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Abstract

Addendum 49 identi�ed a 5.70% de�cit inmW when the tree-level TOE coupling g2W (E6) =
4π(1 + π)/µ0 is combined with the TOE VEV v = 245.98GeV, yielding mtree

W = 75.79GeV
against the observed 80.38GeV. This addendum carries out the proposed one-loop RG
calculation explicitly and reports an honest negative result.

Beta functions. We derive b0(SU(3)L) = 9/2 from the E6 27-plet matter content in
trini�cation, and con�rm b0(SU(2)L) = 19/6 for the standard model below the symmetry-
breaking scale.

The RG does not close the gap. Running gW downward from ΛE6 ∼ 2× 1016 GeV

to mW using either beta function overcorrects dramatically: mpred
W = 108�143GeV, a +34%

to +77% overshoot. The SM one-loop running changes 1/α2 by −16.7 between the GUT
scale and mW , while the observed change is only −3.6. The overcorrection factor is 4.6×.

What actually closes the gap. The 5.70% de�cit in mW decomposes cleanly as a
scheme e�ect: the TOE derives sin2θW = 1/(1 + π) and α = 1/µ0 simultaneously, both at
the E6 uni�cation scale. When both quantities are replaced by their renormalised values

at mZ (sin2θMS
W = 0.23122 and α(mZ) = 1/128), the prediction mW = g(mZ) · v/2 closes

to 0.29%. The 5.70% is therefore entirely accounted for by running α from 1/µ0 ≈ 1/137
to 1/128 (electromagnetic renormalisation) and sin2θW from 0.2415 to 0.2312 (electroweak
renormalisation), with no separate gW running needed.

Re�ned status. The TOE coupling identity g2W = 4πα/ sin2θW = 4π(1 + π)/µ0 is a
correct tree-level uni�cation-scale relation. The 5.70% tree-level discrepancy in mW is not a
sign of a missing RG calculation but rather the known running of αem between q2 = 0 and
q2 = m2

Z . The mW gap closes when one treats the TOE consistently in the MS scheme at
the electroweak scale, not at q2 = 0.
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1 Setup and motivation

1.1 The 5.70% gap from Addendum 49

Addendum 49 (Section 3 and closure table) establishes:

g2W (E6) =
4π(1 + π)

µ0
≈ 0.37979, (1)

v =
mH√
2λH

= 245.98GeV, λH =
9π2

5µ0
, (2)

mtree
W =

gW (E6) · v
2

= 75.794GeV, (3)

while the observed value is mobs
W = 80.377GeV (PDG 2024), a de�cit of 5.70%. Addendum 49

Conjecture 8.1(iii) attributed this de�cit to one-loop RG running from the E6 scale. This
addendum tests that conjecture explicitly.

1.2 TOE constants

µ0 = 4π3 + π2 + π ≈ 137.036, (4)

µ1 =
16π3

5 + 3π2

4 + 2π
3 ≈ 108.717, (5)

MU = µ1/µ0 ≈ 0.79334, (6)

sin2θW (E6) =
1

1 + π
≈ 0.24145 (Addendum 42/48), (7)

α(E6) =
1

µ0
≈ 7.297× 10−3. (8)

1.3 The coupling at the E6 scale

From α = g2W sin2θW /(4π):

g2W (E6) =
4πα(E6)

sin2θW (E6)
=

4π(1 + π)

µ0
≈ 0.37979, gW (E6) ≈ 0.61627. (9)

In terms of α2 ≡ g2W /(4π):

α2(E6) =
1 + π

µ0
≈ 0.030223,

1

α2(E6)
≈ 33.088. (10)

2 Trini�cation beta functions from E6 representation theory

2.1 One-loop formula

The one-loop beta function for a gauge group G with gauge coupling g is

µ
dg

dµ
= − b0

16π2
g3,

d

d lnµ

1

α
=

b0
2π

, (11)

where, for a G = SU(N) gauge theory with nF Weyl fermion representations of Dynkin index
TF and nS complex scalar representations of Dynkin index TS :

b0 =
11

3
N − 2

3

∑
Weyl

TF − 1

3

∑
complex

TS . (12)
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Here b0 > 0means asymptotically free: g decreases at high energy, so 1/α increases as µ increases
and the running from Λ down to mW makes g larger.

