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Abstract

Addendum 47 proved the harmonic diagonal theorem px = Try, () (Xsee © Dy) for all
k > 0, but identified a surviving tautology: X = diag(m, 72,47%) was defined so that its
diagonal entries are the sector energies FE., E,, E, making the trace identity Tr(Xgec) = 1o
structurally empty.

The present addendum supplies the missing independent motivation. The main result
is:

Theorem 4.1. X is the unique self-adjoint element of J3(0) whose Peirce 1-
eigenspaces coincide with the three TOE sector subspaces and whose eigenvalues
equal the sector energies E, = 7, E, = 72, Ep = 473 uniquely determined by
the TOE density p(x).

The sector energies are derived from p by an independently motivated integration pro-
cedure (§2); the identification of sector subspaces with Peirce 1-eigenspaces follows from the
TOE geometry of the three cells S, S2, B* (§3). Together these two inputs determine Xgee
without postulation.

We further show (§5) that the Peirce center matrix K = diag(2/3,3/4,4/5) is the mean-
coordinate matriz of p: each diagonal entry K;; = (z),, is the mean of the bulk-depth
coordinate z under the i-th sector density. This is structurally determined by p with no
additional input.

Consequences for Conjectures B and D are reframed as spectral-log statements (§6). The
logarithm entering the mass ratio formulas is traced to the exponential map in the TOE
mass formula (§7).

The honest remaining gap is stated precisely (§8): the uniqueness argument closes the
tautology but not the full structural claim; a Gs-orbit proof that the sector-idempotent
bijection is the only natural identification remains open (OP-B-T2).

1 Introduction

1.1 The tautology identified in Addendum 47

Addendum 46 reformulated Conjecture B as m;/m. = Tr z,(0)(Xsec) and Conjecture D as Ey =
In(Tr(X;))/MU, where

Xyeo = ding(m, 72, 47%), X = diag (%, 37, 1527 (1)

Addendum 47 proved that these elements generate the full moment hierarchy of p(x):

L = /0 a:kp(x) dx = TrJg((O))(Xsec ODk)v Dy, = dlag(k +92 k+3 k +4> . (2)

But Addendum 47, Proposition 5.1(a) exposed the tautology: Xgec was defined to have eigenval-
ues E, Ey, Ep, so the identity Tr(Xgec) = po merely recapitulates the definition. The theorem
(2) is exact, but its k = 0 case is empty unless X has an independent derivation.

1.2 What an independent derivation requires

To close the tautology, two ingredients must each be derived from the TOE independently of
the identity Tr(Xsec) = po:

(a) The eigenvalues: E, = 7, E, = 7%, Eg = 4r3 are uniquely determined by the TOE

density p via a canonical integration procedure that does not reference Xgec.

(b) The eigenvectors: The three Peirce idempotents ey, ez, e3 of J3(Q) correspond to the
three TOE sectors (S!/edge, S%/boundary, B*/bulk) via the TOE geometry of the Hopf
fibration, independently of the eigenvalue assignment.



Given (a) and (b), the spectral decomposition Xgee = Fe €1 + Ep ez + Epeg is forced: it is the
unique element of V; = span{ey, e, e3} C J3(0) with the sector energies as eigenvalues and the
sector idempotents as eigenvectors. Sections 2 and 3 supply (a) and (b) respectively.

1.3 Constants and conventions

o = 473 + 7% + 7 = 137.036 304, (3)
pp = 1022 4 372 4 20 — 108,716 684, (4)
MU = pu1/pp = 0.793 342, (5)

The TOE monad density is p(x) = 27z + 37222 + 167322 on [0, 1]. The sector powers are ny = 1
(edge), na = 2 (boundary), ng = 3 (bulk). The Jordan algebra J3(Q) has rank 3, dimension 27,
automorphism group Fy, and reduced structure group containing Go. The diagonal subspace
Vi = {diag(a, a2, a3)} = R3 is the Zs-fixed locus (Addendum 44, §3.2); G5 acts trivially on V;.

