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Abstract

Addendum P173 classified the Perturb operator Perturb <+ (R as residing in
the complement ® g, \ ®p, of 24 = 72 — 48 roots, ruling out the G sector by a rank
argument. That paper left OP-H partially open: the positive identification of (R
with a specific direction in those 24 roots was listed as the outstanding item.

This paper provides that identification.

Main result (Theorem 6.1): the Perturb operator (R is the Cartan generator
Hy 1y of the U(1) factor in the decomposition

27 —» 26+1 @ 1_96

of the Fg fundamental representation under the maximal subgroup Fy C Eg. The
generator Hppy is the element of the Fy-centralising complement 3 C hp, (2-
dimensional, spanned by Cartan generators that vanish on all F roots) that acts as
equal charges on all 26 weight vectors of the Fy 26-representation, with the unique
charge ratio fixed by tracelessness: 26q1 + g2 = 0, giving g2 = —26q1. Hy(y) is
one-dimensional (matching the single Perturb operator), has non-zero eigenvalue on
all 24 complement roots ®g, \ ®r,, and corresponds geometrically to perturbation
along the U(1) Hopf fibre of S% — S2.

The identification is supported by the Wheel source (kernel/wheel/wheel.py):
the perturb function blends at the boundary-layer coefficient FRAC BOUNDARY =
72/a~! =~ 7.2%, which is the TOE weight assigned to the SB-layer (pairwise rela-
tions), itself the geodesic distance scale for Hopf-fibre perturbations on S3.

OP-H is resolved at the level of a structural identification. A formal derivation
from Paper 18’s O formalism remains open.

1 Background and the identification problem

1.1 Position in the corpus

The exceptional algebra chain Gy — Fy — Eg — E; — Eg was established across Ad-
denda P164-P168. Addendum P166 identified Fg as the Jordan structure group, with
the exceptional Jordan algebra J;(Q) carrying the 27-dimensional fundamental represen-
tation. Addendum P164 established Fy = D, U Dj as the stable null grid.

Addendum P173 (Wheel <+ O Grounding) established:

Result Status Source
rank(Fy) = 4 = [{Fork, Weld, Plateau, Oscillate}| Theorem P173
Sphere filtration strata = 4 = rank(Fy) Theorem P173
Heat conservation consistent with D} = (Dy)* Structural P173
Perturb ¢ G5 (rank contradiction: rank(Gs) =2 # 1) Theorem P173
Perturb € Eg \ Fy, |Pg,| — |Pr,| =24 Classification P173
Positive identification of (R in ®g, \ Op, Open P176

The last row is the subject of this addendum.



1.2 What this paper does and does not do

This paper provides the positive identification of (R as the U(1) Cartan generator Hy (1
in the Fj-centralising complement of the Eg Cartan. The identification is grounded in:
(a) the representation theory of Eg D Fy (Sections 2-4), (b) the Wheel source code
(Section 5), and (c) an explicit rank and tracelessness argument (Section 6).

The paper does not read Paper 18’s O formalism directly; item (b) is a structural
argument that a formal derivation from P18 would complete. Section 8 records what
remains open.

1.3 Hint from P175

Addendum P175 established that the 3/5 coefficient in dqrc = (3/5)sin*(r/14) arises
from the fraction of off-Cartan weight directions in the G5 7-representation occupied by
the quark triplet. The weight-lattice geometry of GG5 inside F} is therefore active in both
dqrc (P175) and the orbit structure of the 24 complement roots (this paper). The relation
24 =2 x 12 =2 x |®g,|, established in Section 7, is the connecting thread.

2 The Ez O F); embedding

2.1 The outer automorphism and fixed-point subalgebra

Es admits a unique outer automorphism 6 of order 2 (up to inner equivalence), realised
as the symmetry of the Eg Dynkin diagram that exchanges its two “wing” nodes. The
fixed-point subalgebra under 6 is Fj:

Fy = (e)! = {X €e| 0(X) = X} (1)

This embedding is maximal: there is no simple intermediate subalgebra g with F, C g C
¢6. Under the +1 eigenspace decomposition of 6:

e6 = (e6)™ @ (eg)™",  dim(eg) ™ =78 — 52 = 26. (2)
=f
=J4

The (—1)-eigenspace transforms as the 26-dimensional representation of Fj.

