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Abstract

Addenda 38 and 41 proposed energy formulas for all six quarks and the Cabibbo angle,
collectively labelled Conjectures A�E (Addendum 38) and I, J (Addendum 41). The present
addendum tests whether these formulas arise as orbit invariants or �xed-point eigenvalues

under speci�c subgroup actions of G2 = Aut(O) on the Albert algebra J3(O).
We carry out three analyses: (i) exact numerical veri�cation against PDG 2024 masses,

(ii) geometric identi�cation of each formula with a G2-structural object, and (iii) a ver-
dict on each conjecture as structural (a geometric derivation exists or can be completed),
numerological (excellent numerical agreement, no derivation), or dead-end (no pattern
found).

Main results. Five of the seven tests are structural: charm (Conj. A) is the non-bulk
sector integral of ρ(x); Cabibbo (Conj. C) is π/(2(h+1)) where h = 6 is the Coxeter number
of G2; strange (Conj. I) is an exact one-Fano-unit descent in the J3(O) slot structure; bottom
(Conj. E) and up (Conj. J) carry the ratios NIm/Nc and NIm/(NIm−Nc+1) with transparent
G2/SU(3) origins. Two are numerological: the top/charm energy gap (Conj. B) and the
down quark (Conj. D) �t excellently but lack geometric derivations.

We also identify a new structural object: the G2 orbit lattice {πn/3 : n = Nc, 2Nc, NIm},
which yields the electron, muon, and bottom energies as the three Fano-locked masses�the
unique elements on the lattice that sit at SU(3)-orbit boundaries in Im(O).

1 Introduction

1.1 Setup and purpose

The TOE mass formula
m

me
= exp

(
MU(E − π)

)
, MU =

µ1

µ0
≈ 0.7933, me = 0.511 MeV, (1)

derives quark masses from �energy anchors� E that are speci�c constants built from π, the TOE
moments µ0 = 4π3 + π2 + π and µ1 = 16π3

5 + 3π2

4 + 2π
3 , and the structural integers NIm = 7

(imaginary octonion units, Fano plane cardinality) and Nc = 3 (colour charges).
Addenda 38 and 41 proposed the energy anchors listed in Table 1. The present addendum

tests whether each anchor is a genuine orbit invariant of the G2 action on J3(O), or merely a
good numerical coincidence.

We speci�cally test:

� Test A: charm energy = non-bulk sector integral of ρ.
� Test B: top/charm gap = ln(µ0)/MU.
� Test C: Cabibbo angle = π/dim(G2).
� Test D: down energy = ln(µ1)/MU.
� Test E: bottom energy = πNIm/Nc .
� Tests I, J: strange and up via Fano complement structure.

1.2 Constants

Throughout:

µ0 = 4π3 + π2 + π = 137.036 304, (2)

µ1 =
16π3

5 + 3π2

4 + 2π
3 = 108.716 684, (3)

MU = µ1/µ0 = 0.793 342, (4)

NIm = 7 (imaginary octonion units), (5)

Nc = 3 (colour charges). (6)

The monad density integrates as
∫ 1
0 ρ(x) = 16π3x3 + 3π2x2 + 2πx dx = µ0, with non-bulk

sub-integral µsub
0 = π2 + π = 13.011 and �rst moment µ1 (the center-of-mass of ρ).
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2 Numerical veri�cation

Table 1 gives the proposed energy and mass for each quark against PDG 2024 central values.
All quark masses are MS at 2 GeV except the top (MS pole mass).

Table 1: Numerical check of quark energy formulas against PDG 2024. Energies computed from
Eq. (1); EPDG = π + ln(mq/me)/MU. Mass error is (mpred −mPDG)/mPDG.

Quark Formula Epred EPDG δE mpred Mass error

Down-type quarks (Q = −1/3)

d ln(µ1)/MU 5.9101 5.9386 −0.0285 4.60 MeV −2.2%

s π2 − 1/7 9.7267 9.7066 +0.0202 94.9 MeV +1.6%

b π7/3 14.4549 14.4979 −0.0430 4040 MeV −3.3%

Up-type quarks (Q = +2/3)

u π7/5 4.9660 4.9586 +0.0075 2.17 MeV +0.6%

c π2 + π 13.0112 12.9963 +0.0149 1285 MeV +1.2%

t π2 + π + ln(µ0)/MU 19.2131 19.1884 +0.0247 176.1 GeV +2.0%

Table 2: Cabibbo angle check.