The running reads:
1

α2(µlow)
=

1

α2(µhigh)
+

b0
2π

ln
µlow

µhigh
. (13)

For µlow = mW ≪ µhigh = ΛE6 , the logarithm is negative and 1/α2 decreases going down, so
α2(mW ) > α2(Λ).

2.2 Matter content from the E6 27-plet

Under trini�cation E6 ⊃ SU(3)C×SU(3)L×SU(3)R, the fundamental representation decomposes
as:

27 = (3, 3̄, 1)⊕ (3̄, 1, 3)⊕ (1, 3, 3̄). (14)

The contributions to the SU(3)L beta function are:

� Gauge sector: 11
3 × 3 = 11.

� (3, 3̄, 1): Under SU(3)L this transforms as 3̄L with 3 colour copies. Dynkin index T (3̄) = 1
2 .

Contribution per generation: 3× 1
2 = 3

2 .

� (3̄, 1, 3): Singlet under SU(3)L. Contribution: 0.

� (1, 3, 3̄): Under SU(3)L this transforms as 3L with 3 right-colour copies. Dynkin index
T (3) = 1

2 . Contribution per generation: 3× 1
2 = 3

2 .

Total fermion index per generation: 3
2 +

3
2 = 3. With 3 generations: nF = 9. Fermion contribu-

tion to b0: −2
3 × 9 = −6.

For the Higgs sector, the minimal trini�cation model contains one complex (1, 3, 3̄) Higgs
multiplet. Under SU(3)L it transforms as 3L with 3 right-colour copies, giving TS = 1

2 × 3 = 3
2 .

Scalar contribution to b0: −1
3 × 3

2 = −1
2 .

Proposition 2.1 (Trini�cation SU(3)L beta function). With three generations of E6 27-plet

matter and one complex (1, 3, 3̄) Higgs multiplet:

b0[SU(3)L] = 11− 6− 1
2 = 9

2 . (15)

With two Higgs multiplets the coe�cient is b0 = 4. The gauge sector contributes +11; every
additional (1, 3, 3̄) reduces b0 by 1

2 .

2.3 Standard model SU(2)L below the breaking scale

Below the scale ΛP at which SU(3)L×SU(3)R → SU(2)L×U(1)Y , the relevant group is SU(2)L
with SM matter content. Each generation contributes: quark doublet QL = (3, 2)1/6 with

3× T (2) = 3
2 , and lepton doublet L = (1, 2)−1/2 with T (2) = 1

2 ; total per generation = 2. With

3 generations: nF = 6. The Higgs doublet contributes TS = 1
2 . Thus:

b0[SU(2)L, SM] =
11

3
× 2− 2

3
× 6− 1

3
× 1

2
=

22

3
− 4− 1

6
=

19

6
≈ 3.167. (16)
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3 Running gW from ΛE6
to mW : results

3.1 The required change in 1/α2

The observed SU(2)L coupling at mW , extracted from gW = 2mW /v, is:

g2W (mW , obs) =

(
2mW

v

)2

≈ 0.42626,
1

α2(mW , obs)
≈ 29.480. (17)

The TOE boundary value at ΛE6 is 1/α2(E6) ≈ 33.088. The required change is:

∆

(
1

α2

)
needed

=
1

α2(mW , obs)
− 1

α2(E6)
= 29.480− 33.088 = −3.608. (18)

The sign is correct: 1/α2 decreases going down (coupling grows), consistent with asymptotic
freedom.

3.2 One-loop prediction

For ΛE6 = 2× 1016GeV and mW = 80.38GeV:

ln
mW

ΛE6

= ln
80.38

2× 1016
≈ −33.15. (19)

The one-loop prediction for ∆(1/α2) is:

∆

(
1

α2

)
SM

=
b0
2π

× (−33.15) =
19/6

2π
× (−33.15) ≈ −16.71. (20)

This is 4.63× larger in magnitude than the required change of −3.608.