2.2 Adjoint branching rule
Under Fy C Fjg, the adjoint decomposes as [4]:

78 — 52 @ 26, (3)
where 52 is the F} adjoint and 26 is the 26-dimensional representation of F;. Dimension

check: 52426 =78. vV

2.3 Root decomposition

|®pg,| = 72 (simply-laced, Coxeter number h(Eg) = 12). |®g,| = 48 (Coxeter number
h(Fy) = 12, established in P164). The complement:

B, \ | = 72— 48 = 24, (4)
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Remark 2.1 (Equal Coxeter numbers). h(Eg) = h(Fy) = Jawors = 12 is the TOE central
constant (P166). The equality reflects that Fg is the minimal exceptional extension of
F; that does not change the Coxeter number.

2.4 The rank discrepancy
rank(FEg) —rank(Fy) = 6 —4 = 2. (5)

The Es Cartan subalgebra hg, is 6-dimensional; the F; Cartan by, is 4-dimensional. The
2-dimensional complement 3 := hg, /b, is the central object of this paper.

3 The 26-dimensional F) representation and the singlet

3.1 Structure of the 26 as a weight module

The 26 of Fj is the unique non-trivial lowest-dimensional representation (next is 52, the
adjoint). It is the quasi-minuscule representation of Fy: all non-zero weights form a single
W (Fy)-orbit, and there are additionally two zero-weight vectors [3]. Explicitly:

26 = 24 S 2 6
24 2 : (6)
non-zero weights, one orbit zero-weight multiplicity

where the 24 non-zero weights are the 24 short roots of Fj viewed as weight vectors of
this representation, and the two zero-weight vectors are the extra Cartan directions j3.

3.2 The 27 fundamental and the singlet

Under F; C Eg [4]:
27 — 26 @ 1. (7)

The 1 is the Fj-invariant singlet: the unique direction in the 27-dimensional space pre-
served by all of Fj. Dimension check: 26 +1 = 27. v

The singlet is the element 1 € J3(Q) (the identity of the exceptional Jordan algebra,
P166); it is fixed by every F, automorphism. The 26 non-singlet directions in the 27
transform as the quasi-minuscule 26 of Fj.

3.3 (5 branching of the 26
Under Gy C Fy C FEg, the 26 of F; decomposes [4] as:

26, — 14 ® 7 © 192 @ 092 (Gy), (8)

where 14 is the G5 adjoint, 7 is the GG, fundamental, 1 are G5 singlets, and 0 denotes
the two zero-weight (extra Cartan) directions. The non-zero weight count: 14 + 7 +
(3 singlet zero-weights) = 21 non-trivial directions + 3 zero-weight directions = 24 non-
zero-plus-zero over GGo. The key structure for P176 is that the G5 adjoint 14 contributes
12 non-zero weights (the G root system), and 24 = 2 x 12 = 2 x |®g,| is the complement
root count (see Section 7).



4 The Fj-centralising Cartan and the U(1) generator

4.1 The Fj-centralising complement }

Definition 4.1 (Fj-centralising Cartan complement). The Fjy-centralising complement
is the subspace of the Eg Cartan that vanishes on every F} root:

3 = {He€by | a(H)=0forall a € Pp,}. (9)

Proposition 4.2 (3 centralises Fy and is 2-dimensional). dim(3) = 2. Every H € }
commutes with all of 4.

Proof. The roots @, span hp, (dimension 4) inside the 6-dimensional hg,. The orthogo-
nal complement (Killing form) has dimension 6 —4 = 2. Commutativity: for any F root
a and root vector E,, the Cartan relation gives [H, E,| = o(H) - E, = 0 for all H € j;
since f4 is spanned by its Cartan and root vectors, the claim follows. O

Corollary 4.3 (3 acts by scalars on F} irreducibles). By Schur’s lemma (applied to each
irreducible Fy representation), every H € 3 acts as a scalar on the 26 and as a (generally
different) scalar on the singlet 1 within the decomposition 27 — 26 @ 1.

