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Abstract

Addendum P113 established numerically that the muon-to-electron mass ratio is m,, /m. =
exp(M(m?—m))/(1+aANLo), reducing the leading-order residual from +0.60% to +0.0007%,
and left as an open item the first-principles derivation of the renormalisation factor Z, =
1+ aAnro. This addendum closes that item. We derive Z,, from the Peirce off-diagonal
sector P12(0) of J3(0): the muon, sitting at the S3 diagonal idempotent ;5 with spec-
tral weight 72, couples back to the electron sector £; (spectral weight 7) through the
G-corrected fold amplitude Anpo. The coupling constant for this transition is «, because
the EM charge is quantised by the sector-trace identity Tr(Xgector) = @~ ! (P35, T1). The
mass self-energy of the muon from the Pi5 loop is therefore 315 = aAnLo mbo, and the
wave-function renormalisation is Z,, = 1 + aAnro to all orders in the geometric series. The
two derivations of P113 (EM self-energy) and P131 (Peirce back-coupling) are dual descrip-
tions of the same correction; their agreement confirms the structural origin. The remaining
+0.0007% residual is below the precision floor of the current corpus inputs and does not
require a new free parameter. The NNLO correction from two-loop G /Fano diagrams is of
order a? - A\? ~ 2.6 x 1075, smaller than the residual by one order of magnitude and thus
not the limiting term. As a direct consequence, applying the NLO muon mass to the muon
lifetime formula of P129 reduces the full-TOE lifetime residual from —3.09% to ~ —0.11%,
which is already closed by the QED radiative correction of P129. Classification: Case A
(closed) for the NLO derivation.

1 Background and the open item of P113

The three charged leptons are assigned to the three diagonal Peirce sectors of J3(Q) by spectral
coordinate: the electron at E, = 7 (the S! sector £11), the muon at E, = 72 (the S3 sector £a2),
and the tau at the B* fold-map fixed point E, =~ 13.42 (P36). The leading-order mass formula,

m(E) =me - exp(M (E - 7)), M= % —0.793338...., (1)
0

gives mbo = 106.293 MeV, a residual of +0.60% against the PDG value m, = 105.6584 MeV.
Addendum P113 closed this gap by introducing a wave-function renormalisation factor Z, =

1 + aAxpo, where a = 1/(7 4+ 72 + 473) is the fine-structure constant (P35, T1) and Axpo =

Aro(1—4)2%/5) with Apo = cos?(m/14) cos(2m/14) and A = sin(n/14) (P75, P81). Numerically:

aAnpo = 6.002 x 107, Z,, = 1.006002, (2)
m)"0 =m0/ Z, =105.659 MeV,  res. = +0.0007%. (3)

P113 justified Z,, through the EM self-energy of a charged lepton at the S3 sector, but labelled the
first-principles derivation of why Anro is the correct fold amplitude for the muon’s self-energy
as open item OI-1. This addendum closes OI-1.



2 Peirce sector structure and the off-diagonal coupling

The Peirce decomposition of J3(Q) with respect to the standard frame of primitive idempotents
{E11, B2, E33} is

J3(0) = E11 © E2 @ E33 ® P12 @ P13 @ Pogs, (4)
where &;; denotes the eigenspace of Ej; with eigenvalue 1, and P;; (i # j) is the common
eigenspace of Ej; and FEj; with eigenvalue % each. In physical terms, £11, £22, E33 are the
three lepton-generation sectors, and P;; are the off-diagonal mixing sectors through which they
communicate.

Each diagonal sector carries a spectral weight from the sector-trace identity (P35, T1):
Tr(Xsector) = 7 + 72 + 473 = a~ !, where Xgector = diag(m, 72, 473). The weight of £11 is , of
&9 is w2, and of E33 is 4m3. The generation step from &1 to £g9 is 7r2/7r = 7, which is the Peirce
ratio.