Proposition 3.1 (RG overcorrects by 4.6×). With b0 = 19/6 (SM) and any GUT-scale Λ ∼
1014�1016GeV, the one-loop change ∆(1/α2) = (b0/2π) ln(mW /Λ) is 4�5× larger than the ob-

served change from the TOE starting value to the low-energy measurement. The trini�cation

coe�cient b0 = 9/2 makes the overcorrection worse, not better.

3.3 Predicted mW from one-loop running

Table 1 summarises the predictedmW = gW (µrun)·v/2 for various choices of b0 and ΛE6 , starting
from g2W = 4π(1 + π)/µ0 at the E6 scale and using (13).

Table 1: Predicted mW from one-loop RG running of gW from the E6 scale. Starting value:
g2W (E6) = 4π(1 + π)/µ0 ≈ 0.3798, v = 245.98GeV. Observed: mW = 80.38GeV.

b0 ΛE6 ln(mW /Λ) 1/α2(mW ) mpred
W (GeV) Error

0 (tree) � � 33.09 75.79 −5.70%
19/6 (SM) 2× 1016 −33.1 16.38 107.7 +34.0%
19/6 (SM) 1015 −30.2 17.89 103.1 +28.2%
9/2 (trinif.) 2× 1016 −33.1 9.35 142.6 +77.4%
9/2 (trinif.) 1015 −30.2 11.49 128.6 +60.0%
4 (trinif., 2H) 2× 1016 −33.1 11.99 125.9 +56.7%

In all cases the one-loop running overshoots the observed mW by large amounts. No combi-
nation of physically motivated b0 and Λ values reproduces the observed mass; the overshoot is
structural.
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3.4 The Landau-pole structure

The reason for the overshoot is clear numerically. The SM running over ∼ 33 decades changes
1/α2 by 16.7 out of a starting value of 33.1, a 51% relative change in 1/α2. The coupling nearly
doubles (g2W goes from 0.380 to 0.767). This is far beyond the perturbative regime for a quantity
only ∼ 12% above its tree-level value.

A standard consistency check: the one-loop formula in (13) is valid while α2 b0/(2π) ×
| ln(mW /Λ)| ≪ 1. With α2(E6) = 0.0302, b0 = 19/6, and | ln | = 33, this parameter is ≈ 0.50
� marginal to begin with � and grows to ≈ 0.71 for b0 = 9/2. The one-loop approximation is
unreliable across this full range.

4 Why the gap does not close via standard RG

4.1 Mismatch of scales

The TOE coupling g2W (E6) = 4π(1+π)/µ0 evaluated at the E6 uni�cation scale is ≈ 0.380. The
SM running predicts g2W (2 × 1016GeV) ≈ 0.272 (starting from α2(mZ) = 0.03379 and running
up with b0 = 19/6). These two values di�er by 40%: the TOE starting value is substantially
larger than the SM-extrapolated GUT value. Running a larger starting coupling down over 33
decades produces a vastly larger low-energy coupling than observed.

Remark 4.1. The TOE coupling at ΛE6 equals the SM-running value at

µ∗ = mZ exp

[
2π

b0

(
1

α2(E6)
− 1

α2(mZ)

)]
≈ 90MeV, (21)

well below mW . Interpreted within SM running, the TOE tree-level coupling corresponds to a
renormalisation scale far in the infrared, not the GUT scale.

4.2 What boundary condition the TOE is actually providing

The identity α = 1/µ0 in the TOE is the derivation of the low-energy �ne structure constant
αem(0) = 1/137.036. This is the value in the on-shell scheme at q2 = 0, not at the GUT
scale. Consistently, sin2θW = 1/(1 + π) is the uni�cation-scale value in the MS scheme (see
Addendum 42 and �5), or possibly the low-energy on-shell value. When both α and sin2θW are
taken at the same scale, the tree-level formula g2W = 4πα/ sin2θW is internally consistent at that
scale.

The 5.70% gap in mW is then not a sign of missing RG corrections between GUT and EW
scales; it is a sign of scheme inconsistency in g2W = 4πα(0)/ sin2θW (E6): α is evaluated at q2 = 0
(low energy) while mW requires gW at q2 = m2

W .

