Addendum 213: OP-Gy;A; Capstone
The G5—A, Unified Mass-Ratio Theorem:
Geometric Series, Closed Form, and Fourth-Term
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Context. Three preceding addenda established successive approximations to the muon-to-
electron mass ratio m,/m. with zero free parameters:

Res = 207<1 - 6;‘;) ~ 206.622. .. (P210; gap 705.7 ppm), (1)
h —
R = 207<1 + 63;’> ~ 206.7685.. .. (P209/P210; gap 1.124ppm),  (2)
h—w h?
R3=207(1+ — —= ] = 206.768284938... (P212; gap 0.00937 ppm). (3)
Bu eud

Here e = 7, w = 73/4, u = 473 + 72 + 7, and h = hV(As) = 3. The CODATA-2018 target is
T = 206.7682830.

The present addendum is the capstone of this sub-programme. It has five sections:



1. formalises the pattern of correction terms,
probes a predicted fourth term and its alternatives,
derives the geometric series structure and closed form,

states Theorem P213.1 (the unified Go—As theorem) with its proof obligations, and

AN S

reports PSLQ on the residual A3 = R3 — T.

1 Pattern Formalisation

1.1 Decomposition of the correction

Expanding R* and Rj, the successive corrections to the base formula 207(1 — w/e3u) are:

h—w_h  w (4)

correction 1:
e edu  edu’

N~ N
T T
h2
correction 2:  — —— ="Th. (5)
ep
The term Ty = —w/e3u = —1/(4p) is the candidate-8 correction present from R.g onward;
the w-numerator appears only in Ty. The series 11,75, ... involves only the Coxeter number h,
no w.
1.2 Explicit form of T},
Examining 77 and T5:
h! h?
N=tar BT as

Moving from k& = 1 to k = 2: the e-exponent in the denominator decreases by 2 (from 3 to 1),
the p-exponent in the denominator increases by 2 (from 1 to 3), the power of h increases by 1,
and the sign alternates. The resulting formula is:

Definition 1.1 (Series term). For k > 1:

T, — (_1)k+1 hF e2k—5 _ (_1)k+1 3k r2k—5 '
R (473 + 72 + )26 1
Checking explicitly (verified in verify_P213.py):
he3 h
k=1: Ti=4— =4y
1 ep
h2 -1 h2
k = 2 T2 = — € =5 \/
I eus
h3 el 27
k=3: T3=+ : = +—;T (geometric prediction)
I [

1.3 Restated formula

The mass ratio approximations can be written uniformly as:

w N . Bk o2k—5
Ry = (1415 — h) 1—@+Z(—1) + =k (6)
k=1

with 14-15 — h = 207 from dim(Gs) - (dim(Ga) + 1) — hV(Ay) (P211).



2 Fourth-Term Probe

2.1 Geometric prediction

Definition predicts T3 = +277/u°. Numerically:

re 27 -
T9d = 4+ 50 & 41755 x 107,
1
Adding this to Rs:
REmd =201(1+To+T1 +To + Té’red) ~ 206.768 285301 ..., gap 0.01113 ppm.

This is worse than R3 (gap 0.00937 ppm). The reason is that R3 > T' (the three-term formula
already overshoots the target), and 77} red 5 0 pushes it further above T

2.2 Grid scan over T3 candidates

We scanned Ty = 4h3e®/ub for a € {—3,-1,0,1,3}, b € {3,4,5,6,7}. The ten smallest gaps
are:

Table 1: Best fourth-term candidates from the grid scan (at mp.dps=60). h = h"V(A3) = 3.

Rank 13 Ry~ Gap (ppm)
1 —h3/(e3u?) 206.768 284427 0.00690
2 —hde/u’ 206.768 284 575 0.00762
3 —h3e3/u®  206.768 281 352 0.00797
4 —h3/ud 206.768 284 822 0.00881
5 —h3/(ep®)  206.768284901 0.00919
6 —h3e3/u®  206.768284912 0.00925
7 —h3/(e3u®) 206.768284934 0.00935
8 —he/u® 206.768 284 935 0.00936
9 —h3/ub 206.768 284 937 0.00937

10 +he/p’ 206.768 285 301 0.01113

The pattern in Table[1] is instructive:

e All competitive fourth-term candidates have negative sign; the positive geometric predic-
tion (rank 10) is among the worst.

e The best candidate T3 = —27/(e3u*) does not fit the T} pattern of Definition it is an
empirical improvement, not a derivation.

e Ranks 4-9 give gaps nearly identical to R3 (within 1071); since T3 ~ 107, these correc-
tions are irrelevantly small and the improvement is illusory.

e The geometric prediction with flipped sign (—h3e/u®, rank 2) gives 0.00762 ppm— closer
than R3 but with no theoretical motivation for the sign reversal.

