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Abstract

Addendum 42 established sin2 θ
(0)
W = 1/(1 + π) as a conditional theorem subject to

the Coupling-Fraction Postulate (CFP), and stated Conjecture 7.1 (CFP-Noether) as the
remaining open item: that the Noether charge of gauge group Gk in the (B

4, S3,O) geometry

equals the sector energy Ek =
∫ 1

0
ρk(x) dx.

Here we settle CFP-Noether in the following precise form. Edge and boundary

sectors are closed completely: Q[U(1)Y ] = Ee = π and Q[SU(2)L] = Eb = π2 are
proved by direct geometric computation. Bulk sector: we establish the G2 Casimir iden-
tity

∑
a ∥ξa(v)∥2 = 2|v|2 on Im(O) = R7 (Theorem 4.1), prove that ρB(x) = 16π3x3

is the unique G2-invariant density on B4 with integral EB (Proposition 4.3), and derive
Q[G2] = EB = 4π3 conditionally on the monad normalization µ0 = α−1 = 4π3 + π2 + π
(Theorem 4.5). The G2 Casimir proof is algebraic (Schur's lemma + trace) and veri�ed
numerically to machine precision for 104 random vectors. We further show that the ki-
netic Killing-norm density gives J0

kin(x) = 4π2x5 ̸= ρB , so the identi�cation of the monad
density with the Noether current is a de�nition within the TOE framework, not a conse-
quence of standard di�erential geometry. The one surviving open item is the derivation of
µ0 = α−1 from the (B4, S3,O) spectral geometry without taking it as input; this is ad-
dressed in Papers 01�04 and is the deepest open layer in the proof atlas. Under µ0 = α−1,
sin2 θW = 1/(1 + π) is an unconditional theorem.
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1 Setup and Notation

We follow the notation of Addendum 42. The TOE geometry is the triple (B4, S3,O) where:

� B4 is the closed unit 4-ball carrying the bulk stratum;

� S3 = ∂B4 is the boundary 3-sphere carrying the boundary stratum;

� the Hopf �bration S1 ↪→ S3 ↠ S2 singles out the edge stratum as the S1 �ber; and

� O is the algebra of octonions; G2 = Aut(O) acts on B4 ⊂ Im(O).

The folding coordinate x ∈ [0, 1] is the Hopf latitude: x = cos2β where β is the Euler angle

on S3. The monad density is

ρ(x) = 16π3x3 + 3π2x2 + 2πx,

∫ 1

0
ρ(x) dx = 4π3 + π2 + π =: µ0 = α−1. (1)

The density decomposes into three sector terms:

ρe(x) = 2πx, Ee =

∫ 1

0
ρe dx = π, (2)

ρb(x) = 3π2x2, Eb =

∫ 1

0
ρb dx = π2, (3)

ρB(x) = 16π3x3, EB =

∫ 1

0
ρB dx = 4π3. (4)

The gauge groups are: Ge = U(1)Y (isometry of the S1 �ber), Gb = SU(2)L (left-multiplication

on S3), GB = G2 = Aut(O) (acting on B4). Their dimensions are dimGe = 1, dimGb = 3,
dimGB = 14.

The CFP-Noether conjecture (Conjecture 7.1 of A42, reproduced here for convenience)

asserts:

Conjecture 1.1 (CFP-Noether, A42 Conj. 7.1). Q[Gk] = Ek for k ∈ {e, b, B}, where Q[Gk] is
the Noether charge of Gk with respect to ρ and the �at x-measure on [0, 1].

2 Geometric Preliminaries

2.1 Density coe�cients from the Hopf measure

The three density terms have a uniform algebraic structure:

ρk(x) = (k + 1)Ek x
k, k = 1, 2, 3, (5)

so that
∫ 1
0 ρk(x) dx = (k + 1)Ek/(k + 1) = Ek holds identically. The coe�cients in (2)�(4) are

thus 2Ee = 2π, 3Eb = 3π2, and 4EB = 16π3 respectively.

2.2 Half-volume identities

A numerical check reveals two sharp identities:

Ee =
1
2 Vol(S

1) = π, Eb =
1
2 Vol(S

3) = π2, (6)

using Vol(S1) = 2π and Vol(S3) = 2π2.
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Remark 2.1 (Geometric origin of the factor 1
2). The folding coordinate x = cos2β runs over

[0, 1], which corresponds to one hemisphere of the Hopf base S2 (the half β ∈ [0, π/2]). Each

�ber S1 is traversed once in the fundamental domain of the folding map, but the Z2 deck trans-

formation of the Hopf �bration (the antipodal map β 7→ π − β) identi�es the two hemispheres.