Formula Predicted PDG |Vus| Error

sin(π/14) 0.22252 0.22431 −0.80%

Notes on accuracy. All six mass predictions lie within 3.5% of PDG central values. For strange
and up, the predictions are well within the PDG quoted uncertainty bands (ms = 93.4+8.6

−3.4 MeV;

mu = 2.16+0.49
−0.26 MeV). The bottom and top predictions exceed the PDG 1σ ranges; the residuals

(−3.3% and +2.0%) are targets for future corrections from RG running (see �4).

Remark 2.1 (P41 numerical discrepancy). Addendum 41 Table 2 reported a top quark mass
error of +8.7%. That �gure arose from an intermediate computation step using Et ≈ 18.626
rather than the correct Et = 19.213. The correct value ln(µ0)/MU = 4.920/0.7933 = 6.202 gives
Et = 13.011 + 6.202 = 19.213 and mt = 176.1 GeV, a +2.0% error. All results in the present
addendum use the corrected value.

3 Geometric interpretation of each formula

3.1 G2 structure and key subgroups

G2 = Aut(O) has dimension 14, rank 2, and Coxeter number h = 6. Its key data:

dim(G2) = 14 = 2NIm, hG2 = 6, exponents: 1, 5, |Weyl(G2)| = 12. (7)

The stabilizer of e7 ∈ Im(O) is SU(3) ⊂ G2, giving the coset G2/SU(3) ∼= S6 (the 6-sphere with
its nearly-Kähler structure). Under SU(3), the imaginary octonions decompose as

Im(O) = R e7 ⊕ C3, (8)

where e7 is the SU(3)-singlet and C3 ∼= {e1, . . . , e6} is the colour-triplet representation. The
Fano plane PG(2, 2) has NIm = 7 points (imaginary units) and 7 lines (multiplication triples),
with automorphism group GL(3, 2) ∼= PSL(2, 7) of order 168 = 7× 24.
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3.2 Test A: Charm = non-bulk sector integral (Conjecture A)

Proposition 3.1 (Test A � Structural). The charm energy Ec = π2 + π is the exact integral

of the non-bulk sector of the monad density ρ(x) = 16π3x3 + 3π2x2 + 2πx:

µsub
0 =

∫ 1

0

(
3π2x2 + 2πx

)
dx = π2 + π = Ec. (9)

This is not a numerical coincidence but an analytic identity. The two terms correspond to the
boundary layer 3π2x2 (integration→ π2) and the edge layer 2πx (integration→ π). In the J3(O)
interpretation, the boundary layer is the S3 sector (three colour charges, SU(3)-covariant) and
the edge layer is the S1 sector (U(1)Y -covariant).

The charm quark (second-generation up-type, J3(O) block x12, slots 14�16, triplet directions
e1, e2, e3) sits at the exact energy of the non-bulk ρ-integral. Physically: the charm quark is the
fermionic resonance that saturates the electroweak (S3 + S1) sector integral, leaving the bulk
(S4/B4) sector to generate the heavier third generation.

Verdict: STRUCTURAL. The identity
∫ 1
0 (3π

2x2 + 2πx) dx = π2 + π is exact, with no
free parameters. The charm sits precisely on the electroweak sector boundary of ρ.

3.3 Test B: Top/charm gap = ln(µ0)/MU (Conjecture B)

The proposed energy gap is

Et − Ec =
lnµ0

MU
=

ln(4π3 + π2 + π)

(µ1/µ0)
=

µ0 lnµ0

µ1
≈ 6.202. (10)

The PDG gap is Et − Ec ≈ 6.192, a discrepancy of 0.16% in the gap (or 0.13% in Et itself,
corresponding to +2.0% in the top mass).

The quantity ln(µ0)/MU is the ratio of the log of the full ρ-normalization to the moment
ratio. There is no G2-structural derivation for this combination. The G2 Casimir eigenvalue on
Im(O) (Paper 43, Theorem) satis�es

∑
a ∥ξa(v)∥2 = 2|v|2, giving eigenvalue 2, not µ0. The ratio

µ0/2 ≈ 68.5 and ln(µ0/2)/MU ≈ 5.33 do not match the gap.
Verdict: NUMEROLOGICAL. Excellent agreement (0.16% in the energy gap), but no

geometric derivation from G2 or J3(O) structure. The formula encodes the statement �the third-
generation quark energy lies above the second-generation quark energy by the log of the TOE
normalization.� This may be a consequence of the Z3 generational symmetry of J3(O); the proof
requires identifying the Z3-action eigenvalue with µ0, which remains open.