2 Sector energies are uniquely determined by p

2.1 The three-sector decomposition of p

The TOE density p(x) on [0,1] decomposes into three sector contributions (Addendum 36,
Theorem 3.1):

p(x) = pe(x) + po(x) + pB(2), (6)
where each sector density is determined by its cell dimension n;:
pe(x) = (N1 +1)cex™ =2mx (edge sector, S, ny = 1), (7)
pp(x) = (ng + 1) cp 2™ = 31° 2 (boundary sector, S%, ny = 2), (8)
pB(z) = (ng + 1) cp 2™ = 167° 2 (bulk sector, B, ng = 3). (9)

The coefficients ¢, = 7, ¢, = 7%, cg = 4w are the standing-wave amplitudes of each sector,
fixed by the Hopf-fiber geometry of S3 C B* (Addendum 36, Definition 2.1). Each normalized

(m) (x) = (n; + 1) 2™ integrates to 1.

sector density p;

Definition 2.1 (Sector energies). The energy of sector i is the integral of its sector density:

1 1
E; = / pi(x)der = ci/ (n; +1) 2" dox = ¢;. (10)
0 0

Explicitly: E, =, By = 7%, Eg = 4n3.

Proposition 2.2 (Sector energies are uniquely determined by p). The triple (E., Ey, Ep) =
(7,72, 473) is uniquely determined by p and the sector decomposition (6), with no free parame-
ters: the sector powers n; are the cell dimensions, and the amplitudes ¢; = E; are the coefficients
of ™ /(n; + 1) in p.

Proof. The densities p; oc 2™ have distinct monomial degrees n; € {1,2,3}. The coefficient of

2™ in p uniquely determines (n; + 1) ¢;, hence ¢; = E;. O

Remark 2.3 (No circularity). Definition 2.1 extracts E; from p by reading off the coefficient
of 2™ in p and dividing by (n; + 1). No reference is made to Xgec or to pg. The identity
Tr(Xsec) = o will follow as a theorem once the bijection of §3 is in place.

Proposition 2.4 (Trace identity from sector energies). E. + E, + Eg = pp.

Proof. fol p= fol Pe + fol Py + fol p = FE.+ Ey+ Ep and fol p = o by definition of 1y (Adden-
dum 36, Definition 2.1). O



3 Sector-idempotent identification

3.1 Peirce decomposition of J3(0)

The exceptional Jordan algebra J3(Q) contains a Jordan frame {e1,e2,e3} of primitive idem-
potents with e; o e; = €;, e;0ej =0 (i # j), and e; + e2 + e3 = 1. For the standard diagonal
realization e; = Ej;.

The Peirce decomposition relative to {ej, e, e3} is

3
J3(0) =P 10)ue P J50);, (11)
i=1

1<i<j<3

where J3(0);; = Re; (the Peirce 1-eigenspace of Le,) and J3(0);; = O for i # j.

3.2 TOE sector geometry

The TOE places three geometric sectors in correspondence with the three cells of the Hopf
manifold $% ¢ B*:

e Edge sector (e): S! fiber (circle, dimension 1). Gauge symmetry U(1)y.
¢ Boundary sector (b): S3 boundary (3-sphere, dimension 3). Gauge symmetry SU(2)y.
e Bulk sector (B): B* interior (4-ball, dimension 4). Gauge symmetry Gs.

The three sectors are distinguished by their cell dimension, gauge group, sector energy, and
sector fraction F;/up. No two sectors share any of these four invariants.
3.3 Sector-idempotent bijection

Definition 3.1 (Sector-idempotent bijection). The canonical bijection between TOE sectors
and Jordan frame idempotents is:

edge sector <— e, (12)
boundary sector «— es, (13)
bulk sector <— eg. (14)

Proposition 3.2 (Bijection is determined by Ga-orbit structure). The bijection (12)-(14) is
the unique identification consistent with all three of:

(1) G orbit nesting. Go D SU(3) D SU(2) D U(1) acts on the off-diagonal blocks of J3(0)
in order J3(Q)12, J3(Q)as, J3(Q)13 (Addendum 44, Proposition 3.2).

(ii) Gauge-group assignment. The Zs decomposition (Addendum 44, §3.2) gives each di-
agonal position e; a residual gauge stabilizer: e; <> U(1), ea > SU(2), e3 <> Gs.

(iii) Dimension-to-stabilizer-rank correspondence. The sector-power ordering ny < ng <
n3 (i.e., 1 < 2 < 3) malches the rank ordering of the gauge stabilizers rk(U(1)) <
tk(SU(2)) < rk(Ga) (ie., 1 <1 < 2), and the sector cell dimensions 1,3,4 are non-
decreasing in the same order.

Any permutation of the bijection violates (i1i) for at least one pair.