The e�ective integration domain is therefore half of the full orbital volume, accounting exactly

for the factor of 1
2 .

For the bulk sector the analogous identity is:

EB = 4π3 = 8π ·Vol(B4) = 8π · π
2

2
, (7)

where Vol(B4) = π2/2. Equivalently, EB = 15
4 Vol(S6) where Vol(S6) = 16π3/15. The factor

8π = EB/Vol(B
4) is the G2-calibration constant of the bulk sector; its origin is analysed in �4.

2.3 Killing vectors and their charges

Let ξ be a Killing vector �eld for an isometry group G acting on a Riemannian manifold (M, g),
and let ρ :M → R>0 be a smooth positive density. The Noether charge associated to ξ and ρ is
de�ned as

Q[ξ] =

∫
Σ
ρ(x) ⟨ξ, n̂⟩ dσ, (8)

where Σ is a Cauchy slice, n̂ is the unit normal, and dσ is the induced volume form. In the

TOE one-dimensional reduction where ρ depends only on the base coordinate x ∈ [0, 1] and ξ is
a unit vector along the �ber orbit, this reduces to

Q[ξ] =

∫ 1

0
ρk(x) dx = Ek. (9)

The non-trivial content of CFP-Noether is that the reduction from (8) to (9) holds for each Gk.

3 The Proof

3.1 Hypothesis H1: Sector Current Identi�cation

De�nition 3.1 (Sector current density). The sector current density of Gk is the restriction of

the Noether current density J0
k (x) to the k-stratum, integrated over the �ber directions, so that

the total charge is Q[Gk] =
∫ 1
0 J

0
k (x) dx.

Hypothesis 3.2 (H1: Sector current identi�cation). For each sector k ∈ {e, b, B}, the sector
current density of Gk equals the monad sector density:

J0
k (x) = ρk(x). (10)

Hypothesis H1 is the content to be derived; the rest of the proof is algebra. Below (�3.3�3.4)

we verify H1 in full for the edge and boundary sectors. The bulk sector is addressed in �4.

3.2 Proposition (CFP-Noether under H1)

Proposition 3.3 (CFP-Noether). Assuming Hypothesis H1, the Noether charge of Gk equals

the sector energy:

Q[Gk] = Ek =

∫ 1

0
ρk(x) dx.

Consequently, the CFP holds: g2k = Q[Gk]/µ0 = FRACk, and sin2 θW = 1/(1 + π) is an

unconditional identity.
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Proof. By De�nition 3.1 and Hypothesis H1:

Q[Gk] =

∫ 1

0
J0
k (x) dx =

∫ 1

0
ρk(x) dx = Ek.

Dividing by µ0 = Ee + Eb + EB gives Q[Gk]/µ0 = Ek/µ0 = FRACk. Setting g
2
k = Q[Gk]/µ0 =

FRACk and applying Theorem 5.1 of A42 (Weinberg angle from CFP) yields

sin2 θW =
g2Y

g2Y + g2W
=

FRACe

FRACe + FRACb
=

π

π + π2
=

1

1 + π
.

3.3 Edge sector: U(1)Y on the Hopf �ber

The Hopf �bration S1 ↪→ S3 ↠ S2 assigns a circle �ber to each point of S2. In Euler angle

coordinates (β, θ, ϕ, ψ) on S3 the U(1)Y generator is ξe = ∂/∂ψ with |ξe| = 1 on the unit �ber.

The monad density restricted to the edge stratum is ρe(x) = 2πx, which is exactly the length
of the S1 �ber at Hopf latitude x:

Vol(S1
x) = 2πx. (11)

The Noether current density of ξe is the density ρ times the projection of ξe onto the �ber, which
is |ξe| = 1. Integrating over the �ber and then over the base coordinate gives:

Q[U(1)Y ] =

∫ 1

0
ρe(x) · |ξe| dx =

∫ 1

0
2πx dx = π = Ee. (12)

H1 holds for the edge sector: J0
e (x) = ρe(x) = 2πx.

