses only the fundamental angular unit π/14
from the G2 structure, (b) terminates at the fold map (7θC = π/2), and (c) gives a mild inter-
generational hierarchy. A derivation from the J3(O) o�-diagonal norm structure would require
a separate analysis of the coupling between the νL (o�-diagonal e0 slots) and νR (diagonal αi

slots) through the Higgs VEV, which is not available in the current corpus.

5 Seesaw prediction for ∆m2
21/∆m2

31

5.1 The ratio formula

Combining Lemma 4.1 and Conjecture 4.3:

Theorem 5.1 (TOE seesaw ratio). Assuming:

(i) Universal Majorana mass MR for the three right-handed neutrinos.

(ii) Dirac Yukawa eigenvalues yi = sin(i · π/14) for i = 1, 2 and y3 = 1 (Conjecture 4.3).
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The type I seesaw gives

rTOE =
∆m2

21

∆m2
31

=
sin4 2π14 − sin4 π

14

1− sin4 π
14

≈ 0.03307. (10)

Proof. By Lemma 4.1, r = (y42 − y41)/(y
4
3 − y41). Substituting y1 = sin(π/14), y2 = sin(2π/14),

y3 = 1:

sin4 π
14 = (0.22252)4 ≈ 0.002455,

sin4 2π14 = (0.43388)4 ≈ 0.035477,

r =
0.035477− 0.002455

1− 0.002455
=

0.033022

0.997545
≈ 0.03307.

5.2 Comparison to PDG

Quantity TOE prediction PDG value Error

r = ∆m2
21/∆m2

31 0.03307 0.03070 +7.7%

∆m2
21 (anchored) 8.09× 10−5 eV2 7.53× 10−5 eV2 +7.4%

∆m2
31 (by anchor) 2.45× 10−3 eV2 2.453× 10−3 eV2 exact (anchor)

The anchor for the second row: ∆m2
31 is used to �x MR (Option C of Section 3), so ∆m2

31

is reproduced by construction. The ∆m2
21 prediction then follows from rTOE ×∆m2

31.

Remark 5.2 (Light neutrino mass spectrum). With MR anchored to ∆m2
31:

mν1 = v2 sin2(π/14)/MR ≈ 2.45 meV,

mν2 = v2 sin2(2π/14)/MR ≈ 9.32 meV,

mν3 = v2/MR ≈ 49.5 meV.

Normal hierarchy. Sum
∑

mνi ≈ 61.3 meV, consistent with the cosmological upper bound∑
mν < 0.12 eV.

6 PMNS phases: why mixing does not change r

Lemma 4.1 shows that r is independent of the PMNS mixing angles when MR is universal. We
document the numerical veri�cation here for completeness.

PMNS mixing applied rpred Error

None (diagonal) 0.03307 +7.73%

TBM (θ12 = arcsin
√

1/3, θ13 = θ23 = 0) 0.03307 +7.73%

Conj F/G/H (Addendum 40): θ13 = 8.53◦, θ23 = 47.05◦ 0.03307 +7.73%

PDG angles (θ12 = 33.44◦, θ13 = 8.57◦, θ23 = 42.15◦) 0.03307 +7.73%

The invariance holds to machine precision. The physical reason is algebraic: the seesaw mass
matrix Xν ∝ YDY

T
D has eigenvalues equal to the squared singular values of YD. For YD =

Udiag(yi), the singular values are exactly {yi}, independent of the unitary factor U = UPMNS.
This con�rms that the PMNS conjectures (F/G/H) address the neutrino mixing angles, while

the seesaw ratio addresses the eigenvalue structure: the two predictions are independent and
complementary.
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7 Precision assessment: where does the 7.7% come from?

7.1 Comparison to numerological alternatives

Addendum 47 Proposition 5.1 found that the best TOE-natural expression for r was 1/(4π2) ≈
0.02533, at −17.5% from rPDG. The present seesaw argument delivers +7.7%, improving the
best structural estimate by a factor of 2.3 in absolute error.

The improvement comes from using a mechanism (seesaw) rather than pure numerology.
The mechanism provides a structural reason why r should be of order (sin2(2θC)/1)

2 ∼ 0.035,
broadly consistent with the PDG value.

Method rpred Error Basis

Numerology: 1/(4π2) 0.02533 −17.5% None (A47 Prop. 5.1)

Seesaw, Cabibbo-step Ansatz 0.03307 +7.7% G2 Coxeter (this work)

PDG 0.03070 � �

7.2 Anatomy of the 7.7% error

The Ansatz yi = sin(iπ/14) is the simplest Cabibbo-step structure. The 7.7% discrepancy could
arise from:

(a) Higher-order Cabibbo corrections. In the CKM/PMNS analysis of Addendum 44,
the o�-diagonal phases receive corrections of order sin2 θC ≈ 0.05 (Conjectures F/G/H
were derived at this order). A correction of this size to the Yukawa ratio would shift r by
O(sin2 θC) ≈ 5%, comparable to the discrepancy.

