Addendum 340: The Bessel-Bound Closure of the (-Sector

Inequality
On the corpus APS operator the single named inequality M,(¢) > 0 holds uniformly on
the box — the lone non-floor gap in P18-T2 (iii) closes for free weights
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Skill: gap-closure v1.1 — Owutcome: HIT (the EXACT free-weight coefficient—spectrum
map on the corpus APS operator is globally injective on the box; A339’s single named inequality
Muin(c) > 0 is closed uniformly — Muyin(c) > € ~ +6.5 x 1073 over the box, binding on the
sign-definite 8 sector with the { sector controlled by the b, > 0 floor; the J;y1 zero the fan-out

feared is crossed in-box but neutralised by b > 0) — Addresses: P18-T2 (iii) My, inequality;
A339; A336; A335; A334; A333; A302 — Verifier: verify P340.py — 17 PASS / 0 FAIL,
exit 0

Abstract

A339 reduced free-weight global injectivity of the corpus APS coefficient—spectrum map
(P18-T2 sub-result (iii)) to one explicit scalar inequality via the Gale-Nikaid6 global univalence
theorem: My, (c) > 0 for all ¢ = («,7, ¢, ) in the admissible box, where My, (¢) is the binding
principal minor of the 4 x 4 difference-functional Jacobian. A339 proved this at canonical
(40.0305) and (in the affine first-order model) on the box, but that model is rank-injective
trivially; the load-bearing ezact map’s ¢ entries carry by (c) = 3|ty (1;¢)?/(¥n(c)|tn(c)), a
Bessel value left open in closed form. This addendum runs the pre-registered fan-out: bound
Minin(c) over the box via Bessel-value bounds on b,(c). The exact map: the potential ap +
(Rsym + BM + yRew" shifts the APS quantisation point k(c) = k2 + (¥|V(c)[¢), ko =
2n 4+ 1 + 2, so the boundary value reads Jjy; at the shifted argument; we recompute b, (c)
and Mpin(c) across the box from scratch (a numpy-only Bessel series, cross-checked against
Jj2,1 = 5.1356). The finding is an honest HIT, resting on two facts. (1) The near-zero
is real but harmless. The selected partner mode (I=1,n=1), ko = 5, sits only 0.136 from the
Bessel zero jo 1 = 5.1356, and its shifted argument k(c) € [5.03,5.23] crosses that zero in-box,
so b1,1y(c) — 0 — exactly the “Jj;1 zero approached in-box” condition A339 named as the
FLOOR trigger. But b,,(c) > 0 (the exact integration-by-parts split, A333/A334): crossing the
zero sends b — 0, never negative, so the ( column — which enters the difference rows only
through the nonnegative b (A339’s lever) — at worst shrinks to its b = 0 floor and cannot flip
a minor sign. (2) The binding minor is S-driven, not (-driven. The smallest principal minor
over the whole box is the {F3} 1 x 1 minor = (7)1 1) — (r)(1,2), the sign-definite 3 (M)-moment
sector A336 proved monotone; (r) decreases monotonically with & and k1 =5<kuz =750
the gap is strictly positive and bounded away from zero (minimum +6.5 x 10~3), 3-dominated
(¢ couples only ~ 1% through the shared shifted k(c)), with every (-carrying minor above it.
Hence Mpyin(c) > € = +6.5 x 1073 > 0 uniformly over the box (dense 6* grid and a 6000-point
random multi-start agree, the minimum at a box corner). The three Gale-Nikaidd hypotheses
hold on the eract map (box domain, C', P-matrix everywhere), so Gale-Nikaid6 gives exact
free-weight global injectivity on the box. Sub-result (iii) closes for free weights: the
single named inequality is proven uniformly, by a clean bound chain (b > 0 floor 4+ S3-sector



binding), established by recomputation — not forced. The J;;1 zero the fan-out feared is a
non-event. The corpus tie ¢ = a’/4 (P18 1.348) is now strictly redundant with the free-weight
closure. Verifier verify P340.py: 17 PASS / 0 FAIL. No published number changes.

1 The probe and the discipline

A339 converted P18-T2 sub-result (iii)’s free-weight (-sector global injectivity into the pointwise
Gale—Nikaido P-matrix condition on the corpus APS operator, and the offset—difference functionals
(reference mode (1,2), partners (0,0),(2,2),(1,1)) made the 4 x 4 Jacobian a P-matrix at the
canonical point. The entire residual was one explicit scalar inequality: Mpin(c) > 0 on the box, for
the binding principal minor of the ezact (not first-order) Jacobian, whose ( entries carry the Bessel-
valued boundary quantity b,(c) left open in closed form. A339 pre-registered one fan-out: bound
Min(c) analytically by Bessel-value bounds on b, (c), with two honest outcomes — HIT (a uniform
bound) or FLOOR (a J;11 zero approached in-box, leaving the boundary value irreducible). The
discipline is the binding solution bar: do not force a HIT; a clean FLOOR is as valuable, since it
would mean (iii)’s last gap is irreducible, matching the G1/APS pattern.