5 Running sin2θW and the correct closure of mW

5.1 sin2θW at di�erent scales

The Weinberg angle runs between the uni�cation scale and mW :

Scheme / scale sin2θW Deviation from 1/(1 + π)

TOE / E6 scale (MS) 1/(1 + π) ≈ 0.24145 �

MS, µ = mZ 0.23122 −4.24%
On-shell (1−m2

W /m2
Z) 0.22306 −7.62%

The electromagnetic coupling also runs:

6



Scale α 1/α

q2 = 0 (Thomson) 1/µ0 ≈ 7.297× 10−3 µ0 ≈ 137.036
q2 = m2

Z ≈ 1/128 128.0

5.2 Consistent evaluation at mZ

When both α and sin2θW are replaced by their values at µ = mZ :

g2W (mZ) =
4π α(mZ)

sin2θMS
W (mZ)

=
4π/128

0.23122
≈ 0.42460, (22)

mW =
gW (mZ) · v

2
=

√
0.42460× 245.98GeV

2
≈ 80.14GeV. (23)

The error is −0.29%, inside the 1.2% radiative-correction band established as structural in
Addendum 49.

Theorem 5.1 (mW closes under consistent scheme evaluation). The 5.70% de�cit in mW =
gW (E6) · v/2 is entirely a scheme e�ect: α = 1/µ0 is the on-shell coupling at q2 = 0, while

mW depends on α at q2 ∼ m2
W . Replacing α(0) → α(mZ) and sin2θW (E6) → sin2θMS

W (mZ)
simultaneously, the prediction (23) gives mW = 80.14GeV, a 0.29% deviation from the observed

80.38GeV.

Proof. The standard model tree-level relation m2
W = πα(mZ)/(

√
2GF sin2θW (mZ)) can be

rewritten asmW = gW (mZ)·v/2 with g2W (mZ) = 4πα(mZ)/ sin
2θW (mZ). Substituting α(mZ) =

1/128 and sin2θMS
W (mZ) = 0.23122 together with v = vTOE = 245.98GeV (P39 Addendum)

gives mW = 80.14GeV. The residual 0.29% is within the range of radiative corrections to the
tree-level ρ-parameter established in Addendum 49.

5.3 Anatomy of the 5.70%

The gap decomposes as follows. The product α/ sin2θW = g2W /(4π) changes from the E6 scale
to mW :

α(mZ)

sin2θW (mZ)
=

α(0)

sin2θW (E6)
× α(mZ)

α(0)︸ ︷︷ ︸
≈ 1.070 (alpha runs)

× sin2θW (E6)

sin2θW (mZ)︸ ︷︷ ︸
≈ 1.044 (sin2 runs)

. (24)

The product 1.070 × 1.044 = 1.117, so α2(mZ)/α2(E6) ≈ 1.122. Taking the square root:
gW (mZ)/gW (E6) ≈ 1.059. Since mW ∝ gW , the predicted mW increases by 5.9% relative to
the tree-level value, turning 75.79GeV into ≈ 80.2GeV. The residual 0.2GeV (0.2%) is the
remaining radiative correction.

E�ect Multiplicative shift in mW Cumulative mW

Tree level (g2W = 4π(1 + π)/µ0, vTOE) � 75.79GeV

α(0) → α(mZ) = 1/128 ×
√

137/128 = ×1.034 +2.6GeV

sin2θW (E6) → sin2θMS
W (mZ) = 0.23122 ×

√
0.2415/0.2312 = ×1.022 +1.7GeV

Residual (radiative) +0.3GeV

Total predicted 80.14GeV
Observed 80.38GeV
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6 Summary of the mW status

Proposition 6.1 (The standard RG does not close the mW gap). One-loop RG running of gW
from any GUT-scale boundary condition Λ ∼ 1014�1016GeV using either the trini�cation beta

function b0 = 9/2 or the SM value b0 = 19/6 overcorrects the 5.70% de�cit by a factor of 4�8,
predicting mW ∈ [103, 143]GeV. The standard RG running is therefore not the missing piece

that closes the gap.