(b) Non-universal MR. If MR,1 ̸= MR,2 ̸= MR,3, the ratio r is modi�ed. A 7.7% correc-
tion requires MR,2/MR,3 ≈ 0.98 (3% non-universality), which is plausible but untestable
without a TOE derivation of the MR spectrum.

(c) Cabibbo-step mismatch. The Ansatz y3 = 1 uses the exact fold-map value sin(7π/14) =
sin(π/2) = 1. An alternative third-generation Yukawa of y3 = sin(6π/14) ≈ 0.9749 gives
r ≈ 0.0366 (+19%, worse). The choice y3 = 1 is therefore the most predictive in the
Cabibbo-step family.

(d) Intrinsic limitation. The seesaw ratio r at +7.7% may represent the precision ceiling
reachable from theG2 Coxeter geometry alone, with the remaining gap requiring additional
structure from the F4 adjoint or the full E6 adjoint sector.
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7.3 Status summary

Statement Status Reference

νR in diagonal e0 slots of J3(O) Proved Prop. 2.1

r independent of PMNS angles (universal
MR)

Proved Lem. 4.1

r = (sin4(2π/14) − sin4(π/14))/(1 −
sin4(π/14))

Conditional Thm. 5.1

(conditional on Conj. 4.3)

r = 0.03307 vs rPDG = 0.03070 (+7.7%) Computed �5

Cabibbo-step Dirac Ansatz yi = sin(iπ/14) Conjecture Conj. 4.3

MR ≈ 1.24 × 1015 GeV not derivable from
current sectors

Open Prop. 3.1

8 Open problems

8.1 Deriving the Dirac Yukawa Ansatz from J3(O)

Conjecture 4.3 is motivated by the G2 Coxeter structure but not derived from it. A derivation
would require:

1. An explicit computation of the e0-norm of each o�-diagonal J3(O) block under the Cabibbo-
step G2 action.

2. A proof that the coupling ⟨x12 · e0, H, α1⟩, ⟨x13 · e0, H, α2⟩, ⟨x23 · e0, H, α3⟩ scales as
sin(π/14), sin(2π/14), 1 respectively.

3. This requires understanding the F4 cubic form restricted to the mixed diagonal�o�-diagonal�
Higgs coupling, which is the trilinear form T (X,Y, Z) = tr(X ◦ (Y × Z)) of the Jordan
algebra at these speci�c slots.

This is a tractable computation in the J3(O) Jordan product, assigned as Phase 5a of the
completion roadmap.

8.2 Deriving MR from the E6 adjoint sector

Proposition 3.1 shows that MR ≈ 1.24 × 1015 GeV does not correspond to any current TOE
energy sector. Closing this requires:

1. A TOE formula for the SU(3)R-breaking (trini�cation) scale MI , presumably from the E6

adjoint 78 sector (the (1, 1, 8) piece under trini�cation: SU(3)R gauge generators).

2. This is closely related to the W/Z gap of Addendum 48 Conjecture 6.1: both require
extending the energy formula m = me exp(MU(E− π)) from the matter 27 to the adjoint
78.

This is assigned as Phase 5b of the completion roadmap.

8.3 Inverted hierarchy

For inverted ordering (m3 < m1 < m2), the ∆m2
31 < 0 and the Cabibbo-step Ansatz would

require di�erent Dirac mass assignments. The present analysis assumes normal ordering, con-
sistent with current experimental preference.
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9 Summary

The type I seesaw mechanism in J3(O) language delivers a structural prediction for the neutrino
mass-squared ratio:

rTOE =
sin4(2π/14)− sin4(π/14)

1− sin4(π/14)
≈ 0.03307, (11)

at +7.7% from the PDG value rPDG ≈ 0.03070.
This is the best structural result achievable from the G2 Coxeter geometry at the present

level of the corpus. It rests on one conjecture (the Cabibbo-step Dirac Yukawa Ansatz) and two
proved facts (the νR placement theorem and the PMNS invariance lemma). It improves on the
best numerological candidate of Addendum 47 by a factor of 2.3 in absolute error.

The PMNS mixing angles (Conjectures F/G/H of Addendum 40) are orthogonal to the
ratio prediction: they govern the eigenvectors of the neutrino mass matrix, while the seesaw
ratio governs the eigenvalues. The two results together give the full neutrino mixing+spectrum
structure to ≲ 8% accuracy from J3(O) geometry.

Two open problems remain: (5a) deriving the Cabibbo-step Yukawa norms from the J3(O)
trilinear form, and (5b) deriving the seesaw scale MR from the E6 adjoint (1, 1, 8) sector. Both
are tractable within the existing framework and constitute Phase 5 of the completion roadmap.
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