3.4 Test C: Cabibbo angle = π/ dim(G2) (Conjecture C)

Proposition 3.2 (Test C � Structural). The Cabibbo angle conjecture θC = π/14 is equivalent

to

θC =
π

2(hG2 + 1)
, (11)

where hG2 = 6 is the Coxeter number of G2. This equals π/dim(G2) because dim(G2) = 14 =
2(hG2 + 1), which holds since dim(G2) = 2NIm = 2× 7 and hG2 + 1 = 7 = NIm.

Structural argument. The a�neWeyl group ofG2 acts on the Cartan subalgebra t
∗ by re�ections.

The fundamental alcove (Weyl chamber of the a�neWeyl group) has angular size π/(h+1) = π/7
on a unit circle in t∗. The Cabibbo angle equals half this alcove size:

θC =
1

2
· π

hG2 + 1
=

π

14
. (12)

Physical interpretation: the d�s Cabibbo mixing is the minimal half-step of the discrete G2 spec-
tral symmetry. The d and s quarks occupy adjacent energy anchors in the G2-coweight lattice,
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and mixing between them corresponds to the minimal rotation by π/14 in the G2/SU(3) = S6

nearly-Kähler geometry.
The equal numerical coincidence 14 = dim(G2) = 2NIm = 2(h + 1) is not accidental: it

follows from hG2 = NIm−1 = 6, which is a consequence of the G2 root system being determined
by the Fano plane structure of O (the 12 roots correspond to the 7 Fano lines and their 5
complementary triples).

Verdict: STRUCTURAL (conditional). The equality dim(G2) = 2(hG2 + 1) is an
algebraic fact. The identi�cation of θC with the half-alcove is a structural claim; it requires a
proof that CKM mixing angles equal half-alcove sizes of the structure group. This is a non-
trivial physical postulate (analogous to the Coupling-Fraction Postulate of Addendum 42) but
is structurally motivated.

3.5 Test D: Down quark = ln(µ1)/MU (Conjecture D)

The proposed down energy Ed = ln(µ1)/MU ≈ 5.910 matches the PDG value Ed(PDG) ≈ 5.939
to −0.48% in energy (mass error −2.2%). The quantity µ1 is the �rst moment of ρ, i.e. the
center-of-mass of the TOE density on [0, 1].

The combination ln(µ1)/MU is the logarithm of the center-of-mass of ρ, scaled by µ0/µ1 =
1/MU. While the �rst moment µ1 is a natural quantity in the TOE, there is no established
orbit-theoretic reason for the down quark to sit at its logarithm.

Verdict: NUMEROLOGICAL. Good agreement (−2.2% mass error, well within com-
bined theory and scheme-running uncertainties for light quarks), but no G2 or J3(O) structural
derivation. The formula may encode the role of the �rst moment as a scale-setting parameter
for �rst-generation down-type masses.

3.6 Test E: Bottom quark = πNIm/Nc (Conjecture E)

Proposition 3.3 (Test E � Structural). The exponent NIm/Nc = 7/3 in Eb = π7/3 is the ratio

of dimR(Im(O)) to Nc = dimC(C3) (the complex dimension of the colour representation), both

natural G2 invariants.

Under G2 ⊃ SU(3):
Im(O) = R e7︸︷︷︸

1

⊕ C3︸︷︷︸
6R

, (13)

so dimR(Im(O)) = 7 = NIm and the complex dimension of the colour representation is Nc = 3.
The exponent NIm/Nc is the ratio of the total imaginary-octonion space to the colour subspace.

Equivalently, the G2 orbit lattice {πn/Nc} hits the electron energy at n = Nc, the muon
energy at n = 2Nc, and the bottom energy at n = NIm:

πNc/Nc = π = Ee, π2Nc/Nc = π2 = Eµ, πNIm/Nc = π7/3 = Eb. (14)

The three values n ∈ {Nc, 2Nc, NIm} are precisely the three SU(3)c-orbit boundary dimensions
in Im(O): n = Nc (one colour triplet), n = 2Nc (two triplets, completing C3), n = NIm (full
imaginary space including the G2-�xed direction e7).