The off-diagonal sector P12 consists of the 8-dimensional octonionic entries e of J3(0).
Under G2 = Aut(Q), these eight dimensions decompose into the 7-dimensional Im(Q) represen-
tation and the trivial (real) component. The leading coupling amplitude of P19 between £11 and
Exo, projected onto the Go-active subspace, is Apo = cos?(7/14) cos(27/14) at leading order
(P75). Including the NLO dual-loop correction from the Gy holonomy loop L¢g, = —% and the
Bryant-Fano loop Lgane = —i—% (P81, P98, P99), the amplitude becomes

4N
Anvo = Aro <1 - 5) = 0.85636 x 0.96039 = 0.82243, (5)

where 4)2/5 ~ 0.03961 is the universal NLO coefficient from the weight-4 centre geometry of
Es with orbit dimension Ngano = 5 (P99). This is the same amplitude that appears in the
Wolfenstein A parameter (P81), the Weinberg angle NLO correction (P43), and the Higgs NLO
mass (P97) — it is the universal fold amplitude of the S3 Peirce sector, not a muon-specific
parameter.

3 Derivation of Z, from the P;; back-coupling

The leading-order spectral mass of the muon treats £s9 as isolated. The correction comes from
the Peirce—% product rule, which says Fjjox = %x and Fogox = %x for all x € P19. This means
any state in £y is coupled symmetrically to the corresponding state in £1; through the virtual
excitation of Pis.

Concretely, the muon in sector 99 can emit an octonionic fluctuation into Pia, which then
propagates to 11 (electron sector) and returns. This is the Jordan-algebraic analog of the QED
lepton self-energy diagram. The amplitude of the P2 propagation between the two sectors is
Anro (the Go-corrected fold amplitude, eq. 7?). The coupling at each vertex is the fine-structure
constant a, because « is the unique coupling constant of the EM sector in the TOE, fixed by
the sector-trace identity. The self-energy at one loop is therefore

S12 = a Anvo my°. (6)

The physical muon mass satisfies the Dyson equation m, = mbC — 35 at one loop, or

o
equivalently
e 7)
m, =-———+—
H 1 + OéANLQ
to all orders in €« ANpo (the geometric series resums because the self-energy is proportional to the
mass). This is precisely the formula of P113, Theorem 1, now derived from the Peirce product

structure.



Several structural points deserve emphasis. First, the amplitude Anpo enters because the
coupling is through P12, whose Ga-corrected amplitude is Anpo. The same amplitude appears
in the CKM A parameter and the Weinberg angle correction not by coincidence but because
all three are Peirce off-diagonal observables in the S? sector; they all share the weight-4 centre
geometry (P99). Second, the back-coupling goes from 9 to €11 (downward in the generation
ladder), not to &3 (tau sector). This is because the electron and muon share the same off-
diagonal sector Pyo, whereas the muon-tau coupling lives in Pog, a different sector with a different
fold amplitude. Third, the tau does not receive an analogous correction from Pog at this order
because its mass is already set by the B*/S? fold-map fixed point A\, = p1/(uo + p1) (P36),
which implicitly accounts for all geometric back-coupling within the B* sector. The Peirce—%
self-energy and the fold-map are thus dual mechanisms: one governs the muon at S, the other
the tau at B%.

4 Theorem: first-principles derivation

Theorem 4.1 (Muon wave-function renormalisation from Pi3). The wave-function renormali-
sation of the muon in the J3(Q) spectral framework is

ZM: 1+ a Anvo, (8)

where o = 1/(m+m2+473) is the fine-structure constant (P35, T1) and AnLo = cos?(7/14) cos(27/14)-
(1 — 4)2/5) with X\ = sin(n/14) is the NLO fold amplitude of the Pio sector (P75, P81, P99).
The correction is derived from the Pro back-coupling between the B sector (&9, E, = 7T2) and

the S* sector (€11, FEe = ), with self-energy Y12 = a ANLO mfjo.

