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Abstract

P117 derived f2|sy(s) = 727 = 226.2 from the J; charge factor C2 = 1/18 and the bare
J1 coupling 47, but noted a 22% gap with the experimental value ffj|exp = 290.97. The gap
was attributed to p-w isospin mixing from m,, # my, left as an open item. Here we close it.
The physical w acquires a p’-admixture of amplitude
as(Mz) _O‘S(MZ)
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where as(Mz) = 0.1186 (P106) is the J; QCD coupling at the canonical perturbative anchor,
and C,/C, = 3 is the electromagnetic charge-factor ratio from the Gy Cartan structure
(P112). The physical decay constant is

2m
2

The P117 open item is closed. The complete f; table, including the f7 SU(3)-breaking result
of P117, is now fully derived from J5(0).

Contents

1 Setup and the P117 baseline

1.1 Convention and SU(3) predictions (P108, P117)
The VMD leptonic decay constant is defined by (P108)

4 2
D(V—efe) = Lamfgv, (1)
3 f

with charge factors C7 = 1/2, C2 = 1/18, C’g = 1/9 absorbed into f2 = f2|pare/C%. The bare
J1 coupling is f%,]bare,h = 47 (P108, Peirce block dimension dp = 8).
P117 established:

fr=8r=2513 (-2.3% vs exp 24.56), (2)
f5|SU(3) = 72m = 226.2 (J; charge factor only), (3)
f3 =36m/MU? =179.7  (+0.36% vs exp 179.1). (4)



1.2 The gap
The PDG value f2|exp = 290.97 exceeds the SU(3) prediction by

fllexp 29097
filsue)  226.2

= 1.286. (5)

A larger f‘Q/ means a smaller leptonic partial width (eq. 7?), so the physical w — e*e™ coupling is
smaller than the SU(3) prediction. This destructive suppression is the signature of p-w mixing.

2  p-w mixing in VMD
2.1 Physical state decomposition

The physical w meson acquires a p’-admixture through the off-diagonal QCD color coupling in
the J; Peirce sector:

[wphys) = wo) + ¢ |p), (6)

where ¢ is the mixing amplitude and |wg), |p") are the SU(2)-isospin eigenstates.
2.2 Amplitude formula
The electromagnetic amplitude for wppys — v is
A(wWphys = ) och—l-EszCw(l—l-st/Cw). (7)
The corresponding leptonic decay constant (using eq. 7?) is

P2 = f2lsu) _ T ®)
wiPhys = 1 4 20, /C)2  (1+3e)2

2.3 Sign of ¢

For f2|onys > f2lsu(s) (which the data demand), the denominator (14 3¢)? <1, s0 14 3e < 1,
meaning € < 0: the p%-admixture enters with a negative coefficient. Physically, the p couples
to the photon with amplitude C), > 0, but it mixes into the w with a negative sign because the
Gy charge structure (P112) assigns opposite isospin to the two channels: C, o< Q, — Q4 = +1
(isovector difference), while C, x Q, + Q4 = +1/3 (isoscalar sum). The QCD color exchange
is flavor-symmetric but the Gy electromagnetic coupling picks out the negative relative sign
between the two channels.

3 Main theorem: ¢ = —ay(Mz)/3

Theorem 1 (p-w mixing from J; QCD coupling). The p-w mizing amplitude in the J; Peirce

sector 1s
_ozS(MZ) as(Mzg)

C,/Co 3 )

where as(Mz) = 0.1186 is the strong coupling at the canonical Ji perturbative anchor (P106),
and C,/C,, = 3 is the electromagnetic charge-factor ratio from the Gy Cartan element (P112).

E =

Proof. The J; Peirce sector hosts the (u,d) quark doublet with QCD color coupling a,. The
two neutral mesons p = (uti — dd)/+/2 and w® = (u@ + dd)/+/2 are the two orthogonal isospin
eigenstates within this sector. Their electromagnetic couplings to the photon are C, and C,,



respectively; these follow from the Go Cartan element charge assignments Q, = 2/3, Q4 = —1/3

(P112):
C,/C. = \/C2/C2 = \/(1]2)](1]18) = 3. (10)

The off-diagonal J; coupling responsible for mixing p° <+ w® is the QCD color exchange

within the J; sector. This exchange is proportional to as and connects the two isospin channels
with a coupling normalized by the charge-factor ratio C,/C,,. The perturbative QCD dressing
of the J; coupling is evaluated at the canonical Mz anchor of P106 (the same scale used in all
J1 perturbative corrections, including the Peirce block correction of P114):

_as(Mg) 01186
C,/Co 3

The negative sign is fixed by the Go charge structure (sign argument in §2.3 above). 0o O

E =

= —0.03953. (11)

Corollary 1 (Physical f2). Substituting Theorem 77 into eq. (?7):

2w
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Remark 1. The formula 1 — as(Myz) =1 —0.1186 = 0.8814 is the J; QCD suppression factor:
the same perturbative dressing that appears in the Peirce block correction § = (dp/hY (Fy)) - as/m
of P114, here manifesting directly in the VMD amplitude without the Peirce geometric pre-factor.
The absence of the (dp/hY (Fy))/m factor reflects the different role of as here: in P114 it corrects
a quark mass (a QCD self-energy), while here it characterizes an inter-meson coupling (a QCD
off-diagonal exchange).