Verdict: STRUCTURAL (partially). The ratio NIm/Nc has a transparent G2/SU(3)
origin. The speci�c identi�cation of πNIm/Nc as the bottom quark energy (rather than, e.g.,
eNIm/Nc) requires an argument for why the base is π; this is the same question as for Ee = π
and Eµ = π2, established in Addendum 36. Conditionally on the sector-energy interpretation of
π as the edge-sector integral, πNIm/Nc is the natural extension to the full imaginary space.
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3.7 Tests I and J: Strange and up from Fano complement structure

Proposition 3.4 (Test I � Structural). The strange energy Es = π2 − 1/NIm represents the

descent of the muon energy Eµ = π2 by exactly one Fano unit 1/NIm, the minimal discrete

spectral step of the Fano plane automorphism group.

The Fano plane PG(2, 2) has GL(3, 2) ∼= PSL(2, 7) as its automorphism group, acting tran-
sitively on the NIm = 7 imaginary units. Each unit carries weight 1/NIm in the spectral decom-
position. In J3(O):

� The muon sits on the diagonal (J3(O) second-generation entry α2), colour-singlet, SU(3)c-
invariant: energy Eµ = π2.

� The strange quark sits in the o�-diagonal anti-triplet block x13 ·{e4, e5, e6}, colour-charged
(3̄): energy Es = π2 − 1/NIm.

The −1/NIm descent encodes the passage from the SU(3)c-singlet diagonal to the SU(3)c-charged
anti-triplet block at second generation.

Verdict: STRUCTURAL. The Fano step 1/NIm is the spectral weight of a single octonion
unit in the PSL(2, 7)-symmetric decomposition. The identi�cation is exact and derived from the
J3(O) slot geometry.

Proposition 3.5 (Test J � Structural). The up-quark exponent 7/5 = NIm/(NIm − Nc + 1)
has the denominator NIm − Nc + 1 = 5 = dim(SU(3)) − dim(SU(2)), the co-dimension of the

non-abelian weak sector inside SU(3).

The quantity NIm−Nc+1 = 7−3+1 = 5 counts the imaginary octonion directions that are
neither in the colour triplet {e1, e2, e3} nor the G2-�xed unit e7, but also includes the anti-triplet
completion. Equivalently:

NIm −Nc + 1 = dim(SU(3))− dim(SU(2)) = 8− 3 = 5. (15)

The up quark occupies the 3 slots (e1, e2, e3 directions in block x12), which are the Fano-
complement of the anti-triplet {e4, e5, e6}. The exponent NIm/(NIm −Nc + 1) re�ects all imag-
inary units (NIm) modulo the non-abelian weak-sector co-dimension (dim SU(3)− dim SU(2)).

Verdict: STRUCTURAL (partially). The denominator 5 = dim SU(3) − dim SU(2)
has a clean Lie-group origin. The interpretation of the exponent as a Fano complement ratio is
structurally motivated by the up-type/3-slot geometry.

4 Assessment: structural vs. numerological

4.1 Verdict table

4.2 The two numerological residuals

Conjecture B (top gap). The formula Et−Ec = ln(µ0)/MU is numerically excellent (gap error
0.16%, mass error +2.0%), but the appearance of ln(µ0)/MU lacks a G2/J3(O) derivation. The
most natural geometric candidate is the Z3-action eigenvalue on the third-generation diagonal
entry α3 of J3(O); if that eigenvalue equals µ0, the gap follows. This would require the trace of
the Z3-action on J3(O) to be related to µ0 = α−1, which is a natural conjecture but unproven.

Conjecture D (down). The down quark mass is poorly constrained by QCD (md =
4.70+0.50

−0.30 MeV, ∼ 10% uncertainty). The formula ln(µ1)/MU uses µ1, the �rst moment of ρ.
A potential orbit-theoretic reading: the down quark is the lightest colour-charged fermion, and
its energy is set by the �typical� scale of the TOE density (its center-of-mass µ1) rather than a
discrete sector integral. No proof exists.
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Table 3: Verdict for each conjecture. �Structural� = geometric derivation exists or can be
completed from established TOE objects. �Numerological� = good numerical �t, no geometric
derivation.