Remark 2.1. The failure of T¥ red 14 improve Rj is structurally expected: the infinite geometric
series converges to Rejosed (Section , and Rejoseq > R3 > T, so every additional positive term
pushes the partial sum further from 7" before the series converges. The truncation N = 2 (R3)
is the partial sum that happens to pass closest to T



3 Geometric Series Structure and Closed Form

3.1 The geometric ratio

Proposition 3.1 (Geometric ratio). For all k > 1, the ratio of consecutive terms satisfies:

Tht1 he? 32 _3
= — = = ~ 1.5767 x 107~.
Ty " " w2 (4Ard + w2 4 m)? x

Verification. Using Definition

Tk—l—l _ (_1)k+2 hk+162(k+1)_5/u2(k+1)_1 _ h e2 _ .,

Tk (_1)kz+1 thQk—B/MQk—l NQ

Numerically at mp.dps=60:
372
I To/Th| = |T3/To| = r = o ~ 0.001576 70239738954 ..
1
Both equalities match to within 10753 (see assertion A20-A22 in verify_P213.py). O]

3.2 Closed-form sum

Since |r| ~ 0.00158 < 1, the geometric series converges absolutely. The sum over k > 1 is:

o0 o0 T
S=N"T.=T k= L

Substituting 7} = h/(e3u) and r = he?/p?:

_h 1 B hp 3(4n® + 7% + )
e 14he?/p? S(uP+he?) w3 [(Amd + 2 + )2+ 372)

(7)

The closed-form mass ratio is therefore:

w h u

Rdosed = 207(1 — @ =+ (33(/,L2—i—I’L(32)> ~ 206.768 285301 ... y gap 0.01113 ppm. (8)

3.3 Relationship between partial sums and the closed form
The partial sum Ry and the closed form satisfy the standard geometric-series error bound:

_T)N

Rclosed _RN = 207Tl (1—|—7‘ .

For N = 2:
r2

1+7r
Since R3 > T and R¢oseqa > R3, the partial sums at N = 0,1,2,... are monotone increasing

in the direction away from T: the series converges to Rglosed, Which itself overshoots T by
0.01113 ppm.

Raosea — R3 = 207 - T - ~ 3.628 x 10_7.

The gap ordering is therefore:
T < R3 < Rejosed < R4 < R*,

and Rj is the truncation that achieves the closest approach to T



4 The Unified Theorem

Theorem 4.1 (Go-As Mass-Ratio Series). Let e = 7, w = 7°/4, p = 473 + 72 + 7, h =
hY(A2) =3, and T = 206.7682830 (CODATA-2018). Define the series terms

kb1 thZk—5

2k—-1 7

T, = (—1) p

k> 1,

and the truncated mass ratios

N

w
:207[1—63M+ZTI€

N
Ry = (dim Gy - (dim Gy + 1) — h) [1 R )
k=1

3
&
K k=1

Then:
(i) Accuracy.

N =0 (candidate 8): |Ro—T|/T = 705.7 ppm =~ 0.071%;
N=1(R"): |Ri—T|/T =1.124ppm;,
N =2 (R3): |Rs—T|/T = 0.00937 ppm;
N =3 (predicted): |Rs—T|/T = 0.01113 ppm (worse).

(ii) Geometric ratio. The ratio between consecutive terms is exactly Tyy1 /Ty, = —r with
r = he?/p? = 3m2/(4m3 + 72 4+ 1) = 1.5767 x 1073, verified numerically to 10753,

(iii) Closed-form limit. The series >, T} converges absolutely (ratio r ~ 0.00158 < 1) to
the closed form
3(4n3 + 7% + )

S = )
m3[(4m3 + 72 + m)2 4 372]

giving the closed-form mass ratio

73 /4 3(4m3 + w2 + )
mAm + 12+ 7m) w3 [(4rd + w2 4 )2 + 3n?]

Ry = 207(1 . ) ~ 206.768285301..., gap 0.01113 pp

(iv) Monotone approach then departure. The partial-sum sequence satisfies T < Ry <
R ; the truncation N = 2 achieves the minimum gap 0.00937 ppm; every subsequent term
makes the partial sum larger (because r > 0 and R > T).

Proof outline. Parts (i) computed at mp.dps=60 (assertions A27-A39 and A44-A46 in verify_P213.py).
Part (ii) algebraic, verified numerically (A20-A26). Part (iii) standard geometric series, S =
T1/(1 + r), verified algebraically and numerically (A40-A48). Part (iv) follows from Ro, > T
(assertion A44) combined with the monotone increasing partial sums. O

4.1 Proof obligations

The following steps remain to complete a full first-principles derivation:

1. Derivation of 207 from the Gy holonomy integral (P198/P211). Established in
P211: 207 = 14-15 — h"(As) from the Go spectral count minus the Ay Coxeter correction.
Status: done.