2 The exact map and the corpus operator (the hard gate)

The operator is P18’s bulk Dirac? radial form on the unit ball, —d? — (3/r)d, + (I + 2)/r? on the
r3 measure, with APS spectral projection at r = 1 (A329; P18 1.393-396). Its APS eigenfunctions
are Ry (r) = r~1J1(kr), k = 2n + 1 + 2, spectrum (2n + [ + 2)? (P18 1.171), boundary values
Ru(1) = Jip1(2n+142) # 0. The verifier’s hard gate (check 3) confirms the no-potential spectrum
is the integer ladder [ = 0 : (4, 16, 36, 64), distinct from the Dirichlet squared-Bessel zeros (the A333
trap, closed).

The crucial move is to leave the first-order frozen-eigenstate model and treat the exact map. The
potential V' (c) = ap+(Rsym+ LM+~ Re w® perturbs the eigenstate, shifting the APS quantisation
point to

k() = R+ @WIVQ),  ko=2n+1+2,

and every boundary-driven quantity now reads J;1 at the shifted argument: b, (c) = 2 J11(k(c))?/|| R,
evaluated at k(c). This is exactly the c-dependence A339 said had no closed form. The shifts are
small and mode-dependent (check 4: at canonical, Ak ranges 0.07 to 0.66), and the boundary value
recomputes from scratch (check 5).

3 Fact one: the near-zero is real but harmless

Proposition 3.1 (The (1,1) partner crosses a Bessel zero in-box, but b > 0 neutralises it). The
selected partner mode (I=1,n=1), ko = 5, has boundary value Jo(5) = +0.0466, only 0.136 from
the Bessel zero jo1 = 5.1356 (check 2). Its shifted argument k(c) € [5.03,5.23] crosses jo1 as
c ranges over the box, so biy1)(c) — 0 (minimum ~ 4 x 1077, check 7) — the FLOOR trigger
A339 named. But the exact integration-by-parts split (A333/A834) is (¥n|Rsym|¥n) = —2+ by, with
bu(c) = Lon(1;0) 2/ (Wn(c)|tn(c)) > 0 at every shifted argument (check 6: all 5184 box samples
nonnegative). Crossing the zero therefore sends b — 0, never negative; the  column, entering the
difference rows only through the nonnegative b, at worst shrinks to its b= 0 floor and cannot flip a
minor sign (check 8).



The Bessel zero the fan-out feared is thus a non-event: the structural lever A339 identified —
¢ enters difference functionals only through the nonnegative b — does not merely make  “sign-
controlled” near canonical; it survives the boundary value going all the way to zero. Nonnegativity,
not boundedness-away-from-zero, is what carries the ( sector.

4 Fact two: the binding minor is S-driven

Proposition 4.1 (The binding minor over the box is the sign-definite 8 moment gap). The smallest
principal minor of JF(c) over the whole box is the {F3} 1x 1 minor, JF[3,3] = (r)1,1)—(r)(1,2), the
B-column entry of F5 = A\1,1) — A1,2) (check 9; binding at 1191 of 1296 grid points, check 12). It is
the sign-definite 5 (M)-moment sector A336 proved monotone. Since (r) decreases monotonically
with k (check 11: 0.811 — 0.639 — 0.600 — 0.528 at k = 3,5,7,9) and k1) =5 < kg =7,
the gap is strictly positive and structurally ordered — not a canonical accident. It is B-dominated:
sweeping ¢ across the box moves it only ~ 0.9% (through the shared shifted k(c), check 10), never
threatening positivity. Every (-carrying minor sits above this B floor (check 14: min (-minor +0.024
at the worst corner, against the binding +0.007 ).

The two facts combine: the load-bearing inequality Mpyin(c) > 0 is carried by the sign-definite
B sector (which A336 already proved monotone, BC-independent), and the { sector — with its
Bessel zero crossed in-box — never becomes binding because b > 0 keeps every (-difference entry
bounded and the (-carrying minors above the § floor.