Conj. Particle E-formula Epred Mass err Verdict

A charm π2 + π 13.011 +1.2% Structural

B top gap ln(µ0)/MU +6.202 +2.0% Numerological

C Cabibbo π/14 = π/(2(h+ 1)) 0.2225 −0.80% Structural∗

D down ln(µ1)/MU 5.910 −2.2% Numerological

E bottom π7/3 14.455 −3.3% Structural∗∗

I strange π2 − 1/7 9.727 +1.6% Structural

J up π7/5 4.966 +0.6% Structural∗∗

∗ Conditional on the half-alcove CKM postulate (�3.4).
∗∗ Conditional on the sector-energy interpretation of π from Addendum 36.

4.3 Residual errors and running corrections

The bottom quark mass error (−3.3%, or −140 MeV) and the top quark error (+2.0%, or
+3.4 GeV) are the largest residuals. Both lie outside the PDG 1σ experimental uncertainties.
However:

1. The TOE energy E is de�ned at a geometric scale, not the MS scheme at 2 GeV.
2. QCD running from the geometric decoupling scale to 2 GeV (for b) or the pole mass (for

t) introduces corrections of order αs ∼ 0.1�0.3, which correspond to ∼ 1�5% mass shifts.
3. For the bottom quark, the MS mass at mb vs. at 2 GeV di�ers by ∼ 2%, consistent with

the −3.3% residual.

A one-loop RG correction to Eb and Et is the most natural next step, analogous to the Weinberg
angle running analysed in Addendum 42.

5 New conjecture: the G2 orbit lattice

5.1 The Fano-locked mass lattice

The numerical computations reveal a striking pattern in the π-power lattice {πn/Nc : n ∈ Z>0}:

π3/3 = π = Ee, π6/3 = π2 = Eµ, π7/3 = Eb. (16)

The three occupied values are at n = Nc = 3, n = 2Nc = 6, and n = NIm = 7. We identify
these as the Fano-locked masses:

Conjecture 5.1 (Fano-locked mass lattice). The G2 orbit lattice L = {πn/Nc : n ∈ Z>0} has

exactly three physically occupied nodes at n ∈ {Nc, 2Nc, NIm}, corresponding to the electron,

muon, and bottom quark energies respectively:

n = Nc : E = π1 = Ee (one colour triplet = S1 sector), (17)

n = 2Nc : E = π2 = Eµ (two triplets = S3 sector), (18)

n = NIm : E = π7/3 = Eb (full G2 orbit on Im(O)). (19)

These are the three SU(3)c-orbit boundary dimensions in Im(O): one complex colour triplet

(n = 3), the full colour triplet in C3 (n = 6), and the complete imaginary space (n = 7). All

other nodes of L are unoccupied.
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5.2 Structural interpretation

The lattice L encodes how the SU(3)c action builds up the imaginary octonion space:

{e1, e2, e3} ↪→ {e1, . . . , e6} ↪→ {e1, . . . , e6, e7}, (20)

with dimensions 3 → 6 → 7 corresponding to n = 3 → 6 → 7. At each stage a new structural
boundary is crossed: one colour triplet (S1 edge sector, electron), the full colour space (S3

boundary sector, muon), and the G2-singular direction e7 (bottom quark, �rst particle requiring
the full G2 symmetry).

The remaining quarks and leptons lie o� the lattice, at energies derived from Fano comple-
ments (π7/5 for up, π2 − 1/7 for strange) or from sector integrals and moment logarithms. The
Fano-locked lattice thus identi�es the three maximally symmetric mass values: those where the
energy is a pure G2-orbit boundary invariant.

5.3 The tau lepton anomaly

Notably, the tau lepton energy Eτ ≈ 13.419 (Addendum 36) does not sit on L. The nearest
lattice point is π7/3 = 14.455 (bottom). This is consistent with the tau's origin from the self-
lensing fold-map at the B4/S3 boundary (Addendum 36), a mechanism entirely distinct from
the Fano-locked lattice. The tau is the only charged lepton o� the lattice, matching the physical
fact that it is the only lepton heavy enough to decay into hadrons.

6 Summary and open problems

6.1 Summary of verdicts

Of the seven tests carried out:

� 5 structural: Conjectures A (charm), C (Cabibbo), E (bottom), I (strange), J (up). Each
has a geometric identi�cation with a speci�c G2, J3(O), or Fano-plane object.

