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Abstract

Addendum 151 established Bg,(Hs, Hs) = 48 and showed that the product Jshort X
Jong = 432 = ma~!. The natural next question is whether the ambient Fy Killing form,
evaluated on the same coroot H,, equals BREATH PERIOD = 7 -a~! =~ 430.51 directly.
We compute Br, (Hs, Hy) in the standard Fy root system in R* (48 roots: 24 short of length
1, 24 long of length v/2) with H, = e; — ey (the coroot of the long root e; — ey, natural
embedding of the G5 short coroot). The result is Bp, (Hs, Hs) = 36 (exact integer). G1
does not close via this route.

1 Setup and Computation

1.1 F, root system
In the standard R* realisation (Bourbaki):

Doport = {Fei i US{(EL, £1, 1L, £1)},  |af> =1, [Pgor| = 24, (1)
Diong = {Fei L ejticj, [a> =2, |Prong| = 24 (2)

Total |®f, | = 48.

1.2 Killing form and coroot

The Killing form (adjoint trace) is

Bp,(H,K)= ) o(H)a(K), 3)

OéG‘i’F4

where o(H) = 2{a, H)/|a|? for the coroot pairing.

We take Hy = e; — ez € R*) the coroot of the long root e; — e (|a]? = 2, s0 ¥ = a).
Under the standard G2 C B3 C Fy embedding, this vector represents the Go short coroot in Fy
coordinates (see Addendum 151 for the G2 context).

Then a(Hs) = (a,e1 — ez) for all long roots, and a(Hs) = 2{a, e; — ea) for all short roots.
Squaring and summing:

Bp,(Hy, Ho) = > (ae1—ea)® + Y Ha,e1—ep)’. (4)

aeq)long aeq)short
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2 Result

2.1 Python output

Short roots: 24, Long roots: 24

Hs=0[1-1 0 0]

B_F4(H_s,H_s) = 36.0

B_G2_check = 16 (expect 48 from P151)

BREATH_PERIOD = pi*alpha~{-1} = 430.51224522

Gap G1: (432 - BREATH_PERIOD)/BREATH_PERIOD = 0.3456Y%

B_F4 vs BREATH_PERIOD: diff = -394.512245, relative = -91.6379%
Gl closed by F47 False

--- Additional analysis ---

B_F4 = 36.0

B_F4 as integer? 36 (diff from int: 0.00e+00)
B_F4 / B_G2 (P151 = 48) = 0.750000

B_F4 / 432 = 0.083333

B_F4 / BREATH_PERIOD = 0.083621

Decomposition:
B_F4 from short F4 roots: 12.0
B_F4 from long F4 roots: 24
B_F4_long / B_F4_short = 2.0000

2.2 Numerical verdict

|Br,(H,, Hy) =36] vs  7m-a”'=430512... (5)

The relative gap is 91.6%. G1 does not close.

3 Structural observations

3.1 Sector decomposition

Sector @] > a(Hs)? ratio
Fy short (Jaf? = 1) 24 12 —
Fy long (|a]? = 2) 24 24 2x
Total By, (H,, H,) 48 36
Go (P151, Cartan matrix) 12 48 —

Three coincidences are worth noting without overweighting them:

o Bp,(Hy, H,) - Jaror(G2) = 36 x 12 = 432 ~ BREATH PERIOD. The F4 total and the
G2 short Jacobian (P151) multiply to the integer approximant of BREATH PERIOD.

e Br,(Hs Hy) - Bg,(Hs, Hs) = 36 x 48 = 1728 = 123. The product of the two ambient-
algebra Killing form values is a perfect cube.

e The F; short sector contributes 12 = Jg,ort(G2) exactly, and the long sector contributes
24 = 2Jghort- The long/short ratio is 2, not 3 = C4 (cf. P151 §4).



3.2 Embedding note

The script’s Ga-consistency check recovers B, = 16 rather than 48. The factor-of-3 discrepancy
confirms that the Euclidean inner product on ®z, N R3 (the long roots of Fy lying in the first
three coordinates) is not the same as the Gy Killing form pairing: the G long roots embedded
in this way have |a|2, = 2 while the abstract G2 normalisation uses |aiong|? = 3, introducing
an unresolved rescaling factor of 3/2. The abstract Bg,(Hs, Hs) = 48 of P151 uses the Ga
Cartan matrix and is the correct Lie-algebraic value; the F4 ambient computation and the G2
subalgebra computation live in different normalisations and do not add naively.

4 Open items

P153-01. Correct embedding. Identify the precise image of the G5 short coroot Hg in Fy coor-
dinates under the standard Gy C Fy embedding (fixed-point of the order-3 automorphism
of Dy, or G C B3 C Fy) and recompute B, (Hs, Hs). It is not excluded that the correct
embedded H; yields a value related to BREATH PERIOD by a Dynkin-index factor.

P153-02. Product structure. The identity Br, (Hs, Hs) X Jshort (G2) = 432 ~ BREATH PERIOD
and the cube Bp, x Bg, = 123 are structural coincidences at the integer-approximant
level. Determine whether they survive under the corrected embedding of O1 and whether
123/4 = 432 has a TOE derivation.

P153-03. Dynkin index route. Compute the Dynkin index ¢ of Go — F, and verify Bp,|q, =
¢ - Bg,. Check whether ¢ - 48 lands near BREATH _PERIOD for any natural choice of /.

5 Conclusion

Br,(Hs, Hg) = 36. The claim Bp,(Hs, Hs) = ma™! is false for the natural embedding. Gl
remains open. The integer 36 relates to BREATH PERIOD only via the product 36 x 12 = 432
(the integer approximant of BREATH PERIOD found in P151-152); no direct algebraic route
from the Fj Killing form to ma~! is apparent from this computation. Open items P153-O1
through O3 define the next search.

Script: Lumen/corpus/addenda/verify/verify_P153.py
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