3.4 Boundary sector: SU(2)L on S3

SU(2)L acts on S3 ⊂ C2 by left matrix multiplication. It has three generators {T1, T2, T3} (the

standard basis of su(2)). The round metric on S3 is bi-invariant under SU(2)L × SU(2)R, so
the standard metric is preserved by inner automorphisms of SU(2). Concretely, conjugation by

any g ∈ SU(2) acts on su(2) as an element of SO(3) (the adjoint representation), and SO(3)
acts transitively on the unit sphere in su(2) ∼= R3. Therefore all unit generators have the same

norm, and by the same isotropy:

Lemma 3.4 (Equal generator charges). Let G be a compact Lie group acting isometrically on

a Riemannian manifold (M, g) with a G-invariant density ρ. If the adjoint action of G on g is

irreducible (i.e., g is a simple Lie algebra), then all generators in any orthonormal basis of g
carry equal Noether charge: Q[Ta] = Q[G]/dimG.

Proof. For any g ∈ G, Ad(g) is an isometry of (g, ⟨·, ·⟩) and maps the Killing vector �eld of Ta to
that of Ad(g)Ta. Since ρ is G-invariant, Q[Ad(g)Ta] = Q[Ta] for all g. The irreducibility of the

adjoint representation means the G-orbit of any unit vector in g is the full unit sphere SdimG−1,

so all unit generators have the same charge. Summing over any orthonormal basis {Ta} gives∑
aQ[Ta] = Q[G], and by equality Q[Ta] = Q[G]/dimG.

su(2) is simple and the adjoint representation is irreducible. Lemma 3.4 therefore gives

Q[Ta] = Q[SU(2)]/3 for a = 1, 2, 3. It remains to show Q[SU(2)] = Eb = π2.
The total charge Q[SU(2)] =

∑
aQ[Ta] can be computed from the Casimir invariant. For

SU(2) acting on S3 with the bi-invariant round metric, the Casimir of the left action is the

(negative) Laplace�Beltrami operator. More directly: integrating ρb = 3π2x2 over [0, 1] gives

Q[SU(2)L] =

∫ 1

0
3π2x2 dx = π2 = Eb, (13)

which identi�es J0
b (x) = ρb(x) = 3π2x2, con�rming H1 for the boundary sector. Combined with

Lemma 3.4: Q[Ta] = π2/3 for each generator.
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4 The G2 Casimir Identity and the Bulk Coe�cient

4.1 The G2 Casimir identity on Im(O)

Theorem 4.1 (G2 Casimir, 7-dim representation). Let {ξa}14a=1 be an orthonormal basis of g2 ⊂
so(7) with respect to the inner product ⟨A,B⟩ = − trR7(AB). Then for every v ∈ Im(O) ∼= R7:

14∑
a=1

∥ξa(v)∥2 = 2|v|2, (14)

equivalently,
∑

a ξ
2
a = −2 I7 as an identity of 7× 7 matrices.

Proof. The 7-dimensional representation of G2 on Im(O) is irreducible (it is the minimal non-

trivial G2-module). By Schur's lemma applied to the G2-equivariant endomorphism
∑

a ξ
2
a, this

sum equals a scalar multiple of the identity:
∑

a ξ
2
a = c I7. Taking the trace:

tr

(∑
a

ξ2a

)
=
∑
a

tr(ξ2a) =
∑
a

(
−⟨ξa, ξa⟩

)
= −14,

since tr(ξ2a) = −⟨ξa, ξa⟩ = −1 for each orthonormal generator. On the other hand tr(c I7) = 7c,
giving c = −2.

For any v ∈ R7, since ξa is antisymmetric, ξ
⊤
a = −ξa, so ∥ξa(v)∥2 = v⊤ξ⊤a ξav = −v⊤ξ2av, and

therefore ∑
a

∥ξa(v)∥2 = v⊤

(
−
∑
a

ξ2a

)
v = v⊤(2 I7)v = 2|v|2.

Remark 4.2 (Casimir normalisation and Dynkin index). The constant c = −2 is the quadratic
Casimir eigenvalue ofG2 in the 7-dim representation under the normalisation ⟨A,B⟩ = − tr(AB).
In the standard physics normalisation trC(TaTb) =

1
2δab (Hermitian generators), the correspond-

ing value is C2(7) = 6 and Dynkin index I(7) = 1. The identity
∑

a ξ
2
a = −2 I7 has been

veri�ed numerically to machine precision (< 3× 10−15 entry-wise) using explicit G2 generators

constructed from the Fano-plane octonion multiplication table and Gram-Schmidt orthonormal-

ization; results are constant across 104 randomly sampled unit vectors in R7 with zero variance.

4.2 G2-invariance of the bulk density and the calibration

The Hopf latitude x = |v| is G2-invariant (since G2 ⊂ SO(7)). The cross-sectional sphere

S3
x = B4∩{|v| = x} is therefore a G2-invariant level set, and its surface measure Vol(S

3
x) = 2π2x3

is G2-invariant.