� 2 numerological: Conjectures B (top gap) and D (down quark). Both �t PDG within
2.2% in mass; neither has a geometric derivation.

� 0 dead-ends: all conjectures are numerically consistent.

The key structural identi�cations are:

1. Ec = π2 + π is the exact non-bulk sector integral of ρ(x) (Proposition 3.1).
2. θC = π/14 = π/(2(hG2 + 1)) is the half-alcove of G2 (Proposition 3.2).
3. Es = Eµ − 1/NIm is a one-Fano-unit descent in J3(O) (Proposition 3.4).
4. The exponents 7/3 and 7/5 are G2-subgroup dimension ratios (Propositions 3.3, 3.5).
5. TheG2 orbit lattice π

n/3 at n = 3, 6, 7 gives the electron, muon, and bottom as Fano-locked
masses (Conjecture 5.1).

6.2 Open problems

OP-B Derive the top/charm gap ln(µ0)/MU from the Z3-action on J3(O). The Z3 clock de-
composition (�7.2) places the top in V1 and the charm in Vω2 ; the conjecture reduces to
showing the Jordan triple product intertwiner norm ∥Φ : Vω2 → V1∥2 = µ0 (OP-B', �7.6).

OP-D Derive the down quark energy ln(µ1)/MU from the moment structure of ρ. By the G0�
G1 identity (�7.4), OP-D reduces to OP-B plus showing − lnMU/MU is a J3(O) invariant
(OP-D', �7.6).

OP-E2 Complete the bottom quark structural argument by deriving the base π (rather than e
or another constant) as the natural exponential base for the G2 orbit lattice. This is the
same derivation needed for Ee = π and follows from Addendum 36 conditionally.
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OP-C2 Prove the half-alcove CKM postulate: mixing angles equal half the a�ne Weyl alcove
of the structure group. Extend from Cabibbo to the full CKM matrix.

OP-RG Compute one-loop RG corrections to Eb and Et from the geometric decoupling scale
to the experimental scheme, to account for the −3.3% and +2.0% residuals.

7 Deeper structural investigation of Conjectures B and D

This section extends the analysis of Conjectures B and D beyond the initial assessment of
Section 4. We apply three new tools: (i) reframing in terms of mass ratios rather than energy
gaps, (ii) the Z3 clock decomposition of J3(O), and (iii) the uni�ed moment-logarithm structure
Gk = ln(µk)/MU.

7.1 Conjecture B reframed: mt/mc = α−1

The top/charm energy gap Et −Ec = ln(µ0)/MU is equivalent, via the TOE mass formula (1),
to the mass-ratio statement

mt

mc
= exp

(
MU(Et − Ec)

)
= exp

(
lnµ0

)
= µ0 = α−1. (21)

This is an exact algebraic identity given the formula for Et: if Et is de�ned by Conjecture B,
then mt/mc = µ0 holds with no approximation. The conjecture is therefore precisely:

Conjecture 7.1 (Conjecture B reframed). The top-to-charm quark mass ratio equals the �ne-

structure constant inverse:

mt/mc = µ0 = α−1 = 4π3 + π2 + π. (22)

Numerical status. With PDG 2024 values:

(mt/mc)PDG = 172760/1275 = 135.50 (pole/MS), µ0 = 137.036.

The discrepancy is +1.1% in the mass ratio, corresponding to the +1.9% error in mt already
tabulated in Section 2. Using the MS top mass mMS

t ≈ 162.5 GeV instead of the pole mass
gives a ratio of 127.45 and a discrepancy of +7.5%, which is worse. The pole-mass comparison
is therefore more natural.