Proof. By (ii), the assignment of gauge stabilizers to diagonal positions is fixed: e; «» U(1),
e <> SU(2), es <> Go (follows from the Zs structure, Addendum 44). By (iii), the sector of
U(1) type has the lowest dimension and sector power; the only sector with n; = 1 and gauge
group U(1) is the edge sector. Similarly for boundary (ny = 2, SU(2)) and bulk (n3 = 3, Ga).
The bijection (12)-(14) is the unique ordering consistent with (i)—(iii). O



Remark 3.3 (T2 uniqueness — open). Proposition 3.2 establishes the bijection as the natu-
ral one given the constraints (i)-(iii). A stronger result (call it T2) would prove that no Fj-
automorphism of J3(Q) permutes the Jordan frame while preserving the Go gauge-stabilizer as-
signment. T2 would make the bijection an algebraic theorem rather than a natural-correspondence
argument. T2 is open (OP-B-T2, see §8).

4 X . uniqueness from eigenvalue and eigenvector data

Theorem 4.1 (X is the unique canonical sector element). Let the bijection (12)—(14) hold.
Then the element

Xeec = Ece1 + Eyey + Eges = mey + 2 ey + 473 e3 = diag(m, 72, 47°) € Vy € J3(0)  (15)
is the unique self-adjoint element of V1 satisfying:

(a) Its eigenvalues in the spectral decomposition with respect to {e;} are the sector energies
FEe, Ey, Ep of Definition 2.1.

(b) Its Peirce 1-eigenspaces J3(Q);; = Re; correspond to the TOE sectors via the bijection
(12)-(14).

Proof. A self-adjoint element of V7 = R? is determined by a triple (A1, A2, A3). Condition (b)
requires the i-th coefficient to multiply e;, which is the idempotent for sector i. Condition (a)
requires \; = F; for each sector ¢. By Proposition 2.2, F; is uniquely determined by p, so the
triple (A1, A2, A\3) = (Ee, Ey, E) is forced. O

Corollary 4.2 (Tr(Xsec) = po is a theorem). Tr j, ) (Xsec) = Ee + By + Ep = po = a~l, where
the equality > E; = uo is Proposition 2.4, not a definition.

Remark 4.3 (Contrast with prior postulation). In Addenda 36-47, X = diag(m, 72, 473) was
introduced by writing down the sector energies. The tautology: Tr(Xsec) = po because both
sides equal 7 + 72 + 473 by construction.

Corollary 4.2 replaces this by a two-step argument: (1) E., Ep, Ep are extracted from p via
Definition 2.1, independently of Xgee; (2) the bijection (12)-(14) forces Xgee to have these as
eigenvalues; then Tr(Xge) = po follows from linearity of the trace and Proposition 2.4.

5 K as mean-coordinate matrix of p

The Peirce center matrix K = diag(2/3, 3/4, 4/5) appeared in Addendum 46 as the element
mediating the factorization X; = Xgec0 K, and in Addendum 47 as the k = 1 harmonic diagonal
D;. We now show it is intrinsically determined by p.

Definition 5.1 (Mean coordinate of a sector density). For sector ¢ with normalized density

pgn)(x) = (n; + 1) 2™, the mean coordinate is

1 1
. n; +1
K; = <$>p§n) = /0 xpgn)(z:) dr = (n; + 1)/0 D m
Proposition 5.2 (K is the mean-coordinate matrix). With sector powers ny = 1, ng = 2,
"y =5 2 3 4
S Ky=S, K3=-. 17
R (17)
Thus K = diag(Ky, Ko, K3) is identically the Peirce center matriz. Its entries are determined
by the sector powers n; alone, with no additional input.

K =



Proof. Direct substitution of n; € {1,2,3} into (16). O

Corollary 5.3 (y is the sector-energy mean under K-weights). 1 = Tr(Xeco K) =, B K;.
This is the first moment fol x p(x) dx = py, where the K; weights are the sector mean coordinates.

Remark 5.4 (All Dy, are intrinsic to p). By Addendum 47, Lemma 3.1: (Dy); = fol xkpgn) (x)dx =
(ni +1)/(k+mn; +1). Each harmonic diagonal Dy is determined by the sector powers n; and
order k; the full family {Dy}x>¢ is structurally grounded in p with no free parameters.

6 Conjectures B and D as spectral-log statements

6.1 Reframing via canonical J;(0) data

Theorem 4.1 and Corollary 4.2 establish g = Tr(Xsec) as a structural fact. The conjectures can
now be stated in terms of canonical J3(Q0) spectral data alone.

Definition 6.1 (Spectral log of Xsec). The spectral log of Xgsec is In(Tr(Xgec)) = In(up). The
K -weighted spectral log is In(Tr(Xgee © D1)) = In(Tr(Xgee © K)) = In(pq).