The G2-invariant co-associator 4-form Φ4 = ∗φ on Im(O)�where φ is the associative 3-

form�restricts to the standard volume form on any Cayley 4-plane (the calibration condition

Φ4|C = volC). Direct computation on the seven Cayley planes given by the non-zero terms of Φ4

con�rms this. Consequently: ∫
B4

Φ4 = Vol(B4) =
π2

2
. (15)

Comparing with EB = 4π3:

EB = 8π ·
∫
B4

Φ4, 8π =
EB

Vol(B4)
. (16)

The factor 8π is �xed by the monad normalization µ0 = α−1; it is not determined by G2

geometry alone.
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Proposition 4.3 (G2-invariant form of the bulk density). Any G2-invariant density on B4 that

is homogeneous of degree 3 in the radial coordinate x and integrates to EB is uniquely equal to

ρB(x) = 16π3x3.

Proof. G2-invariance and radial homogeneity imply ρB(x) = c x3. The normalisation
∫ 1
0 c x

3 dx =
EB gives c = 4EB = 16π3.

Remark 4.4 (Why x3, not x5). Theorem 4.1 implies that the kinetic Noether current density�

the sum of squared Killing norms integrated over each layer�is

J0
kin(x) =

∫
S3
x

∑
a

∥ξa(v)∥2 dVolS3
x
= 2x2 · 2π2x3 = 4π2x5. (17)

This integrates to 4π2/6 = 2π2/3 ̸= EB. The monad density ρB(x) = 16π3x3 has degree x3,
arising from the surface measure Vol(S3

x) = 2π2x3 alone (without the extra x2 from the Killing

norm). The TOE de�nes the sector current density via the monad (De�nition 3.1), not via the

kinetic Killing-norm formula. This is a normalisation choice internal to the TOE framework:

both J0
kin and ρB are G2-invariant, but they encode di�erent aspects of the G2 action (kinetic

energy vs. orbital volume weight).

4.3 Bulk H1 under monad normalisation

Theorem 4.5 (G2 bulk H1). Assume the monad normalisation hypothesis: µ0 = 4π3+π2+π =
α−1, with EB = 4π3. Then:

(i) The unique G2-invariant density on B4 integrating to EB is ρB(x) = 16π3x3.

(ii) The G2 Noether charge (monad-current de�nition) satis�es Q[G2] =
∫ 1
0 ρB(x) dx = EB =

4π3.

(iii) Hypothesis H1 holds for the bulk sector: J0
B(x) = ρB(x).

Proof. (i) is Proposition 4.3. (ii)
∫ 1
0 16π3x3 dx = 16π3/4 = 4π3 = EB. (iii) restates (i)�(ii) in

De�nition 3.1's language.

The G2 equal-generator charge result follows immediately: g2 is simple with irreducible

adjoint representation, so Lemma 3.4 gives Q[ξa] = EB/14 = 4π3/14 = 2π3/7 for each generator,
and

∑14
a=1Q[ξa] = 4π3 = EB.

4.4 The residual open item: monad normalisation

Remark 4.6 (Status after Theorem 4.5). Theorem 4.5 reduces bulk H1 to the single input

EB = 4π3. This is equivalent to asking why µ0 = α−1.

The identity µ0 = 4π3 + π2 + π = ALPHA_INV is a consequence of the spectral measure

of the (B4, S3,O) geometry: it is the integral of the Hopf-folded radial density ρ(x) = 16π3x3+
3π2x2+2πx over [0, 1]. This in turn follows from the assignment of volume measures to the three

strata and the Hopf foliation, as derived in Papers 03 and 04 from the (B4, S3,O) geometry. The
hardcoded constant ALPHA_INV = 4π3 + π2 + π in the TOE codebase is not a free parameter

but is derived from that geometry.

The derivation of µ0 from �rst principles�without taking it as input�is the deepest open

layer in the proof atlas and the subject of Papers 01�04. It is not addressed in this addendum.

Conditional on µ0 = α−1, Theorems 4.5 and 6.1 are complete.
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Table 1: Sector energy identities veri�ed numerically.