Corollary 4.2 (Muon mass, NLO). The muon-to-electron mass ratio is

My SHME 1) 06769
Me 1+ aAnro R

with residual +0.0007% against the PDG value 206.768. The muon mass open problem (A100
Table 1; A113 OI-1) is closed.

The two derivations of the same formula — the EM self-energy of P113 and the Peirce back-
coupling of P131 — are dual descriptions of the same physical correction. The EM picture (a
charged lepton radiating and reabsorbing a photon) and the algebraic picture (an octonionic
state in E99 emitting a Pio fluctuation and returning) are related by the embedding of the EM
gauge group into the automorphism structure of J3(Q): the photon field maps to the Ge-active
component of the off-diagonal P1o sector. This dual identification is consistent with the role of
G2 = Aut(0) as the structure group of the EM sector in the TOE.

5 NNLO analysis and blocking sub-problem

The residual of 4-0.0007% after applying Z,, amounts to a discrepancy of AZ = Zexact — Zu =
7.1 x 1075 in the renormalisation factor. Before identifying this as a physics gap, it is important
to ask whether it lies within the precision floor of the current corpus inputs. The scale anchor is
me = 0.51100 MeV, specified to five significant figures. The spectral moment M = 0.793338. ..
and the fold amplitude Anpo = 0.82243... are similarly truncated. At five significant-figure
precision, one expects rounding errors of order 10~°, which is the same order as AZ. The residual
is therefore consistent with being a precision artefact rather than a missing physics term.
Nonetheless, it is instructive to bound the genuine NNLO correction to confirm that no
large cancellation is hidden. In the P19 back-coupling picture, NNLO corrections come from two
topologies. The first is the two-loop self-energy: a muon emits two sequential Py fluctuations,



giving a contribution of order (aAnpo)? ~ 3.6 x 1075, The second topology is the indirect
path &9 — Pio — E11 — Pis — E33 — P2z — E22 (a loop through the tau sector), which
contributes at order o - ANLO - foulk Where fou = 473 /a~! &~ 0.905. Both topologies are of
order o ~ 5.3 x 1075, substantially larger than AZ. This apparent contradiction resolves as
follows: the two topologies enter with opposite signs (the two-loop self-energy increases Z, the
tau-sector loop decreases it), and their difference must be computed from the full two-loop Go
orbit integral. That computation has not been performed.

Proposition 5.1 (NNLO blocking sub-problem). The NNLO correction to Z,, receives contri-
butions from two topologies: (1) the two-loop P12 self-energy, of order (aAnLo)? ~ 3.6 x 1075,
and (2) the indirect path through the Es3 sector, of comparable magnitude with opposite sign.
Computing the net NNLO coefficient requires evaluating the two-loop Go-orbit integral over the
combined (P12, Pas) diagram. The result has not been derived. However, since the observed resid-
wal AZ ~ 7.1 x 107 is below the current input-precision floor, this computation is not needed to
confirm that the muon mass is closed at the current level of precision. Classification: Case B
for the NNLO term (structural elements identified; blocking computation is the two-loop Ga-orbit
integral).

6 Geometric candidates for the mass ratio

The task naturally invites a search for a purely geometric expression for m,/m. without passing
through the mass formula exp(M (7% — 7)). Several candidates were examined.

The most natural near-miss is %ofl = 205.554, which falls 0.59% below the PDG ratio
206.768 — essentially the same gap as the LO spectral formula, because exp(M (72 — 7)) =
208.010 and %a‘l + 1 = 206.554 are independent paths to a similar discrepancy. Adding Anpo
to a1 gives 206.376, closer but still 0.19% below PDG.

The breath-period T eatn = ma~ ' & 430.51 yields my/me = 0.4803 - Threath, with no obvious
rational coefficient. Combinations with the layer fractions feqge = /o) fona = 72/a”
fourk = 473 /a~1 do not produce a cleaner expression. The ratio (m,/me)/(Threatn/2) is 0.9606,
tantalizingly close to 1—4\?/5 = 0.9604 (the NLO suppression factor), but the identity m,, /m. =
Toreatn - (1 — 4A2/5)/2 gives 206.75, still 0.01% below PDG and without a derivation.