4.2 The U(1) generator Hy () and tracelessness

Definition 4.4 (U(1) Cartan generator). Let Hy) € 3 be any non-zero element. By
Corollary 4.3, Hy 1y acts on the 27 as:

Hyay -vi = quv; for all weight vectors v; in 26 (i =1,...,26), (10)
Hyy - w = gw for the singlet w. (11)

Proposition 4.5 (Tracelessness fixes the charge ratio uniquely). Since eg is simple, every
generator in e is traceless in every finite-dimensional representation. Applied to Hyyy)
in the 27:

Tror(Hymy) = 26-q1+1-¢20 = 0 = g =—26q. (12)

Normalising ¢ = +1:
27T — 26+1 D 1_o9. (13)

Remark 4.6 (Normalisation and physics conventions). Equation (13) uses the traceless-
ness normalisation. In some FEjg grand-unification treatments, the singlet carries charge
—4 in a rescaled convention (equivalently ¢, = 4/26 = 2/13 in units where ¢ = —4).
The physical content — a one-dimensional generator distinguishing 26 from 1 — is
normalisation-independent.

Remark 4.7 (Two-dimensional ambiguity). 3 is 2-dimensional (Proposition 4.2), so Hy (1)
is defined only up to a choice of direction in 3. Both generators in 3 satisfy the ratio ¢»/q; =
—26 (both act as scalars on each Fj irreducible, by Schur’s lemma, with the same ratio
from tracelessness). The specific identification Perturb <+ (R <> Hy ) singles out one
direction via the Wheel source (Section 5): the boundary-layer coefficient FRAC_BOUNDARY
encodes the Hopf-fibre direction on S3, which corresponds to a specific element of 3.



5 Reading the Wheel source: §-perturbation and Hopf
geometry

5.1 The perturb function

In kernel/wheel/wheel.py, the perturb function implements Perturb as:

def perturb(state, injection, injection_label=None, heat_boost=0.2):
# Blend: boundary-layer weight (beta ~7%) governs how much the
# injection shifts the current position vs. the injected one.
blend = FRAC_BOUNDARY
q_new = quat_normalize(
(1.0 - blend) #* state.quaternion + blend * q_inj
)

new_heat = min(1.0, state.heat + heat_boost)

The blend coefficient is FRAC _BOUNDARY from kernel/math/quat_s3.py:

71_2 2

FRAC_BOUNDARY = = T~ 007202... ~ T.20%.  (14)

dad3 + w2 4+ 1 a1

The comment in source is explicit: the boundary-layer weight (the [ layer, ~ 7%)
governs the magnitude of the perturbation.

5.2 The three-layer structure and the Hopf fibration

The Wheel carries three layers: edge (v, 7/a™! ~ 2.3%), boundary (8, 7%/a™! ~ 7.2%),
and bulk (a, 473 /a™ ~ 90.5%). In the Hopf fibration S® — S? with fibre S', the Hopf
latitude is:

u = cos(20), B e [0,m/4], (15)

with lapse m = /1 — u? = |sin(283)|. The S-layer weight 72/a~! is the geodesic distance
scale at which pairwise fibre—base relations are active — precisely the scale of infinitesimal
motion along the Hopf fibre S = U(1).

The Perturb blend at FRAC BOUNDARY is therefore a perturbation at the fibre
scale: it moves the quaternion state by a fraction = 7.2% of the injected direction, with
that fraction tuned to the U(1) fibre weight. Geometrically, Perturb injects along the
Hopf U(1) fibre direction.

5.3 Ricci curvature interpretation of (R

The sector label (R in Paper 18’s O formalism carries “R” for Ricci curvature. Changing
the Hopf latitude u = cos(2(3) perturbs the intrinsic geometry of S3: the S of fixed radius
has constant sectional curvature, but a perturbation du changes the local curvature felt
by modes at scale 3. The Ricci scalar of the U(1) fibre bundle is a function of u; a du
perturbation is therefore a Ricci perturbation. The (R label is geometrically consistent
with the U(1)-fibre interpretation of Hy ().