2. Physical origin of Ty = —w/(e3u) = —a/4. This is the leading quantum correction to
the bare-ratio formula 207; it appears in P210 as the lepton-face Gram-trace correction.
Status: established (P210).



3. Physical origin of T} = +h/(e3u). The hY(Az)-numerator closes the candidate-8
gap; P210 identifies it as the Ay Coxeter anchor on the lepton face. Status: established
(P210/P211).

4. Physical origin of Tp = —h?%/(eu?®). The hV(A2)? = 9 numerator is identified in P212
as the squared Coxeter number, consistent with a second-order loop correction. Status:
established (P212).

5. Proof that successive loop corrections carry [h¥]. The geometric ratio r = he?/u? =
hV(A3) o712 connects each successive term to the preceding one by the Ay Coxeter number.
A first-principles derivation would show this ratio arises from a Ga/As Casimir ratio at
each loop order. Status: open (OP-G2A2-ratio).

6. Proof of geometric ratio from the Ay weight lattice. The ratio r = 37%/u? ~
h- OééEDTFQ has the form of a Coxeter-weighted fine-structure correction. A full derivation
would derive r from the rank-2 As weight lattice action on the muon propagator. Status:
open (OP-G2A2-lattice).

7. Why the closed form misses T by 0.01113ppm. R, # T exactly; the residual
Ry — T = 2.3 x 1079 is not explained by the geometric series alone. This may reflect
higher-order QED corrections not captured by the Gg/As Lie-algebraic truncation, or a
genuinely different structure for the fourth term. Status: open (OP-delta-inf).

5 PSLQ on the R3; Residual
The residual after Rg is:
As = R3 — T = 1.937950336 744497 ... x 1076,

A grid scan over the |Ag| region (Section [2)) finds that the closest fourth-term candidate in the
natural {h, e, u, w} basis is —27/(e3u?) with gap 0.00690 ppm (Table. However, this candidate
does not fit the pattern of Definition

Running mpmath.identify on Az and its natural rescalings returns only expressions with
non-integer exponents (e.g. As - e3u/h +— multi-prime fractional-power expressions), none of
which factor cleanly as a TOE identity. PSLQ at maxcoeff=500 on 12-element bases including
{hFe®/ub} for various (a, b) finds no relation of the form coAs + 3 ¢;B; = 0 with small integers
¢; and cg # 0.

Conclusion on Az. The residual Az = 1.938 x 107% is not an exact integer-linear combination
of natural fourth-order TOE monomials in (h,e, u,w). The geometric series does not converge
to T'; the gap between Ro, = Relosed and T is 0.01113 ppm, well within the CODATA-2018
measurement uncertainty (+4.6 x 1079).

6 Summary and Status

Results established by this addendum

1. The correction terms T} = +h/(e3u) and Tp = —h?/(e ) form an alternating geometric
series with ratio —r, r = he?/u?, verified to 1079 (Proposition .

2. The infinite sum ;- Tj converges to the closed form S = hu/[e3(u? + he?)], giving
R & 206.768 285301, gap 0.01113 ppm (Theorem [4.1(iii)).



3. The optimal truncation is N = 2 (R3), with gap 0.00937 ppm, because R, > T and all
partial sums for N > 2 are monotone increasing (Theorem [4.1{iv)).

4. The fourth-term prediction T} red _ L o7x /u® worsens the approximation; the best empir-
ical fourth term is —27/(e2u*) (gap 0.00690 ppm) which lies outside the geometric series
pattern.

5. PSLQ finds no exact integer relation for As in the natural {h,e,u,w} basis at current
precision.

Open problems

OP-G2A2-ratio Derive the geometric ratio r = he?/u? = 372 /u? from first principles in the
G/ Ay weight-lattice action.

OP-G2A2-lattice Prove that successive loop corrections to the muon mass carry factors of
hY(A2)*, establishing the Ay Coxeter content of each term in the series.

OP-delta-inf Identify the physical origin of the Ro, — T = 2.3 x 1075 gap between the infinite
geometric sum and the CODATA value.

OP-sub-ppm (residual) Find a derivable fourth term that achieves sub-10~% ppm accuracy,
either by extending the geometric series with a different structure or by identifying the
0.00690 ppm candidate —27/(e3u?) from the TOE.

Programme status

ESTABLISHED: The Go—As series structure (geometric ratio, closed form, convergence proof).
The prefactor 207, the w-correction, and the h', h? terms are all first-principles TOE identities.
The full programme achieves 0.00937 ppm accuracy with zero free parameters using only Go and
As Lie data.

OPEN: First-principles derivation of the geometric ratio r; exact identification of Ag; physical
origin of Ry, — T

All numerical computations verified at mp . dps=60 with 65 assertions in Lumen/corpus/addenda/versfy/vertf
all passing.

Copyright ©) 2026 Léon Fernando Vlegels. MIT License.
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