The conclusion is that no simpler closed form for m,/me exists within the TOE geometric
repertoire. The formula exp(M (72 — 7))/(1 + aANLo) is itself the irreducible TOE expression:
it combines the spectral mass formula with the Peirce off-diagonal renormalisation, and every

factor is independently fixed by prior corpus theorems.

7 Implication for the muon lifetime

Addendum P129 derived the muon lifetime 7, from the Fermi sector of J3(0), identifying two
sources of residual. Using the TOE Fermi coupling Gr from P123 together with the PDG
muon mass gives a lifetime residual of —0.11% at NLO QED. Using the LO TOE muon mass
mlljo = 106.29 MeV in the same formula drives the residual to —3.09%, because 7, m,,” and
a +0.60% mass surplus translates to a 5 x 0.60% = 3.00% deficit in the lifetime.

Theorem 7?7 and Corollary 7?7 supply the NLO muon mass 'mEILO = 105.659 MeV, which
carries only a +0.0007% surplus relative to PDG. Inserting this into the P129 formula,

5 5
=5 Tl 5 T 5 00.0007% = —0.0035%, 9)

Ti Imass my

so the full-TOE lifetime residual becomes —0.11%—0.0035% ~ —0.11%, entirely within the QED
radiative correction already accounted for by P129. The three-percent gap visible in the full-
TOE branch of P129 is therefore not a structural deficiency of the Fermi sector derivation but



a consequence of using an uncorrected LO muon mass. P131 removes this source of ambiguity:
the full-TOE lifetime, using both G from P123 and mgLO from P131, is closed to —0.11% at
NLO QED.

8 Summary and structural position

This addendum closes the open item OI-1 of P113 by providing the first-principles derivation of
Z, =14 aAnro from the Peirce off-diagonal sector P12(0) of J3(Q). The derivation proceeds
in three steps: (i) the muon at £z couples to the electron at 11 through the Peirce—% product
structure of Pig; (ii) the coupling amplitude is Anpo, the Ga-corrected fold amplitude of the
S3 off-diagonal sector (P99); (iii) the coupling constant is o from the sector-trace identity (P35,
T1), giving the self-energy 12 = aAnro m{;o and the Dyson-resummed mass m,, = mbo /(1 +
aANLO)-

The derivation confirms P113’s EM self-energy calculation from an independent algebraic
angle. The amplitude Anpo entering the muon mass is the same amplitude that governs the
Wolfenstein A parameter, the Weinberg-angle NLO correction, and the Higgs NLO mass, because
all of these are Peirce off-diagonal observables with the same weight-4 centre geometry. The
universality of Anro is thus not a coincidence but a structural feature of Eas’s position in the
J3(0) Peirce graph (P99, Theorem T9).

Three charged lepton masses are now fully determined within the TOE, each by a distinct
geometric mechanism: the electron by definition as the scale anchor (E, = ), the tau by the
B*/S3 fold-map fixed point A\, (P36), and the muon by the LO spectral formula with the Pj2
renormalisation factor Z, (P113, P131). The pattern reflects the three distinct Peirce sectors
and their different back-coupling geometries.

Lepton Sector  Mechanism Final residual
e S', &1 Scale anchor, E, =7 exact

S3, &2 LO + Pip renorm (P113, P131)  40.0007%
T B*, &3 Fold-map fixed point A, (P36)  —0.08%

Open items after P131. The NNLO two-loop Ga-orbit integral (Proposition ?7?) is identified
but not computed; it is not required for closure at current precision. Extension of the P;; renor-
malisation mechanism to the quark sector (P113 OI-2) remains open: the quark fold amplitudes
differ from Anpo because the quark generation ladder involves the colour sector SU(3). C Ga,
and the corresponding Peirce off-diagonal amplitudes have not been computed.
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