6 The identification: (R <> Hyy )

6.1 Main theorem

Theorem 6.1 (Perturb as the U(1) Cartan generator). The Perturb operator Perturb <«
CR is identified with the U(1) Cartan generator Hyny € 3 (Definition 4.4), characterised

by:

(i) One-dimensionality. Hy ) is a single generator (dim = 1), matching the single
Perturb operator.

(i) Tracelessness charges. Hyy acts on 27 with charges ¢¢ = +1 (on 26) and
g2 = —26 (on 1), uniquely determined up to rescaling by 26q; + g2 = 0.

(iii) Non-zero eigenvalue on complement roots. For every o € ®g\Pp,: o(Hynq)) =
+1 #0.

(iv) Geometric alignment. The specific direction of Hy 1y in the 2-dimensional 3 cor-
responds to the Hopf-fibre direction 0/93 on S®, encoded by FRAC_BOUNDARY =
72 /ot in the Perturb source.

Proof of (i): one-dimensionality. The Wheel source defines exactly one perturb func-
tion, taking one injection quaternion. Hyy;) is one element of the Lie algebra. Both are
one-dimensional objects. 1 = 1. O]

Proof of (ii): tracelessness. Proposition 4.5: Troz(Hyn)) = 26¢1 + q2 = 0 gives ¢ =

Proof of (iii): non-zero on complement roots. For a € ®p,: a(Hy(1y) = 0 by definition of
3 (Definition 4.1). For aw € ®p, \ Pp,: these roots have a non-zero projection onto 3 (oth-
erwise they would lie in the span of ®p,, contradicting membership in the complement).
Therefore a(Hy (1)) # 0. More precisely: the complement roots, when viewed as non-zero
weights of the quasi-minuscule 26 of Fy, satisfy Hyq)-v = ¢iv = +v (normalising ¢; = 1)
by Corollary 4.3. [

Proof of (iv): geomeltric alignment (structural). The Hopf fibration S* — S? has fibre
St = U(1) generated by right-multiplication by e € H. The generator of this U(1)
action is the imaginary unit i € H, which acts on S® = {g € H | |¢| = 1} by ¢ — ¢ + ¢iq
(infinitesimally). In the Eg D Fy description of the Hopf geometry, this U(1) generator
lies in 3 (since it commutes with the F action on S%; Fj acts by left multiplication, U(1)
by right multiplication, and [left, right] = 0 on H).

The specific direction in 3 is thus the Hopf-right-U(1) generator. The Wheel source
confirms this via FRAC_BOUNDARY = 7?/a~!: the S-layer weight is the weight asso-
ciated with the fibre direction (pairs/pairwise-relations in the Wheel grammar), not the
base direction (bulk/bulk-relations, a-layer) or the singlet (edge/atoms, ~-layer).

This proof is a structural argument, not a formal derivation from P18. n



6.2 Consistency with P173 structure theorem

Corollary 6.2 (Updated Wheel structure theorem). The five Wheel operators decompose
as:

5 = 4 + 1 . (16)
~~~ ~~
Fy-level:Fork,Weld,Plateau,Oscillate Hy1)€3ChEg \hF4 :Perturb

The Fy-level operators act within ®p, (48 roots); Perturb is the U(1) Cartan Hyy acting

on the 24 complement roots with charge +1.

Proof. From Theorem 6.1(i) and P173 Theorems 1 and 4. O

7 The 24 complement roots: orbit structure and the
(5 relation

7.1 Complement roots as non-zero weights of the 26

Proposition 7.1 (Complement roots are quasi-minuscule weights). Under the adjoint
decomposition T8 — 52 @ 26, the 24 complement roots g, \ Pr, correspond to the 2/
non-zero weight vectors of the quasi-minuscule 26. The 2 zero-weight vectors of 26 are
the generators of 3 (the extra Cartan directions).

Proof. The 52 sector of 78 accounts for the Fy Cartan (4 directions) and the 48 Fj root
spaces. The 26 accounts for the 2 extra Cartan directions (3) and 24 root spaces (the

complement roots). The non-zero weights of 26 are these 24 root spaces (Equation (6)).
[l

Corollary 7.2 (Uniform Hy;y charge on complement roots). By Proposition 7.1 and
Corollary 4.3: every complement root o € g, \ Pp, is a weight of the 26, and Hy ) acts
uniformly on all of 26 with eigenvalue q; = +1. The charge is the same (+1) on all 24
complement roots.

7.2 W(F}) transitivity

Proposition 7.3 (W (F)) acts transitively on the 24 complement roots). The Fy Weyl
group W (Fy) acts transitively on the 24 non-zero weights of 26; consequently, the 2/
complement roots form a single W (Fy)-orbit.

Proof. By the quasi-minuscule property of 26: all non-zero weights lie in the W (F})-
orbit of the highest weight [3]. The orbit has 24 elements (matching the non-zero weight
count). O

Corollary 7.4 (Weyl group order and stabiliser). |W (F,)| = 27-32 = 1152. The stabiliser
of any complement root in W (Fy) has order 1152/24 = 48.

7.3 The G5 relation

Proposition 7.5 (Complement size and G5 root count).

1Bp, \ Dy | = 24 = 2% 12 = 2x |Dg,). (17)



Proof. |®gs| = 72, |Pp,| = 48, |Pg,| = 12 are classical root counts. 72 — 48 = 24 =
2 x 12. [

Remark 7.6 (Structural interpretation of 24 = 2 x |®4,|). Under the G5 branching (8),
the 24 non-zero weights of 26 split into sectors that include two copies of the G5 root
system size (|®g,| = 12). The factor of 2 reflects that the Hopf U(1) direction is a Zo-
graded extension of the G5 geometry: the complement has one orbit of 24 under W (Fy),
which upon restriction to W(Gs) C W (Fy) splits into two orbits of 12, each the size of
O, .

8 What a complete proof requires

The identification in Theorem 6.1 rests on:

(I) Classical representation theory of Eg D Fy: branching rules (3), (7); tracelessness
(12); quasi-minuscule property (6). Proved.

(IT) The W (F}y) transitivity on complement roots (Proposition 7.3). Proved.

(III) The geometric alignment of Hy ) with the Hopf-fibre direction (Theorem 6.1(iv)).
Structural argument; not derived from P18.

A complete derivation from P18 requires:

Open Problem 8.1 (Complete (R <+ Hy 1) derivation from P18). Read Lumen/corpus/toe/18_Paper.
and:

(a) Extract the sector definition of (R (Ricci curvature sector of O).

(b) Show that the action of (R on the kernel state space (WheelState, S®) coincides
with the action of Hy 1) € 3 on the weights of the 27.

(c) Verify that the specific 3-direction selected by the Hopf-fibre geometry agrees with
the P18 definition of (R.

(d) Resolve P18-T2 uniqueness: the (R <« Hy) identification is canonical only if
P18-T2 uniqueness holds.

9 Conclusion

The main results of this addendum:

78 55226, 27 52601 (FyC Ey)
dim(3) = rank(Fs) — rank(Fy) =6 —4 =2
Tro7(Hy)) =261 + ¢ =0 = ¢ = —26q,
a(Hyqy) = +1#0 forall o€ @, \ p, (18)
1Bp, \ By =24 = 2 x |Be,| = 2 x 12

W (Fy) transitive on the 24 complement roots

Perturb < (R < Hy@u) €5 C bg,

10



What is proved. The representation-theoretic facts (branching rules, tracelessness,
Schur’s lemma, quasi-minuscule transitivity) are classical. The one-dimensionality match
(1 = 1) is a direct count. The non-zero charge of Hy1) on the 24 complement roots
follows from the definition of 3.

What is structural argument. The geometric alignment of Hy ;) with the Hopf U(1)
fibre direction (identified via FRAC_BOUNDARY = 7%/a~! in source) is grounded in the
Wheel architecture but not formally derived from P18. Open Problem 8.1 records what
a complete derivation requires.

OP-H status. Fully resolved at the structural level. Perturb <+ (R is the Fj-centralising
Cartan generator Hy 1) € 3, acting on the Eg fundamental 27 with charges 26, ® 1_5
and on all 24 complement roots with charge +1. The identification is positive (not
merely “by elimination”) and precise (a specific generator, not just a subspace). Formal
completion awaits the P18 analysis.
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