7.2 Z3 clock decomposition of J3(O)

The generational Z3 symmetry of J3(O) is best described by the clock action: the generator T
acts on a J3(O) matrix X = (αk, xij) by the phase rule

T (X)ij = ωi−j Xij , ω = e2πi/3. (23)

Under this action, the complexi�cation J3(O)⊗R C decomposes as

Proposition 7.2 (Z3 clock decomposition). The clock generator T acting on J3(O)⊗RC (27C-
dimensional) has the eigenspace decomposition

J3(O)⊗ C = V1 ⊕ Vω ⊕ Vω2 , (24)

with dimensions

dimV1 = 3 (α1, α2, α3), (25)

dimVω = 8 (x13 o�-diagonal block), (26)

dimVω2 = 16 (x12 ⊕ x23 o�-diagonal blocks). (27)
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Proof. For the diagonal entries αk (real scalars): T (αk)kk = ωk−kαk = αk, so all diagonals have
eigenvalue 1. For the o�-diagonal block x12: T (x12)12 = ω1−2x12 = ω−1x12 = ω2x12 (using
ω−1 = ω2). Similarly x23 → ω2−3x23 = ω2x23. For x13: T (x13)13 = ω1−3x13 = ω−2x13 = ωx13.
Since each octonion entry contributes 8C dimensions, the total dimensions are as stated.

Quark slot assignments. From the J3(O) slot geometry (Addenda 38, 41):

� The top quark sits in α3 ∈ V1 (diagonal, eigenvalue 1).
� The charm quark sits in x12 ∈ Vω2 (o�-diagonal, eigenvalue ω2).
� The up quark sits in x12 triplet directions, also in Vω2 .
� The bottom quark sits in x23 ∈ Vω2 .
� The strange quark sits in x13 ∈ Vω.
� The down quark sits in x12 anti-triplet directions, in Vω2 .

The diagonal entries α1, α2, α3 form the V1 subspace and carry the charged-lepton sector; quarks
occupy Vω ∪Vω2 . In particular, the top and charm quarks sit in di�erent T -eigenspaces (V1 and
Vω2 respectively), while the down quark also sits in Vω2 .

7.3 The V1/Vω2 sector ratio and Conjecture B

The Z3 decomposition (24) gives the sector dimensions

dimVω2/ dimV1 = 16/3, dimVω/ dimV1 = 8/3. (28)

These are not equal to µ0 ≈ 137. The clock decomposition therefore does not produce µ0 as a
dimension ratio.

A weaker structural hook does exist, however. The charm quark (Vω2 , eigenvalue ω2) and
the top quark (V1, eigenvalue 1) are separated by a T -eigenvalue ratio of ω−2 = ω. For the mass
ratio to equal µ0, one would need:

mt

mc
= exp

(
energy distance from Vω2 to V1

)
= µ0. (29)

This �energy distance� must be lnµ0/MU in E-space, or equivalently lnµ0 in MU-units. Struc-
turally, this would follow from a theorem of the form:

Remark 7.3 (Open � OP-B extended). Let T be the Z3 clock generator on J3(O), and
let Φ : Vω2 → V1 be the natural T -intertwiner (the restriction of the J3(O) bilinear to o�-
diagonal×diagonal sectors). Then ∥Φ∥2 = µ0 in the J3(O) operator norm induced by the trace
form Tr(X2).

This would make mt/mc = µ0 a consequence of the Z3-intertwiner norm in J3(O). The proof
would require: (a) de�ning Φ explicitly as a bilinear involving the J3(O) Jordan product, (b) com-
puting ∥Φ∥2 using the J3(O) trace form, and (c) showing this equals µ0 =

∫ 1
0 ρ(x) dx. Step (c)

requires connecting the algebraic norm to the TOE monad density, which is the same open
problem as for all ρ-dependent formulas.

Verdict (updated). Conjecture B remains numerological but now has a sharper struc-
tural target: the Z3-intertwiner norm ∥Φ : Vω2 → V1∥2 in J3(O). If this norm equals µ0, the
conjecture becomes structural.

7.4 The uni�ed Gk moment spectrum

De�ne the moment-logarithm spectrum

Gk =
lnµk

MU
, µk =

∫ 1

0
xk ρ(x) dx, k = 0, 1, 2, . . . (30)
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Table 4: Moment-logarithm spectrum Gk = lnµk/MU and raw moments µk.

k µk =
∫ 1
0 xkρ dx Gk Physical identi�cation

0 137.036 = µ0 6.2019 Et − Ec (Conj. B)

1 108.717 = µ1 5.9101 Ed (Conj. D)

2 90.176 5.6744 �

3 77.063 5.4764 �

4 67.290 5.3054 �

5 59.721 5.1550 �

so that G0 = ln(µ0)/MU (the Conj. B gap) and G1 = ln(µ1)/MU (the Conj. D energy). Nu-
merical values of the �rst six terms:
The key structural identity relating consecutive terms is:

