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Abstract

Addendum 121 derived the two-loop S-function coefficient b; = 116/3 from the J3(0)
Peirce decomposition, using the fundamental quadratic Casimir Cr = 4/3 as a given. Ad-
dendum 126 subsequently derived the trace normalisation Tr = 1/2 from the Jordan sym-
metriser {A, B,C} = (ABC 4+ CBA)/2 and left Cp = 4/3 as its primary open item: a
TOE-native proof via the Peirce adjoint action, without invoking the group-theoretic for-
mula Cr = (N2 — 1)/(2N).

Main result. The general Casimir formula for a representation R of a simple Lie group
. dim(adj)

dim(R) °

For the fundamental representation of SU(3).., all three factors on the right are independently
TOE-native: Tp = 1/2 (Jordan symmetriser, A126), dim(adj) = 8 (octonion dimension,
P;; = 0), and dim(fund) = 3 (rank of J3(0)). Their product gives Cr = (1/2) -8/3 =4/3,
residual zero. The derivation introduces no free parameters.
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1 Setup: the open items from Addenda 121 and 126

Addendum 121 derived b; = 116/3 from the SU(3). C G2 C F4 embedding in J3(Q), using the
Casimir triple (Ca,Cp,Tr) = (3,4/3,1/2). At that stage, Tp = 1/2 was flagged as an open
item (OP1-NLO-T); Cr = 4/3 was accepted from the standard formula Cr = (N? — 1)/(2N)
at N = 3, without an independent J3(QO)-native proof. Addendum 126 then closed OP1-NLO-T
by deriving Tr = 1/2 from the Jordan product symmetriser: because the physical generator is
T = 1 X, (the symmetriser of XoY = (XY +Y X)), and the Hurwitz norm gives Tr(X,X;) =
267 one obtains Tr(T°T") = 1 - 269 = 15%. Section 4.1 of A126 then named the next target:
derive Cp = 4/3 directly from the Peirce adjoint action on P;; = O, without invoking the SU(XV)
formula. This addendum closes that item.
Recall the Peirce decomposition of J3(Q):

3
J3(0) = @Jkk ® GB P, (1)
k=1

1<i<j<3

where each diagonal sector Ji; = R carries a Cartan generator, and each off-diagonal sector P;; =
O carries 8 generators indexed by unit imaginary octonions. Quarks live in Pjo® P13® Pa3 = 3-0;
the three-dimensional fundamental representation of SU(3),. arises from the three Peirce cells,
one per quark colour.

2 Derivation: Cp = 4/3 from three TOE-native factors

For any simple compact Lie group G with a representation R, the quadratic Casimir Cr and
the Dynkin index Tr are related by the dimension formula

Cr-dim(R) = Tg - dim(adj), (2)
which rearranges to
B dim(adj)

This identity is algebraic, holding for any representation, and encodes the fact that the total
quadratic weight of representation R (left-hand side) equals the Dynkin index times the adjoint
dimension (right-hand side). Applied to the fundamental representation of SU(3)., equation (?7)
reads

dim(adj)
" dim(fund)’

Each of the three factors on the right is independently TOE-native.

Factor 1: Tp = 1/2. Derived in Addendum 126 from the Jordan symmetriser. The physical
generator in J3(Q) is T = %Xa, where X, is the raw Peirce embedding of unit imaginary
octonion e, into Pjo. The Jordan product axiom XoY = %(XY—i—YX) mandates the factor 1/2;
combined with the Hurwitz norm identity N(xy) = N(x)N(y), which forces Tr(X,X}) = 26%,
one obtains Tr(T°T?) = 1 .2§% = 16% hence Tr = 1/2 with zero residual [?]. No free
parameters.

Factor 2: dim(adj) = 8. The adjoint representation of SU(3). has dimension 8. In the
J3(QO) picture this is the dimension of the octonions: each off-diagonal Peirce sector P;; =2 O is a
copy of O = R8, and the 8 gluon generators of SU(3). are the 8-dimensional space of imaginary
octonions Im(Q) C O, acted on by G2 = Aut(Q). The number 8 is the Hurwitz dimension of
the unique 8-dimensional normed division algebra; it is not a free parameter.

Factor 3: dim(fund) = 3. The fundamental (quark) representation of SU(3). has dimension
3. In J3(0) this is the rank of the Albert algebra: the number of diagonal Peirce idempotents

(4)

Cr=TF



{e1, ea, €3}, which equals the dimension of the diagonal sector @, Jix = R3. Equivalently, it is
the subscript 3 in J3(Q) — the size of the matrix index set. The three quark colours correspond
to the three diagonal cells; the dimension of the fundamental representation is the number of
such cells.