Proposition 6.2 (Conjectures B and D as spectral-log statements).

In (Tr(Xgee
Cong. B: my/me = Tr(Xgec) = exp (MU : n(;/([U))> ; (18)
.  In(Tr(Xsee © K))
Conj. D: Egq= Yiii . (19)

Proof. Corollary 4.2 gives Tr(Xgec) = po; Corollary 5.3 gives Tr(Xgee © K) = p1. Substituting
into m¢/me = po and Eg = In(p1)/MU (Addendum 46, Propositions 3.2 and 4.3) gives (18) and
(19). O

Remark 6.3 (Interpretation). Conjecture B asserts the top/charm mass ratio equals the J3(Q)
trace of the canonical sector element: the total monad charge pg. Conjecture D asserts the down
quark energy is the K-weighted spectral log of X scaled by 1/MU. Both are statements about
the spectrum of X in J3(0), filtered by the intrinsic harmonic diagonal.

6.2 The GO_GI link

The exact identity Go — G1 = —In(MU) /MU (Addendum 46, Theorem 5.1) reads in spectral-log
language as:
In(Tr(Xeee)) — In(Tr(Xeee © K))  In(Tr(Xgee) /Tr(Xsec © K))

Go— Gy = it - G : (20)

This is the spectral-log gap: the logarithm of the ratio of the unweighted to K-weighted traces
of Xgec, normalized by MU. If Conjecture B is structural, Conjecture D follows if and only if
—In(MU)/MU has a J3(0)-intrinsic interpretation.

7 The logarithm from the mass formula exponential map

The presence of In(Tr(Xse)) in the mass ratio formula rather than Tr(Xge.) directly is a conse-
quence of the exponential structure of the TOE mass map.



7.1 The TOE mass formula

The mass formula (Addendum 36, Theorem 5.1) maps energies to masses:

T~ exp(MU (E — E,)). (21)

Me

This is an exponential map from the additive energy space to the multiplicative mass-ratio space.

7.2 Why In(uy) appears
For the top/charm ratio:

T — exp(MU(E; — 1)) [exp(MU(E, — 7))] " = exp(MU(E; — E,)). (22)

me
Conjecture B asserts m;/m. = po = Tr(Xgec). Under the exponential map this is equivalent to:

ln(Tr(XseC))
MU '

The logarithm is the pre-image of the trace under the mass map.

E,—FE,= (23)

Proposition 7.1 (Logarithm as exponential pre-image). Let ®(E) = exp(MU(E — 7)) be the
TOE mass map. Then ®1(r) =7 + In(r)/MU. The top energy predicted by Conjecture B is:

ln(Tr(Xsec)) '

E,=F
t c+ MU

(24)
In words: Ey is obtained from E. by adding the pre-image of Tr(Xgec) = po under the mass map,
with the baseline offset w cancelled by the charm-reference.

Proof. ® (uo) — 7 = In(po)/MU. Combined with m;/m. = ®(E;)/®(E.) = exp(MU(E; — E.))
gives By — E. = In(uo) /MU = In(Tr(Xse))/MU. O

Remark 7.2 (Conjecture D analogously). Conjecture D: Ey = In(u)/MU = In(Tr(Xgec ©
K))/MU. This says the down energy is the pre-image of 1 = Tr(Xgec © K) under the mass map,
normalized to the edge-sector baseline E, = m: Eg = ® (1) — 7 = In(u1)/MU.

Remark 7.3 (Logarithm as information). The quantity In(Tr(Xse)) = In(uo) is the self-
information of the total monad charge po under the natural logarithm. In the exponential mass
map, energy differences correspond to mass ratio logarithms. The fact that E;—E. = In(uo)/MU
is saying: the top-to-charm energy gap is the information content of the full spectral normaliza-
tion of Xgec, scaled by the inverse mass-map slope.

8 The honest remaining gap

8.1 What has been established
The argument of §§2-7 establishes:

(a) Sector energies E., Fy, Ep are uniquely extracted from p without reference to Xgec (Propo-
sition 2.2).

(b) The sector-idempotent bijection is motivated by Gae-orbit structure and dimension-to-
stabilizer-rank correspondence (Proposition 3.2).

(c) Given (a) and (b), Xec is uniquely determined (Theorem 4.1).

(d) Tr(Xsec) = 1o is a theorem, not a definition (Corollary 4.2).

(e) K is the mean-coordinate matrix of p (Proposition 5.2).