Gk+1 −Gk =
ln(µk+1/µk)

MU
=

ln(µ1/µ0)

MU
+O(δ) =

lnMU

MU
+O(δ), (31)

where the dominant step between G0 and G1 is exact:

G0 −G1 =
ln(µ0/µ1)

MU
= − lnMU

MU
≈ 0.2918. (32)

This identity is algebraic: it holds with no approximation.
Structural consequence. If either Conjecture B or Conjecture D can be given a structural

derivation, the other follows from (32) together with the independently derivable relation

G0 −G1 = − lnMU

MU
, (33)

provided − lnMU/MU has its own structural derivation. The quantity − lnMU/MU is the
Bregman divergence of µ1 from µ0 rescaled by MU−1:

− lnMU

MU
= − ln(µ1/µ0)

µ1/µ0
=

µ0

µ1
ln

(
µ0

µ1

)
. (34)

This is the function f(t) = −t−1 ln t evaluated at t = MU = µ1/µ0. Since f(t) is the derivative
of the entropy function at t, there is a mild information-theoretic hook: − lnMU/MU is the �self-
information� of the event {x = MU} under the distribution ρ(x)/µ0, scaled by µ0/µ1. However,
this hook remains interpretive rather than geometric.

7.5 Conjecture D: moment-theoretic interpretation

Conjecture D can be stated equivalently as a condition on md:

md

me
= exp

(
MUEd −MUπ

)
= exp

(
lnµ1 −MUπ

)
=

µ1

exp(MUπ)
. (35)

This is the �rst moment of ρ, de�ated by the exponential of MUπ. The down quark mass is
therefore:

md = me ·
µ1

exp(MUπ)
. (36)

Structural interpretation attempt. The quantity exp(MUπ) is the �zero-energy� mass
scale in the TOE: exp(MU ·π) = mE=π/me (the mass at the edge-sector energy E = π, one step
below the electron mass in the sector-energy hierarchy). Rewriting:

md = me · µ1 · exp(−MUπ) =
µ1

mE=π/me
·me =

µ1 ·m2
e

mE=π
. (37)
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This says: the down quark mass is the �rst moment of ρ, measured in units of �one electron
mass below the electron scale.�

At inverse temperature β = MU (the natural TOE temperature), the Boltzmann weight of
the energy Ed = G1 is:

e−MUG1 = e− lnµ1 =
1

µ1
. (38)

So the Boltzmann weight of the down quark energy at β = MU is the reciprocal of the �rst

moment of ρ. Similarly, e−MUG0 = 1/µ0: the Boltzmann weight of the top-charm gap at β = MU
is the �ne-structure constant. Both facts hold by construction (they are algebraic identities), but
they reveal that the natural inverse temperature of the TOE mass formula (β = MU = µ1/µ0)
selects the moment-reciprocals as Boltzmann weights for the two conjectured energies.

Verdict (updated). Conjecture D remains numerological (mass error −2.2%, well within
QCD scheme uncertainty for light quarks). The formula Ed = G1 is moment-theoretically
natural and is coupled to Conjecture B by the exact identity (32). If either formula is given a
structural derivation, the other will follow once − lnMU/MU is derived as a J3(O) invariant.

7.6 Updated open problems

The investigations above sharpen the original open problems OP-B and OP-D of Section 6 to:

OP-B' (Z3-intertwiner norm). In J3(O), let Φ : Vω2 → V1 be the Jordan product Φ(y) =
{α3, y, α3} (the Jordan triple product restricted to Vω2 ∋ y, V1 ∋ α3). Does ∥Φ∥2Tr = µ0?
If yes, Conjecture B is structural.

OP-D' (Reduction to OP-B' ). Given OP-B', does − lnMU/MU arise as a natural J3(O) invari-
ant (e.g., the di�erence of log-norms of Vω2 and Vω under the J3(O) trace form)? If yes,
Conjecture D is structural.

OP-B� (mt/mc = α−1 via CKM structure). An independent route: the top/charm ratio ap-
pears in the CKM element Vcb. Does the G2 half-alcove structure (which gives θC from
Proposition 3.2) also constrain |Vcb| in a way that forces mt/mc = α−1 via the GIM
mechanism? This would be a structural derivation via �avor physics rather than J3(O)
geometry.
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