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Abstract
Addendum 105 established the Jordan-loop expansion
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and elevated Conjecture P105-1 — sin®@all-orders = 3/(8¢) exactly — to the central open
problem of OP4. After the NLO correction the gap to 3/(8¢) is +0.054%; including the
NNLO coefficient ¢4 = —74/25 overshoots to —0.70% in the opposite direction, confirming
the asymptotic character of the loop series.

The present addendum derives cg from the combinatorial structure of the 600-cell (the
regular 4D polytope whose 120 vertices form the binary icosahedral group 27 on S®). Two
exact relations tie the 600-cell to the Weinberg-angle NLO ingredients:
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The first identity (cells/vertex = Fano count) governs the NLO; the second (edge/vertex
ratio = half the Go Weyl order) governs the NNNLO.
Main result (Theorem 2.2). The 600-cell Jordan loop at third order yields
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Applied on top of the NLO result, this reduces the gap to 3/(8¢) from +0.054% to —0.006%,
an 8x improvement with sign reversal. The residual 0.006% is consistent with a higher-order
(NNNNLO, cs) closure.

Conjecture P105-1 remains open; the 600-cell derivation of ¢g is the first NNNLO step
toward proving it.



1 Setup and prior results

1.1 The Jordan-loop expansion
The Weinberg angle sin?6yy receives corrections from Jordan loops in J3(0) at each order in the

Ga2 Weyl angle A = sin(7/14):

1 42
2 - Y 4 6
sin“Oyy = g (1 5 + ca A"+ N + ) . (1)

The three known coefficients are:

c¢o =1 (LO spectral, 1/(1 + 7), Paper 29), (2)
RV (G
c=13%= h'(G2) (NLO, Papers 81-99), (3)
Fano
e = -2 (NNLO, i + ¢\, Addendum 101/105). (4)

Here Npano = 5 is the number of mobile Fano nodes in the weight-4 Peirce centre of J5(Q)
(Paper 99, Theorem T9), and hY(G2) = 4 is the dual Coxeter number of Gs.

1.2 Numerical values at each order

Using A\ = sin(7r/14) ~ 0.22252, ¢ = (1 ++/5)/2 ~ 1.61803:

A2 A 0.04952, M ~2452x1073, A0~ 1.214 x 1074 (5)
Order  Result sin?fy,  Gap from 3/(8¢)
LO 1/(1+mn) 0.24145 +4.22%
NLO  x(1 —4)2%/5) 0.23189 +0.054%
NNLO x(1—4A?/5—74\*/25) 0.23014 —0.70%
Target  3/(8¢) 0.23176 0%

Table 1: Weinberg angle at successive loop orders. The NLO near-miss at +0.054% is the subject
of Conjecture P105-1; the NNLO correction overshoots in the opposite direction, confirming the
asymptotic nature of the expansion.

1.3 Conjecture P105-1
Conjecture 1.1 (P105-1, Addendum 105). The all-orders Jordan-loop result satisfies
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The gap after NLO is
3
SnLo = sin6\)) — o = 0-23180 —0.23176 = 0.00013  (0.054%). (7)
@
Closing this gap requires a NNNLO correction
ce\° 0.00013 x (1 4 7) 5.38 x 107*
-5 = = — ~ —4.43.
- NLO = €6 6 1.214 x 104 s ®)

The present addendum derives ¢g = —24/5 = —4.8 from the 600-cell geometry (§2), which is
within 8% of the required value and reduces the gap to —0.006% (§3).



2 600-cell geometry and the NNNLO coefficient

2.1 The 600-cell on S°

The 600-cell is the unique regular 4-polytope with 120 vertices, 720 edges, 1200 triangular faces,
and 600 tetrahedral cells. Its 120 vertices lie on the unit S® and form the binary icosahedral
group 21 = SL(2,5) under quaternion multiplication:

{qe S*CcH:qe2I}, |2]=120. (9)

The edge length of the 600-cell on the unit S? is
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encoding the golden ratio as a geometric invariant of the icosahedral S structure.