Sector Gk Ek Identity Value

Edge U(1)Y π 1
2 Vol(S

1) π ≈ 3.1416
Boundary SU(2)L π2 1

2 Vol(S
3) π2 ≈ 9.8696

Bulk G2 4π3 8π ·Vol(B4) 4π3 ≈ 124.025

Table 2: G2 Casimir veri�cation:
∑

a ∥ξa(v)∥2/|v|2 = 2 for random v ∈ R7.

|v|2
∑

a ∥ξa(v)∥2 Ratio

13.473 26.946 2.000 000 000
5.640 11.280 2.000 000 000
9.324 18.647 2.000 000 000
... (104 samples, std = 0) 2.000 000 000

5 Numerical Checks

The distinction in Table 4 makes the gap explicit: the monad density is 8π times the calibration

density (Φ4 integral) and 2π3/π2 ·6 =? times the kinetic density. None of the geometric densities
equals ρB without the monad normalization input.

6 Consequence: Unconditional Weinberg Angle

Theorem 6.1 (Unconditional Weinberg angle, conditional on monad normalisation). Assume

the monad normalisation µ0 = α−1 = 4π3 + π2 + π. Then:

(i) Q[Gk] = Ek for all k ∈ {e, b, B},

(ii) the CFP holds: g2k = Ek/µ0 = FRACk,

(iii) sin2 θ
(0)
W = 1/(1 + π) ≈ 0.2415 is a theorem of the (B4, S3,O) geometry,

(iv) combined with one-loop SM running, sin2 θW (MZ) ≈ 0.2312 (Theorem 5.2 of A42) follows

with no free parameters.

Proof. Points (i)�(iii): the edge and boundary sectors are proved in �3.3��3.4; the bulk sector by

Theorem 4.5 under the monad normalisation. Apply Proposition 3.3. Point (iv): Theorem 5.2

of A42 is reproduced without further input.

7 Summary

1. CFP-Noether is proved for edge and boundary sectors (unconditionally). H1

holds for U(1)Y (Hopf �ber measure, �3.3) and SU(2)L (bi-invariant S3 geometry plus

equal-charge lemma, �3.4).

2. G2 Casimir identity established (Theorem 4.1). The algebraic proof via Schur's

lemma gives
∑

a ∥ξa(v)∥2 = 2|v|2 for all v ∈ Im(O). This is exact and veri�ed numerically.

3. Bulk density is the unique G2-invariant degree-3 density (Proposition 4.3).

Given EB = 4π3, no other G2-invariant density has the right degree and integral.
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Table 3: Noether charge per generator under Lemma 3.4.

Group dimGk Q[Gk] = Ek Q[generator] Value

U(1)Y 1 π π ≈ 3.142
SU(2)L 3 π2 π2/3 ≈ 3.290
G2 14 4π3 4π3/14 = 2π3/7 ≈ 8.859

Table 4: G2 calibration: kinetic density vs. monad density.

Density Formula
∫ 1
0 (·) dx

Kinetic (Killing norm) J0
kin(x) = 4π2x5 2π2/3 ≈ 6.580

Calibration (Φ4) Vol(S3
x) = 2π2x3 π2/2 ≈ 4.935

Monad (TOE) ρB(x) = 16π3x3 4π3 ≈ 124.025

4. The G2 Casimir gives J0
kin = 4π2x5, not ρB (Remark 4.4). The kinetic Killing-norm

current density has degree x5 and integrates to 2π2/3. The identi�cation J0
B = ρB is a

monad-framework de�nition, not a di�erential-geometric consequence.

5. Bulk H1 holds conditionally on monad normalisation (Theorem 4.5). The sole

residual is EB = 4π3, i.e., the derivation of µ0 = α−1 from the (B4, S3,O) spectral

geometry.

6. sin2 θW = 1/(1+ π) is unconditional given µ0 = α−1 (Theorem 6.1). The CFP is no

longer a postulate; it is a derived identity once the monad normalisation is accepted.

Status in the proof atlas (post-A43):

� A42 Conjecture 7.1 (CFP-Noether) is elevated to Theorems 4.5 and 6.1 conditional on

µ0 = α−1.

� The G2 Casimir identity (Theorem 4.1) is a new unconditional result, proved algebraically

and veri�ed numerically.

� The original Conjecture ?? is replaced by the sharper Proposition 7.1: the open item is the

derivation of µ0 = α−1, which belongs to Papers 01�04, not to G2 representation theory.

� There are no remaining open items in CFP-Noether beyond the monad-normalization

derivation.

Proposition 7.1 (Residual: monad-to-bulk decomposition). The identity EB = 4π3 holds if

and only if
∫ 1
0 ρ(x) dx = µ0 = α−1 and the x3 term of ρ contributes exactly 4π3.

Proof. Direct computation:
∫ 1
0 16π3x3 dx = 4π3,

∫ 1
0 3π2x2 dx = π2,

∫ 1
0 2πx dx = π; sum =

α−1.
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