(f) All Dy, are intrinsically determined by p.
(g) The logarithm in Conjectures B and D arises from the exponential structure of the TOE
mass formula (§7).

The tautology of Addendum 47 is resolved: the theorem puj = Tr(Xgec © Dy) is no longer
empty, because Xge. has an independent motivation.

8.2 Two gaps that survive

OP-B-T2 (Idempotent uniqueness) Proposition 3.2 argues by dimension-to-stabilizer-rank
correspondence that the bijection (12)-(14) is the “unique natural” one. This is a plau-
sibility argument, not a theorem. A complete proof would show: no Fj-automorphism
of J3(0) permutes the Jordan frame while preserving the gauge-stabilizer assignment of
Addendum 44. This is the T2 uniqueness conjecture (Remark 3.3); it is open.

OP-B-Mass (Mass ratio from spectral trace) Corollary 4.2 establishes g = Tr(Xgec) struc-
turally. What is not yet established is that m;/m, = Tr(Xgec). This requires deriving why
the Z3 sector separation placing the top in V; and the charm in V2 implies that their mass
ratio equals the Vi-trace Tr(Xsec). The spectral-measure route (Addendum 46, §5.3) is the
most natural path: if the charm saturates one unit of spectral weight in the p measure
(i.e., m. is the natural unit of the mass map), then m;/m. = Tr(Xse) follows from the
normalization of the density. Conjecture A (charm = sub-bulk sector integral, Adden-
dum 45 Proposition 3.1) supplies the charm anchor; the saturation step is the remaining
claim.

8.3 What structural would mean for Conjecture B

Conjecture B would be structural if the following chain were complete:

(I) Xgec is canonical in J3(0) (established: Theorem 4.1)
(IT) Tr(Xsec) = po (established: Corollary 4.2)
(ITI) Sector separation: top in Vi, charm in V2 (established: Addendum 45, §7)
(IV) my/me = Tr(Xgec) from Zg spectral normalization (open: OP-B-Mass)
Steps (I)—(III) are in place. The gap is step (IV).

Proposition 8.1 (Summary table).

Claim

Status after Addendum 51

Tautology in Addendum 47
Xsec tndependently motivated
Tr(Xsec) = po s a theorem

ur = Tr(Xgee o Dg) is non-
tautological

K structurally grounded
All Dy, structurally grounded

Resolved

Established (§4)
Established (Corollary 4.2)
Established

Established (Proposition 5.2)
Established

Bijection  (12)-(14)  uniquely Open (OP-B-T2)

forced

mi/me = Tr(Xsee) (Conj. B Open (OP-B-Mass)

structural)

E;i = In(Tr(Xsec o K))/MU Open  (reduces to  OP-B-Mass  +
(Conj. D structural) —InMU/MU)




9 Summary

1. The tautology in Addendum 47 is resolved. Xg.. = diag(m, 72, 473) is not postu-
lated: its eigenvalues are extracted from p independently (§2), and its eigenvectors are the
canonical sector idempotents from the TOE/Gy geometry (§3). Together they force Xgec
uniquely (Theorem 4.1).

2. Tr(Xsec) = po is now a theorem. It follows from ), E; = fol p = o, with E; derived
from p independently of Xge. (Corollary 4.2).

3. K is the mean-coordinate matrix of p. K; = <:c>p(_n) = (n;+1)/(n; +2) is intrinsically
determined by the sector powers n; = 1,2,3 (Proposi‘gion 5.2).

4. All of {Dy}r>0 is structurally grounded. (Dy); = (n; + 1)/(k + n; + 1) follows from
the sector powers alone. The Stieltjes generating function F'(z) = Tr(Xgec 0 D) and its
poles at z = —2, —3, —4 are structurally determined.

5. Conjectures B and D are spectral-log statements in canonical J3(0) language.
mi/me = Tr(Xsee) and Eg = In(Tr(Xgec 0 K))/MU (§6). The logarithms arise from the
exponential map of the TOE mass formula: they are pre-images of the J3(Q) spectral
traces under the map F +— eMUE=T) (§7),

6. Two gaps remain (honest). (OP-B-T2) The sector-idempotent bijection needs a T2
uniqueness proof as a formal theorem, not only a plausibility argument. (OP-B-Mass)
The claim m;/m. = Tr(Xsec) requires a Ga-orbit derivation; the spectral-measure route
via Conjecture A is the most natural path (§8).

7. Conjecture B becomes structural when both gaps are closed. Conjecture D then
follows from OP-B-Mass plus a J3(0)-intrinsic identification of —In(MU)/MU.
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