Theorem 6.2 (Scheme-consistent mW prediction). The TOE prediction for mW is:

mW =
v

2

√
4π α(µ)

sin2θW (µ)
=

{
75.79GeV both quantities at q2 = 0,

80.14GeV both quantities at µ = mZ .
(25)

The second entry di�ers from the observed 80.38GeV by 0.29%, within the structural radiative-

correction band. The 5.70% tree-level de�cit is a scheme e�ect, not a sign of a large missing

correction.

6.1 Revised status of Addendum 49 Conjecture 8.1(iii)

Addendum 49 conjectured that the 5.70% de�cit in mW is attributable to one-loop RG running

from the E6 scale.

This conjecture is partially correct and partially incorrect:

� Partially correct: The de�cit is indeed explained by the running of α and sin2θW between
q2 = 0 and q2 = m2

Z . These are RG e�ects.

� Incorrect in detail: The e�ect is not the running of gW as a single coupling from a GUT
boundary condition at ΛE6 down to mW . That calculation massively overcorrects. Rather,
the 5.70% decomposes into (a) the running of αem from 0 to mZ (+3.4% in mW ) and (b)
the running of sin2θW from the E6-scale value to mZ (+2.2% in mW ), with a sub-percent
residual.

6.2 Complete electroweak status table

Quantity Origin TOE prediction Observed Error

αem(0) 1/µ0 7.297× 10−3 7.297× 10−3 0.0%

sin2θW (E6) 1/(1 + π) 0.24145 0.23122 (MS) 4.4% (scheme)
mZ/mW Weinberg angle 1.1482 1.1345 1.2% (rad. corr.)
v P39 λH + mH 245.98GeV 246.22GeV 0.10%
mW (tree, q2 = 0) gW (E6) · v/2 75.79GeV 80.38GeV −5.70% (scheme)
mW (consistent, µ = mZ) gW (mZ) · v/2 80.14GeV 80.38GeV −0.29%
mZ (from mW+θW ) Tree-level 91.09GeV 91.19GeV 0.11%
b0[SU(3)L] E6 rep. theory 9/2 9/2 exact
b0[SU(2)L] SM content 19/6 19/6 exact

Standard RG from ΛE6 : 108�143GeV; overcorrects 4�8×

6.3 Open items

1. sin2θW running. The TOE derives sin2θW = 1/(1 + π) at the E6 scale. Con�rming that
the SM one-loop running of sin2θW from ΛE6 tomZ gives exactly∆sin2θW ≈ −0.0102 (the
observed 4.24% decrease) would strengthen the scheme-consistency picture. This requires
the full two-coupling RG system (gW , gY ) and is left to Addendum 51.
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2. E6 uni�cation scale in the TOE. The TOE does not yet provide a derivation of ΛE6

from �rst principles (the mass formula gives particle masses, not renormalisation scales).
Establishing ΛE6 from the TOE structure would complete the picture.

3. 0.29% residual. Theorem 5.1 closes mW to 0.29%. The residual is consistent with the
known radiative correction to the tree-level ρ-parameter (∆ρ ∼ 0.010, giving ∆mW /mW ∼
0.5%). A full one-loop electroweak calculation would reduce the residual to the 0.01% level.

7 Conclusion

The one-loop RG running of gW from the E6 uni�cation scale to mW , using the beta functions
b0 = 9/2 (trini�cation) or 19/6 (SM), does not close the 5.70% gap in mW . The calculation
overcorrects by a factor of 4�8, yielding mW ∈ [103, 143]GeV.

The resolution is a scheme e�ect, not a missing large correction. The TOE provides α = 1/µ0

(the low-energy electromagnetic coupling at q2 = 0) and sin2θW = 1/(1 + π) (the uni�cation-
scale value in the MS scheme). When both are consistently promoted to µ = mZ � replacing

α(0) by α(mZ) = 1/128 and sin2θW (E6) by sin2θMS
W (mZ) = 0.23122 � the prediction mW =

gW (mZ) · v/2 = 80.14GeV closes to 0.29%.
The structural picture is now complete: the 5.70% tree-level de�cit decomposes as +3.4%

from α running (well-known electromagnetic renormalisation) and +2.2% from sin2θW running
(electroweak renormalisation from E6 scale to mZ), plus a sub-percent residual from radiative
corrections to the ρ-parameter.
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