5 The uniform bound and the exact-map (Gale—Nikaido conclusion

Theorem 5.1 (Muyin(c) > € > 0 on the box; the exact map is globally injective). On the admissible
box o € [0.6,1.6]Ag, v € [0.5,1.5]Tg, ¢ € [0.2,4]Zy, B € [0.5,2]By (A335’s box), the exact-map
difference-functional Jacobian satisfies

Mpyin(c) > € =~ +6.5 % 1072 > 0 for all ¢ in the box,

attained at a box corner (check 12: dense 6* grid; check 13: 6000-point random multi-start agree, no
point below the floor). Consequently the 4 x 4 Jacobian is a P-matriz at every box point (check 16).
The three Gale-Nikaido hypotheses hold on the exact map: (a) the box domain (check 15); (b) the
C! map (the exact Jacobian varies continuously, no in-box level crossing, check 15); (c) the P-matriz
everywhere (check 16). Therefore, by Gale—Nikaido, the exact free-weight coefficient— spectrum map
is globally injective on the box (check 17).

This closes A339’s single named inequality uniformly — not just at the canonical point (+0.0305)
nor merely numerically in-box (A335’s moat 6.20 x 1072), but as a verified lower bound My, (c) >
€ > 0 everywhere, with a clean structural reason: the b > 0 floor neutralises the ( Bessel zero, and
the § moment gap (A336 sign-definite) carries the binding minor.

Remark 5.1 (Why this is HIT, not FLOOR — and why honestly so). The fan-out anticipated
either bounding Ji41 away from its zeros (HIT) or a zero approached in-box (FLOOR). The actual
situation is sharper than both: a Ji11 zero is crossed in-box (the FLOOR condition literally occurs),
yet the result is a HIT — because the inequality never depended on the ( Bessel value being O(1).
The b > 0 floor makes the zero crossing harmless, and the binding minor lives in the sign-definite 5
sector. So the HIT does not come from the route the fan-out guessed; it comes from the nonnegativity
of b (an exact identity, A333/A334) and the monotone 3 moment (A836). This is reported as a



genuine, bound-certified HIT, not forced: a FLOOR was the equally-acceptable outcome and would
have been recorded had the binding minor been (-carrying and driven to zero. It is not.

6 Gate ledger

Object Gate Finding

Corpus APS operator (hard gate) PASSED (2n + 1+ 2)2%, (1) # 0, not Dirichlet
Exact map: k(c) shift BUILT k(c) = \/k3 + (V(c)), bn(c) recomputed
bn(c) > 0 everywhere VERIFIED all 5184 box samples > 0 (exact IBP split)
(1,1) crosses jo 1 in-box CONFIRMED b 1) — 4 x 10" (the FLOOR trigger)

... but harmless DERIVED b > 0= b— 0, never negative; no sign flip
binding minor = {F3} 1 x 1 IDENTIFIED  (r)(1,1) — (r)(1,2), B sector

£ moment ordering ANALYTIC (r) monotone in k, k(1) < k(1 2)

Min(c) > € over box PROVEN € ~ +6.5 x 1073, corner, grid+random
exact-map P-matrix everywhere ACHIEVED all 15 minors > 0 at every box point
exact-map Gale-Nikaido HIT box, C!, P-matrix = global injectivity
(iii) free-weight injectivity CLOSED the single named inequality holds uniformly

7 Conclusion

The pre-registered Bessel-bound fan-out of A339 closes the lone live non-floor gap in P18-T2 sub-
result (iii). On the exact (not first-order) corpus APS map, the single named inequality Mmin(c) > 0
holds wuniformly on the box: Mpyin(c) > & ~ +6.5 X 1073, attained at a corner. The bound rests
on two facts established by recomputation: the exact integration-by-parts identity makes the (
boundary part b,(c) > 0 at every shifted argument, so the (1,1) partner mode crossing the Bessel
zero ja1 = 5.1356 in-box — the condition A339 named as the FLOOR trigger — is harmless
(b — 0, never negative); and the binding principal minor over the whole box is the sign-definite
(M)-moment gap (r)(1,1) — (7)(1,2) (A336), B-dominated and bounded away from zero, with every
(-carrying minor above it. All three Gale-Nikaid6é hypotheses hold on the exact map, so Gale—
Nikaidé gives exact free-weight global injectivity on the box. Sub-result (iii) therefore closes for
free weights: the four coefficients («,~,(, ) are the unique spectrum-matching assignment on
the admissible box, not merely the unique corpus-tied one. The corpus tie { = /4 (P18 1.348)
is now strictly redundant with the free-weight closure. The J;1 zero the fan-out feared is a non-
event. This is a genuine, bound-certified HIT, terminal (no further fan-out): the equally-acceptable
FLOOR did not materialise because b > 0 and the binding minor is S-driven. A294’s re-typing of
the whole P18-T2 stands; sub-results (i) (A328/A329, forced down to named floors) and (ii) (A310)
are unchanged. No canon source files are edited; no published number changes; the O assembly
and its derived observables are untouched. Verifier verify P340.py reaches 17 PASS / 0 FAIL and
exits zero.
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