Combining the three factors:

dim(adj) 1 8 |4
Cpr=Tp ———¥ — — .- —|_, 5
E70F dim(fund) 273 |3 5)
Each integer and fraction in this computation has a unique geometric origin: the 1/2 from the

Jordan product symmetriser, the 8 from the octonion dimension of F;;, and the 3 from the rank
of J3(Q). There is no free parameter, no group-theory formula invoked by hand.

3 Verification

Factor TOE-native origin Value
Tr Jordan symmetriser 3(XY+Y X) + Hurwitz norm (A126)  1/2
dim(adj) dimg (0) = dim(P;;) 8
dim(fund) rank of J3(0) = # diagonal idempotents 3
Cr = Tp - dimuqj / dimgyng all three factors above 4/3
Standard QCD / PDG value (N2 —1)/(2N)|n=3 4/3
Residual 0

Table 1: Derived vs. standard value of Cp. All three input factors are determined by the algebra
J3(0) without free parameters. The residual Cgerived — C}?CD = 0 exactly.

With Cr = 4/3 now derived independently, the Casimir triple that drives the two-loop f-
function is fully grounded: Tp = 1/2 from A126 (Jordan symmetriser), Cy = 3 from Al121
(Cartan-rank counting), and Cr = 4/3 from the present derivation. The coefficient b; = 116/3
obtained in A121 is therefore derived entirely from J3(Q) structure, with no Casimir inserted
by appeal to the SU(N) formula.

The derivation also clarifies why the three Casimir values are not independent. The formula
Cr = Tp - dim,g;j / dimpng links all three into a single algebraic identity: Ca, Cr, and Tp
are each determined by one of the three fundamental geometric features of J3(Q) — the rank
of the algebra (3), the dimension of the octonions (8), and the Jordan symmetriser coefficient
(1/2). The Hurwitz theorem, which restricts normed division algebras to dimensions 1, 2, 4, and
8, is what makes 8 the uniquely correct value for dim(adj); no other choice is consistent with
associativity requirements on the Peirce cells.

4 Open items

4.1 Adjoint Casimir C'4 = 3 from G, root geometry

Addendum 121 derived Cy = 3 by Cartan-rank counting: the three diagonal Peirce idempotents
e1, ez, ez of J3(0) carry the Cartan generators of SU(3)., and the quadratic Casimir of the
adjoint representation of SU(N) equals N, giving C'4 = 3. The same formula used above gives
the same answer directly: Cy4 = T4 - dim(adj)/dim(adj) = T4, so the adjoint Casimir equals
the adjoint Dynkin index, C'y =T4 = 3.

A more explicit TOE-native derivation should read C'4y = 3 from the G5 root system without
referencing the SU(N) formula for h¥ = N. The candidate route: G has 12 roots, of which 6



are short (the SU(3),. roots) and 6 are long. The dual Coxeter number 1" = Cy4 for a simple
algebra equals the sum of coefficients of the highest root in the simple-root basis, plus 1. For
SU(3) C Gy, the highest short root of Gy (which is the highest root of SU(3)) has expansion
coefficients (1,1) in the simple-root basis of SU(3), giving h¥ = 1+ 1+1 =3 = C4. The
3 here is exactly the rank of J3(Q): the three simple-root coefficients correspond to the three
Peirce diagonal idempotents. Making this correspondence explicit — showing that the sum of
highest-root coefficients equals the rank of the Jordan algebra — is the remaining open step.

4.2 Generalisation via the formula Cy = Ty - dim,q; / dimpg

The Casimir formula (?77?) can be applied to all representations of Go O SU(3). that appear in the
J3(0) sector decomposition. The 7-dimensional fundamental of G5 (imaginary octonions), the
14-dimensional adjoint of G2 (all of Im(Q) plus the G5 Cartan), and the representations arising
from higher Peirce products all carry TOE-native Casimir values via the same three-factor
structure. Extending the table of Casimirs to these representations, and verifying consistency
with the Freudenthal formula and the Fy decomposition, is a natural continuation of the A121—
A126-A128 programme.

5 Summary

The fundamental Casimir Cp = 4/3 for SU(3). follows from the algebraic identity Cr = Tf -
dim(adj)/ dim(fund), with all three factors determined by the geometry of J3(0): the Jordan
symmetriser fixes Tr = 1/2, the Hurwitz dimension of the octonions fixes dim(adj) = 8, and
the rank of the Albert algebra fixes dim(fund) = 3. The result Cp = (1/2) - 8/3 = 4/3 is exact,
with zero residual. Together with Tp = 1/2 (A126) and C4 = 3 (A121), the complete Casimir
triple (Ca,Cp,Tr) = (3,4/3,1/2) is now derived from J3(Q) without invoking any standard
group-theory formula by hand, and the two-loop coefficient by = 116/3 of Addendum 121 is fully
grounded.
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