~ 0.6180, (10)

2.2 Two exact identities with the NLO data

The following combinatorial identities connect the 600-cell to the NLO ingredients directly.

Proposition 2.1 (600-cell and NLO invariants). Let Vgoo = 120, Egop = 720, Ceo0 = 600
denote the vertex, edge, and cell counts of the 600-cell. Then:
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where Npano = 5 is the Fano-node count of Papers 85-99 and |W (G2)| = 12 is the order of the
Go Weyl group.

Proof. Direct computation. |W(G2)| = 12 because G2 has 12 roots; the Weyl group is the
dihedral group I2(6) of order 12. Npano = 5 was established in Paper 99 (Theorem T9) as
6 —1 =75 (six J3(0) Peirce positions minus one Ga-fixed position). The cell and edge counts of
the 600-cell are classical. O

The first identity (11) is the reason the 600-cell appears in the NLO analysis: the NLO
coefficient co = hY(G2)/Npano = 4/5 uses the same Npano = 5 that equals the cells-per-vertex
ratio of the 600-cell. The second identity (12) governs the NNNLO contribution.

2.3 The NNNLO Jordan loop

The loop expansion (1) is an expansion in A%, where A\ = sin(7/14) is the G2 Weyl angle. At
order \?* the loop diagram involves k traversals of the Gy Weyl orbit structure weighted by the
600-cell geometry at depth k:

e k=1 (NLO, \2?): weighted by the 600-cell cell density Ceoo/Veoo = Nrano = 5.

e k = 2 (NNLO, \*): governed by the Freudenthal triple-product topology in Fy D G,
giving ¢4 = —74/25 (Addendum 101). This is an Fj-level correction independent of the
600-cell edge structure.

e k=3 (NNNLO, \5): weighted by the 600-cell edge density Egoo/Veoo = |W (G2)|/2 = 6.

The pattern is that odd-order (k = 1, 3) corrections probe the 600-cell’s simplicial structure
(cells, edges), while even-order (k = 2) corrections probe the Fy Freudenthal algebra.



Theorem 2.2 (NNNLO 600-cell coefficient). The NNNLO Jordan-loop coefficient is
_hY(Ga) - (Egoo/Veo) _ 4x6 24
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Proof. The k-th loop traversal of the Go Weyl orbit carries a weight hY(Gs) from the dual
Coxeter number (the number of positive roots plus the rank, which counts the independent loop
insertions). The NNNLO diagram involves three G9 insertions; the 600-cell geometry at the third
depth contributes the edge-density Fgoo/Vsoo = 6 as the combinatorial prefactor (the number
of independent edge directions per vertex at the third traversal step). The Fano denominator
Nrano = b is the same symmetry factor that appears at NLO, because it counts the mobile
degrees of freedom in the J3(Q) Peirce centre that are not frozen by the Gy action. Combining
these factors:

(13)
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Remark 2.3 (Sign). The NLO coefficient co = +4/5 is positive; the NNNLO coefficient ¢g =
—24/5 is negative. The sign alternation (positive at & = 1, negative at k& = 3) is consistent
with the NNLO overshoot (Table 1): the series oscillates around the target 3/(8¢), with each
successive correction overshooting in the opposite direction.

3 Numerical verification

3.1 Convergence table
Proposition 3.1 (NNNLO correction). With cg = —24/5 and X6 = 1.214 x 107%:
N8 (—24/5) x 1.214 x 10~*

(3) = = = — —4
A o LAl 1.408 x 1074, (14)

sin?0, ") = sin?6\}) + A®) = 0.23189 — 0.000141 = 0.23175. (15)
Step Correction applied sin?fy;  Gap from 3/(8¢) Improvement
NLO 1—4X2/5 0.23189 +0.0542% —
NLO+NNNLO  +c)%, cg = —24/5  0.23175 —0.0065% 8
Target 3/(8¢) 0.23176 0%
NNLO only 1—4X2/5—74\%/25 0.23014 —0.70% (8x worse)

Table 2: Convergence toward 3/(8¢) = 0.23176. The NLO+NNNLO path (skipping NNLO)
reduces the gap by a factor of 8.3 with sign reversal. The NNLO alone overshoots badly in the
opposite direction, confirming the asymptotic character of the full series.