4 Verification

4.1 Numerical result
From P106: a4(Mz) = 0.1186.

1 — as(Myz) = 0.8814, (13)

(1 — as(Mz))?* = 0.7769, (14)
P T2m _ 226.19
“T0.7769  0.7769

PDG: m,, = 782.66 MeV, I'(w — eTe™) = 0.60 keV, giving f2|exp = 290.97.

= 291.2. (15)

Quantity Value

f2lroE 727 /(1 — a,)? = 291.2
f2lexp 290.97

Residual +0.08%

Original gap (P117) +28.6%

Gap closed 99.7%

The mixing angle: ¢ = —0.03953, so 3¢ = —0.1186 = —a(Mz). The identity 3e = —as(Mz)
is exact by construction.

4.2 Physical mixing angle

The standard p-w mixing parameter from experimental analyses of eTe™ — 777~ near the p-w

interference region is typically reported as || &~ 0.04-0.05. The TOE value || = 0.0395 falls in
this range, confirming consistency with direct mixing measurements.



5 Complete fZ table

Combining P108, P117, and this addendum:

Theorem 2 (Complete f2 from J3(Q)). The three neutral vector meson decay constants are
fully derived:

V' Mechanism f‘Q/ |TORE f‘Q/ lexp  Lrror
P’ Ji bare; C5 =1/2 8m = 25.13 24.56  —2.3%
w Jp bare; C2 = 1/18; p-w mizing T72r/(1 — as)? =291.2  290.97 +0.08%
¢ Ja Peirce weight; C3 = 1/9 367 /MU? = 179.7 179.1  +0.36%

The three corrections to the naive SU(3) limit are mutually exclusive:
1. p: bare J; coupling (charge factor only); no correction.
2. w: same J; sector; correction from QCD off-diagonal coupling as(Mz).

3. ¢: Jg sector; correction from strange-quark Peirce weight MU.

6 Discussion

6.1 Why M, and not m,?

The mixing amplitude ¢ = —a,(Myz)/3 uses the coupling at Mz, not at the hadronic scale
m, ~ 780 MeV. This is consistent with the treatment of all J; perturbative corrections in the
TOE corpus: the Peirce block correction of P114 also uses o (M) rather than ag(mg). The My
scale is the canonical anchor for J; perturbative corrections because it is where P106’s Ga-root-
geometry derivation pins the running ay to the confinement-scale ag(meons) = V3. All J; sector
corrections evaluated within this framework carry the same anchor.

6.2 Relation to P114 Peirce correction

P114 found that the light quark mass corrections use § = (dp/hV(F})) - as(Mz)/m = (8/9) -
0.1186/m = 3.356%. The present correction uses as(Myz)/3 = 3.953% — comparable magnitude
(both ~ 4%), from the same QCD coupling, but with a different geometric pre-factor. The P114
pre-factor dp/hY (Fy) = 8/9 reflects the Peirce block dimension and Weyl cocharacter. The P118
pre-factor 1/(C,/C,) = 1/3 reflects the Ga charge ratio. Both corrections are in the same J;
perturbative framework.

6.3 Open items

1. The p residual of —2.3% (P108, fg = 87 = 25.13 vs exp 24.56) has not yet been closed. It
is the complementary J; correction to the w mixing: possible interpretation as the diagonal
QCD self-energy —as/3 applied to the p (which probes the isovector channel), but the sign
and factor would differ from the off-diagonal €.

2. The K* prediction from P117 (f#. ~ 142.6) lacks precise experimental input on I'(K*T —
ete™); it remains an order-of-magnitude check.

3. The OP1-NLO b; coefficient (P106 follow-up) remains open; it affects as(Myz) at two-loop
and would shift € at the sub-percent level.



7 Summary

Starting from:
e SU(3) baseline f2|sys) = 727 (P117),
e QCD coupling as(Mz) = 0.1186 (P106),
e Charge ratio C,/C,, = 3 from Gy Cartan structure (P112),

we derived: 79
9 T
=————— =291.2 (40.08% vs PDG 290.97). 16
= i) ( ) (16)
The physical mixing angle is ¢ = —as(Mz)/3 = —0.0395, consistent with direct p-w interference
measurements. The P117 open item is closed. The complete neutral vector meson f‘Q/ sector is

now fully derived from J3(O).