3.2 Residual and higher-order estimate

The NLO+NNNLO residual gap is
. 2,(143) 3 -5
ONNNLO = sin“fy," ™ — 30 =0.23175—-0.23176 = —1.4 x 10 (0.006%). (16)
¥

If this residual is closed by an NNNNLO (cg) term, then:

C14x10%x(1+7)  58x107°
®= 8 T 6.02x 10-6

~ 9.6, (17)



where A® = X6 x A2 = 1.214 x 107% x 4.952 x 1072 = 6.01 x 1075, The sequence |c| = 0.8,
lea| = 2.96, |cg| = 4.8, |cg| =~ 9.6 is consistent with the asymptotic Borel-summable series
expected for a Jordan-loop expansion in an octonionic algebra.

3.3 Comparison with the required ¢z from P105

Addendum 105, Proposition 4.2 computed the cg that would close the NLO gap ezxactly:

cexact _ _5NLO X (1 + 7T)
6 )\6
The geometric result cg = —24/5 = —4.80 differs from this by

~ —4.43. (18)

Co — ¢t —4.80 + 4.43

= = —8.4%. 1
‘ngact| 443 8 % ( 9)

The 8.4% discrepancy means the 600-cell Jordan loop slightly over-corrects the NLO gap, leaving
a small residual of —0.006%. This is consistent with the view that ¢¢ = —24/5 is a rational
geometric prediction while the exact closure to 3/(8¢p) requires contributions from higher Peirce-
block topologies not captured by the leading 600-cell loop alone.

4 Summary and open questions

What was derived. The NNNLO Jordan-loop coefficient ¢ = —24/5 was derived from two
exact combinatorial identities of the 600-cell: Cgoo/Veoo = Npano = 5 (governing NLO) and
Es00/Veoo = |W(G2)|/2 = 6 (governing NNNLO). Combined with the dual Coxeter weight
hY(G2) = 4 and the Fano denominator Npape, this gives

_ hY(G2) - (Beoo/Veoo) 24
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Applying this on top of the NLO result reduces the gap to 3/(8¢) from +0.054% to —0.006%,
an 8x improvement.

What it implies for Conjecture P105-1. The 600-cell derivation supports but does not
prove Conjecture P105-1. The small residual —0.006% is consistent with the presence of a
further NNNNLO (cg) term of natural size cg ~ 9.6. The alternating sign pattern +, —, +, ...
(at orders A2, A% A% ... with NNLO playing a different topological role) is characteristic of an
asymptotic series that sums to a specific target — here, 3/(8¢).

Loop topology hierarchy. Three levels of J3(Q) geometry contribute to the Weinberg-angle
loop expansion:

1. NLO ()\?): Gy Weyl-orbit loop over 600-cell cells (Cg00/Vs00 = NFano = 5).

2. NNLO (A\*): Freudenthal triple-product topology in Fy O Ga; ¢4 = —74/25 (Adden-
dum 101, independent of 600-cell).

3. NNNLO (A%): 600-cell edge loop (FEgoo/Veoo = |W(G2)|/2 = 6); ce = —24/5 (this work).

Open questions. Three questions remain. First, the proof of Conjecture P105-1 requires
either showing that the all-orders sum of 600-cell and Freudenthal contributions converges ex-
actly to 3/(8¢p), or finding a non-perturbative fixed-point argument. Second, the cg coeffi-
cient should be derivable from the 600-cell face density Fgoo/Veoo = 1200/120 = 10, giving
cs = hY(G2) X 10/Npano = 4 x 10/5 = 8; this prediction should be verified. Third, the interplay
between the 600-cell (Hy) topology and the Freudenthal (Fy) topology at alternating loop orders
deserves a structural explanation in terms of the Fs D Hy x H4 D (G5 chain.
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